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EISAGWGH
H jewr�a twn tetragwnik¸n morf¸n kai oi efarmogè
 tou
 parousi�zontai se di�fore
perioqè
 twn majhmatik¸n kai �llwn episthm¸n. Epèktash tou antikeimènou autoÔ sepeperasmènh   �peirh di�stash e�nai h jewr�a tou arijmhtikoÔ ped�ou.To arijmhtikì ped�o tetragwnikoÔ p�naka A me migadik� stoiqe�a NR[A], e�nai tosÔnolo twn migadik¸n arijm¸n x∗Ax, ìpou x e�nai opoiod pote di�nusma th
 monadia�a
sfa�ra
. Oi ènnoie
 autè
 èqoun genikeuje� kai gia ènan fragmèno grammikì telest  poudra se ènan q¸ro Hilbert. To sÔnolo autì twn migadik¸n arijm¸n sqet�zetai kai br�skeiefarmogè
 se polu�rijmou
 kai diaforetikoÔ
 kl�dou
 twn jewrhtik¸n kai efarmosmè-nwn episthm¸n, ìpw
 jewr�a telest¸n, sunarthsiak  an�lush, C∗-�lgebre
, �lgebre


Banach, nìrme
 pin�kwn, arijmhtik  an�lush, jewr�a diataraq¸n, jewr�a susthm�twn,poluwnumiko� p�nake
, kbantik  fusik , jewr�a talant¸sewn kai kum�twn, elastik  jew-r�a, udromhqanik  k.l.p.Sth bibliograf�a to 1918 sunant�me ti
 ergas�e
 twn O.Toeplitz [T] kai F.Hausdorff

[H], pou apèdeixan thn kurtìthta tou arijmhtikoÔ ped�ou.Sth dekaet�a tou '50 sunant�me ergas�e
 me gewmetrikè
 idiìthte
 tou sunìlou, an�mesasti
 opo�e
 anafèretai kai h axiìlogh idiìthta gia kanonikì p�naka, ìti to arijmhtikìtou ped�o e�nai h kurt  j kh twn idiotim¸n tou. Epiplèon g�netai safè
 pw
, an gnwr�zeikane�
 to arijmhtikì ped�o, èqei th dunatìthta na entop�sei thn perioq  tou migadikoÔepipèdou sthn opo�a oi idiotimè
 an koun, kat� sunèpeia antle� plhrofor�e
, sqetik� methn eust�jeia kai thn omalìthta tou p�naka.Ja  tan par�leiyh na mhn anafèroume thn jewr�a tou arijmhtikoÔ ped�ou poluwnumi-koÔ p�naka. Mìli
 sta mèsa th
 prohgoÔmenh
 dekaet�a
 dhmosieÔetai h pr¸th ergas�atwn C.K.Li kai L.Rodman [LR1] h opo�a e�nai ex olokl rou afierwmènh sth melèth autoÔtou sunìlou, kai èktote up�rqoun arketè
 ergas�e
 [LMZ],[MMP],[MP1,MP2,MP3,MP4],

[PT] k.l.p. pou anafèrontai s' autì.Idia�tero endiafèron parousi�zoun oi genikeÔsei
 th
 ènnoia
 tou arijmhtikoÔ ped�ou,oi opo�e
 èqoun parousiasje� sugkentrwtik� sto bibl�o twn R.Horn, C.Johnson ”Topics in

matrix analysis”. O F.Hausdorff [H] parous�ase thn pr¸th gen�keush, gia mia oikogèneia
A1, . . . , Ak ermitian¸n pin�kwn t�xh
 n kai ìrise to sunjetikì arijmhtikì ped�o w
1



to sÔnolo twn dianusm�twn
{ ( x∗A1x , x∗A2x , . . . , x∗Akx ) : x ∈ C

n, x∗x = 1 } ⊂ R
nanarwt¸meno
 tautìqrona gia thn kurtìthta tou sunìlou autoÔ. To 1983 oi Au-Yeung,

Tsing [AT] ap�nthsan gia thn kurtìthta tou sunjetikoÔ arijmhtikoÔ ped�ou, ìtan oi p�-nake
 e�nai ermitiano� kai mèqri trei
 to pl jo
. Epiplèon oi P.Binding, C.K.Li [BL]kai C.K.Li, Y.Poon [LP] èqoun parousi�sei arket� apotelèsmata gia ti
 topologikè
 kaigewmetrikè
 idiìthte
 tou sunjetikoÔ arijmhtikoÔ ped�ou.Oi efarmogè
 tou arijmhtikoÔ ped�ou e�nai idia�tera endiafèrouse
. Gia par�deigma,a
 upojèsoume ìti A e�nai n × n pragmatikì
 tridiag¸nio
 p�naka
 th
 morf 
 :
i) aij = 0, gia |i − j| > 1

ii) ai , i+1ai+1 , i < 0, gia i = 1, . . . , n − 1.Tètoioi p�nake
 parousi�zontai sthn arijmhtik  lÔsh twn merik¸n Diaforik¸n Exis¸se-wn kai kat� thn an�lush twn dunamik¸n susthm�twn, pou sunant¸ntai sth majhmatik biolog�a. Kai sti
 dÔo peript¸sei
, oi plhrofor�e
 pou aporrèoun sqetik� me to pragma-tikì mèro
 twn idiotim¸n tou p�naka A e�nai polÔ shmantikè
, arke� na melet soume toarijmhtikì ped�o tou p�naka. Sugkekrimèna, gia k�je idiotim  λ tou p�naka A èqoume
min

1≤i≤n
aii ≤ Re λ ≤ max

1≤i≤n
aii.Mia apìdeixh th
 parap�nw diap�stwsh
 e�nai arket� apl , an qrhsimopoi soume ti
 idiì-thte
 tou arijmhtikoÔ ped�ou, pou parousi�zontai sto ed�fio 1.1. JewroÔme ton diag¸niop�naka D = diag(d1, . . . , dn) ìpou

d1 = 1 kai di = di−1

∣

∣

∣

∣

ai , i−1

ai−1 , i

∣

∣

∣

∣

1/2

, i = 2, . . . , n.O tridiag¸nio
 p�naka
 B = D−1AD èqei diag¸nia stoiqe�a a11 , . . . , ann kai epeid  oi
A , B e�nai ìmoioi, èqoun to �dio sÔnolo idiotim¸n σ[ ], opìte

Re σ[A] = Re σ[B] ⊂ Re NR[B] = NR

[

1

2
(B + B⊤)

]

= NR[ diag(a11 , . . . , ann) ]

= Co{ a11 , . . . , ann } =
[

min
i

aii , max
i

aii

]

.2



Stìqo
 aut 
 th
 diatrib 
 e�nai h èreuna twn metabol¸n pou epèrqontai sto arijmh-tikì ped�o p�naka, ìtan ekfrasje� autì san ènwsh arijmhtik¸n ped�wn pin�kwn mikrìterh
di�stash
   san tom  arijmhtik¸n ped�wn pragmatik¸n pin�kwn dipl�sia
 di�stash
. Oiidèe
 kai ta apotelèsmata pou èqoun prokÔyei apì to arijmhtikì ped�o p�naka ja stajoÔnarket� qr sima gia th melèth twn idiot twn mia
 oikogèneia
 pin�kwn. Eidikìtera ja exe-t�soume mia oikogèneia ermitian¸n pin�kwn, gia tou
 opo�ou
 h kurtìthta tou sunjetikoÔarijmhtikoÔ tou
 ped�ou exasfal�zetai. Tèlo
, ja ma
 apasqol soun oi metabolè
 touarijmhtikoÔ ped�ou poluwnumikoÔ p�naka kai oi idiìthte
 rht 
 sun�rthsh
 p�naka kaj¸
kai o entopismì
 tou f�smatì
 th
 sto migadikì ep�pedo.H paroÔsa diatrib  apotele�tai apì tèssera kef�laia. Sto kef�laio 1 parousi�zo-ntai qarakthristikè
 idiìthte
 tou arijmhtikoÔ ped�ou tetragwnikoÔ p�naka, ìpw
 ep�sh
h gewmetr�a tou sto migadikì ep�pedo. Akolouje� mia gen�keush tou orismoÔ tou arijmh-tikoÔ ped�ou p�naka, qrhsimopoi¸nta
 aìristo eswterikì ginìmeno kai exet�zetai h sqèshtou me to gnwstì arijmhtikì ped�o. Sto teleuta�o ed�fio, ja parousiastoÔn apotelè-smata pou aforoÔn to arijmhtikì ped�o pin�kwn eidik 
 morf 
, sugkekrimèna gwniak¸n,tridiagwn�wn kai (2m - 1)-diagwn�wn pin�kwn.Sto kef�laio 2 melet�me th sustol  arijmhtikoÔ ped�ou kanonikoÔ p�naka, ¸ste hsurriknoÔmenh perioq  na taut�zetai me to arijmhtikì ped�o kat�llhlou p�naka mikrìte-rh
 di�stash
 kai to sÔnorì tou na ef�ptetai se ìle
   se merikè
 pleurè
 tou arqikoÔpolugwnikoÔ arijmhtikoÔ ped�ou. Ep�sh
 exet�zetai to ant�strofo prìblhma, h epèktashp�naka se kanonikì p�naka, ètsi ¸ste to arijmhtikì ped�o tou kanonikoÔ p�naka, na empe-rièqei to arqikì arijmhtikì ped�o kai m�lista na e�nai efaptìmenì tou. Parousi�zetai miaprosèggish tou arqikoÔ arijmhtikoÔ ped�ou me thn kataskeu  perigegrammènou exag¸nouse autì.Sto kef�laio 3 parousi�zontai nèe
 idiìthte
 tou sunjetikoÔ ped�ou mia
 oikogèneia
pin�kwn kai idia�tera diatup¸nontai sumper�smata ep� th
 kurtìthta
 gia oikogèneia ermi-tian¸n gwniak¸n pin�kwn kai gia oikogèneia ermitian¸n tridiagwn�wn pin�kwn. Sto tèlo
tou kefala�ou melet�tai h eswterik  prosèggish tou sunjetikoÔ arijmhtikoÔ ped�ou twn
(2µ − 1)-diagwn�wn ermitian¸n pin�kwn.Sto kef�laio 4, exet�zontai nèe
 mèjodoi entopismoÔ sto migadikì ep�pedo tou arijmh-tikoÔ ped�ou tou poluwnumikoÔ p�naka. Diatup¸nontai o orismì
 kai oi idiìthte
 th
 rht 
sun�rthsh
 p�naka kaj¸
 ep�sh
 prosdior�zetai h jèsh tou arijmhtikoÔ th
 ped�ou ìpw
3



kai th
 parag¸gou th
 sun�rthsh
 sto migadikì ep�pedo, me th bo jeia apl¸n qwr�wn.Tèlo
, akolouje� to Par�rthma, ìpou sto pr¸to mèro
 melet�tai o entopismì
 tou f�-smato
 grammikoÔ sunduasmoÔ bajmwt¸n poluwnÔmwn entì
 apl¸n gewmetrik¸n tìpwnkai sto deÔtero mèro
 parousi�zontai dÔo qr simoi algìrijmoi kai ta ant�stoiqa progr�m-mata MATLAB, gia ton sqediasmì th
 sustol 
 arijmhtikoÔ ped�ou p�naka kaj¸
 kai giathn prosèggish arijmhtikoÔ ped�ou kanonikoÔ p�naka.
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Kef�laio 1ARIJMHTIKO PEDIO PINAKA
1.1 Orismo� - Idiìthte
'Estw Mn h �lgebra ìlwn twn n × n pin�kwn me migadik� stoiqe�a. An A ∈ Mn,onom�zoume arijmhtikì ped�o (numerical range   field of values) tou p�naka A to sÔnolo

NR[A] = {x∗Ax : x ∈ C
n me x∗x = 1 }. (1.1)To sÔnolo twn idiotim¸n tou A ja sumbol�zetai me σ[A] = {λ ∈ C : det(λI−A) = 0 },pou e�nai gnwstì kai w
 f�sma tou A. Epeid  gia to monadia�o idiodi�nusma x ∈ C

nant�stoiqo th
 λ idiotim 
 isqÔei, x∗Ax = x∗(λx) = λ(x∗x) = λ, e�nai fanerì ìti,
σ[A] ⊆ NR[A].To arijmhtikì ped�o NR[A], mpore� ep�sh
 na jewrhje� kai san h eikìna th
 epif�neia
th
 monadia�a
 sfa�ra
 S = {x ∈ C

n : x∗x = 1 } , pou e�nai èna sumpagè
 sÔnolo,mèsw th
 suneqoÔ
 apeikìnish
 x 7−→ x∗Ax. 'Etsi eÔkola prokÔptei ìti to NR[A] e�naièna sumpagè
, kleistì kai epomènw
 fragmèno uposÔnolo tou C. Gia mia pio emperista-twmènh melèth kai emb�junsh sta gnwst� apotelèsmata gia to arijmhtikì ped�o, mpore�kane�
 na anatrèxei sta bibl�a twn R. Horn kai C. Johnson [HJ], kaj¸
 ep�sh
 kai twn K.

Gustafson kai D. Rao [GR]. Ed¸ upenjum�zoume basikè
 idiìthte
.1.1 Gia a, b ∈ C kai gia A ∈ Mn isqÔei NR[aA + bI] = aNR[A] + b.1.2 Gia k�je A,B ∈ Mn, èqoume NR[A + B] ⊆ NR[A] + NR[B].5



1.3 Gia k�je A ∈ Mn, isqÔei NR[A] = NR[A⊤] kai NR[Ā ] = NR[A∗] = NR[A].1.4 An A = B ⊕ C, B ∈ Mn , C ∈ Mk , tìte NR[A] = Co{NR[B] ∪ NR[C] }.1.5 'Estw A ∈ Mn, Q ∈ Mn×m me m ≤ n kai Q∗Q = Im, tìte NR[Q∗AQ] ⊆
NR[A], to Q∗AQ onom�zetai isometrik  probol  tou A. Shmei¸netai ìti h isìthtaisqÔei mìno ìtan h isometr�a e�nai orjomonadia�a, dhlad  an m = n.Me thn bo jeia th
 parap�nw idiìthta
 mporoÔme na or�soume to arijmhtikì ped�o enì
kanonikoÔ p�naka A ∈ Mn, (AA∗ = A∗A) kai na èqoume gi' autìn ti
 ex 
 idiìthte
 :1.6 An A ∈ Mn e�nai kanonikì
 p�naka
, tìte NR[A] = Co{σ[A] }.1.7 An n ≤ 4, A ∈ Mn , tìte NR[A] = Co{σ[A] } akrib¸
 ìtan A e�nai kanonikì
.1.8 To NR[A] e�nai kurtì polÔgwno akrib¸
 ìtan o p�naka
 A e�nai orjomonadia�aìmoio
 me ton [

A1 O

O A2

]

, ìpou o A1 e�nai kanonikì
 kai NR[A2] ⊆ NR[A1].1.9 Gia ènan tetragwnikì p�naka A èqoume :(i) To NR[A] e�nai kurtì uposÔnolo tou C (je¸rhma Toeplitz - Hausdorff).(ii) An A =

[

λ1 β

0 λ2

]

∈ M2 , tìte to NR[A] e�nai elleiptikì
 d�sko
 me est�e
ta shme�a λ1, λ2, m ko
 meg�lou �xona [ |λ1 − λ2|2 + |β|2]1/2 kai m ko
 mikroÔ�xona |β| .1.10 Gia ènan p�naka A ∈ Mn isqÔei :(i) A = A∗ akrib¸
 ìtan NR[A] ⊆ R.(ii) NR[A] ⊂ R+ ∪ {0} akrib¸
 ìtan o A e�nai jetik� hmiorismèno
 p�naka
.(iii) NR[A] ⊂ {z ∈ C : Re z ≥ 0} akrib¸
 ìtan o A + A∗ e�nai jetik� hmiorismè-no
 p�naka
.(iv) An o A e�nai orjomonadia�o
, tìte to NR[A] e�nai eggegrammèno polÔgwnosto monadia�o kÔklo.(v) An A e�nai pragmatikì
 p�naka
, tìte to NR[A] e�nai summetrikì w
 pro
 ton�xona twn pragmatik¸n arijm¸n.
6



(vi) An Â ∈ Mk , k < n upop�naka
 tou A ∈ Mn , tìte NR[ Â ] ⊂ NR[A].1.11 Tèlo
, prob�llonta
 to NR[A] ston pragmatikì kai fantastikì �xona kai sumbo-l�zonta
 me H(A) = (A + A∗)/2 kai S(A) = (A − A∗)/2i ta ermitian� mèrh tou
A, èqoume:
(i) Re NR[A] = NR[H(A)] = Co{σ[(A + A∗)/2] }.
(ii) Im NR[A] = NR[S(A)] = Co{σ[(A − A∗)/2i ] }.H arijmhtik  akt�na tou A ∈ Mn or�zetai san

r(A) = max{ |z| : z ∈ NR[A] }. (1.2)1.12 Sth sunèqeia anafèroume merikè
 polÔ gnwstè
 idiìthte
 [AL], apara�thte
 sti
epìmene
 enìthte
 :(i) r(A) = r(A∗) = r(Ā ).(ii) r(A1 ⊕ A2) = max { r(A1) , r(A2) }.(iii) r(Â) ≤ r(A), gia k�je upop�naka Â tou A.

1.2 Prosèggish arijmhtikoÔ ped�ou p�nakaSto ed�fio 1.5 [HJ] èqei parousiasje� mia mejodolog�a prosèggish
 tou arijmhtikoÔped�ou p�naka apì dÔo polÔgwna, èna eggegrammèno kai èna perigegrammèno s' autì. 'O-tan h diafor� twn embad¸n twn dÔo polug¸nwn g�netai arket� mikr , oi korufè
 aut¸ntwn polug¸nwn {taut�zontai} me to ∂ NR[A]. Aut  th diadikas�a akolouje� o algìrijmo
sthn [MP1] kai efarmìzetai apì to prìgramma MATLAB.K�poio
 ja mporoÔse na prosegg�sei to NR[A] mìno eswterik�, qwr�
 thn parap�nwdiadikas�a, idèa h opo�a prwtoemfan�sthke sthn ergas�a [MP], ìpou oi suggrafe�
 apo-deiknÔoun, qrhsimopoi¸nta
 mìno orjog¸nia pragmatik� dianÔsmata kai me stoiqei¸dei
algebrikè
 pr�xei
, ìti to NR[A] e�nai ènwsh arijmhtik¸n ped�wn pin�kwn 2 × 2 , dhla-d  elleiptik¸n perioq¸n sÔmfwna me thn 1.9 (ii). 'Omw
, ìpw
 ja doÔme sthn epìmenhprìtash, e�nai dunatìn na prosegg�soume to arijmhtikì ped�o enì
 n×n p�naka apì arij-mhtik� ped�a pin�kwn di�stash
 k× k ìtan 2 ≤ k < n, antimetwp�zonta
 ètsi to NR[A]san mia diastol  �llwn arijmhtik¸n ped�wn, �sw
 gnwstìterwn   eukolìterwn.7



Prìtash 1.1 Gia k < n,

NR[A] =
⋃

ξ1,...,ξk

NR(









ξ∗1Aξ1 . . . ξ∗1Aξk... ...
ξ∗kAξ1 . . . ξ∗kAξk









), (1.3)ìpou ta dianÔsmata ξ1, . . . , ξk diatrèqoun ìla ta sÔnola, ta opo�a apoteloÔntai apì korjokanonik� dianÔsmata tou C
n.Apìdeixh K�je di�nusma x ∈ C

n an kei s' ènan k-di�stato upìqwro E tou C
n. 'Estwìti ξ1, . . . , ξk e�nai mia orjokanonik  b�sh tou E, ètsi ¸ste ξi ∈ C

n. Tìte
x = [ ξ1 ξ2 . . . ξk ] ωìpou ω ∈ C

k. Profan¸
 to di�nusma ω e�nai monadia�o akrib¸
 ìtan to di�nusma x e�naimonadia�o, opìte apì th sqèsh
x∗Ax = ω∗









ξ∗1...
ξ∗k









A [ ξ1 . . . ξk ] ω = ω∗









ξ∗1Aξ1 . . . ξ∗1Aξk... ...
ξ∗kAξ1 . . . ξ∗kAξk









ω,epalhjeÔetai h (1.3). ¥Gia k = 2 sumpera�netai genikìtero apotèlesma ap' autì twn [MP], epeid  to eswte-rikì tou NR[A] kalÔptetai apì tou
 elleiptikoÔ
 d�skou

NR(

[

ξ∗1Aξ1 ξ∗1Aξ2

ξ∗2Aξ1 ξ∗2Aξ2

]

),ìpou ìmw
 {ξ1, ξ2} e�nai tuqa�a orjokanonik� dianÔsmata kai ìqi mìno pragmatik� orjo-g¸nia [MP]. Epiplèon qrei�zetai na parathr soume ìti h {k�luyh} tou NR[A] pragma-topoie�tai eukolìtera kai grhgorìtera an k > 2. Kai autì giat�, ta arijmhtik� ped�a stodexiì mèlo
 th
 (1.3) e�nai kurt� sÔnola kai epiplèon apì thn 1.10 (vi) katalamb�nounarket� megalÔterh epif�neia tou NR[A] kaj¸
 to k aux�nei. Autì akrib¸
 diapist¸netaikai apì to epìmeno par�deigma.Par�deigma 1.1 'Estw o p�naka

A =













1 0 0 0

0 −1 2 0

1 0 −1 0

1 0 0 1













.8



Sto Sq ma 1.1, me thn bo jeia tou progr�mmato
 MATLAB (blèpe sel. 79), èqoumesqedi�sei to NR[A], pou or�zetai san ènwsh twn arijmhtik¸n ped�wn twn 2×2 kai 3×3pin�kwn, ìtan efarmìsoume thn Prìtash 1.1 gia k = 2 ( ep�nw ) kai k = 3 ( k�tw ).

Sq ma 1.1: Ep�nw h prosèggish tou arijmhtikoÔ ped�ou gia k = 2, k�tw gia k = 3.'Ena
 �llo
 trìpo
 pou mpore� na qrhsimopoihje� prokeimènou na entopisje� to arij-mhtikì ped�o p�naka, e�nai na antimetwpisje� to NR[A], sa mia sustol  tou arijmhtikoÔped�ou p�naka megalÔterh
 t�xh
, ìpw
 diapist¸netai apì ti
 Prot�sei
 1.2 kai 1.4.Prìtash 1.2 Gia k�je p�naka A ∈ Mn isqÔei
Co{NR[A] ∪ NR[e2iθĀ ] } = NR(

1

2

[

A + e2iθĀ −i(A − e2iθĀ )

i(A − e2iθĀ ) A + e2iθĀ

]

), (1.4)ìpou 0 ≤ θ ≤ π. 9



Apìdeixh Epeid  apì thn idiìthta 1.4 èqoume
Co{NR[A] ∪ NR[e2iθĀ ]} = NR(

[

A O

O e2iθĀ

]

),arke� na de�xoume ìti
NR(

1

2

[

A + e2iθĀ −i(A − e2iθĀ )

i(A − e2iθĀ ) A + e2iθĀ

]

) = NR(

[

A O

O e2iθĀ

]

).An gr�youme ton p�naka A = M + iN, ìpou M,N ∈ Rn×n , gia k�je monadia�o di�nusma
x ∈ C

2n èqoume
x∗

[

A O

O e2iθĀ

]

x =
1

2
x∗

[

I O

O e2iθI

][

I −iI

−iI I

][

M N

−N M

][

I iI

iI I

]

x

=
1

4
x∗

[

I −iI

−iI I

][

(1 + e2iθ)I −i(1 − e2iθ)I

i(1 − e2iθ)I (1 + e2iθ)I

]

×
[

M N

−N M

][

I iI

iI I

]

x

=
1

2
x∗

([

1 −i

−i 1

]

⊗ I

)







A + e2iθĀ

2

−i(A − e2iθĀ)

2
i(A − e2iθĀ)

2

A + e2iθĀ

2







×
([

1 i

i 1

]

⊗ I

)

x

= y∗







A + e2iθĀ

2

−i(A − e2iθĀ)

2
i(A − e2iθĀ)

2

A + e2iθĀ

2






y,ìpou y =

1√
2
(

[

1 i

i 1

]

⊗ I)x. An l�boume upìyh ma
 ìti isqÔei kai
y∗y =

1

2
x∗(

[

1 −i

−i 1

]

⊗ I )(

[

1 i

i 1

]

⊗ I )x = x∗x = 1,tìte profan¸
 h sqèsh (1.4) epalhjeÔetai. ¥Pìrisma 1.1 Gia k�je p�naka A = M + iN, me M,N ∈ Rn×n,

Co{NR[A] ∪ NR[Ā ] } = NR(

[

M N

−N M

]

). (1.5)10



Apìdeixh H ex�swsh (1.5) prokÔptei �mesa apì thn (1.4), an jèsoume θ = 0. ¥Qrhsimopoi¸nta
 ta apotelèsmata tou Por�smato
 1.1 mporoÔme na k�noume k�poie
parathr sei
 sqetik� me thn jèsh tou NR(

[

M N

−N M

]

) sto migadikì ep�pedo.
• Gia k�je p�naka A = M+iN, to arijmhtikì ped�o tou 2n×2n p�naka [

M N

−N M

]èqei �xona summetr�a
 ton x
′

x , apì thn 1.10 (v).
• Exait�a
 th
 isìthta


[

M −N

N M

]

=

[

O I

I O

] [

M N

−N M

] [

O I

I O

]èqoume :
NR(

[

M −N

N M

]

) = NR(

[

M N

−N M

]

) (1.6)
• Epeid  sto dexiì mèlo
 th
 (1.5) o p�naka
 e�nai pragmatikì
, apì thn 1.10 (v) sumpe-ra�netai ìti kai h perioq  Co{NR[A] ∪ NR[Ā ] } e�nai summetrik  w
 pro
 ton pragmatikì�xona, kat� sunèpeia èqoume :

projoxNR[A] = projoxNR(

[

M N

−N M

]

) (1.7)
• Akìmh apì ti
 isìthte
 (1.6) kai Im(x∗Ax) = Re(x∗(−iA)x), èqoume :

projoy NR[A] = projox NR(

[

N M

−M N

]

) (1.8)
'Opw
 �mesa diapist¸netai apì thn epìmenh prìtash, oi Prot�sei
 1.1 kai 1.2 sumb�l-loun kajoristik� sto na up�rxei mia ekt�mhsh gia thn arijmhtik  akt�na r(A) tou p�naka

A, h opo�a or�sthke sthn (1.2).
11



Prìtash 1.3
r(









ξ∗1Aξ1 . . . ξ∗1Aξk... ...
ξ∗kAξ1 . . . ξ∗kAξk









) ≤ r(A) = r(

[

A O

O e2iθĀ

]

) (1.9)Apìdeixh Apì thn Prìtash 1.1 e�nai profanè
 ìti, to arijmhtikì ped�o tou p�naka stodexiì mèlo
 th
 sqèsh
 (1.3) e�nai uposÔnolo tou NR[A] , kat� sunèpeia prokÔptei hanisìthta sthn (1.9). T¸ra gia thn isìthta, apì thn idiìthta 1.12 (i)-(ii) parathroÔme
r(

[

A O

O e2iθĀ

]

) = max { r(A), r(e2iθĀ) } = r(A),afoÔ r(e2iθĀ) = |e2iθ|r(Ā) = r(A). ¥'Hdh sthn Prìtash 1.2 to arijmhtikì ped�o tou A e�nai uposÔnolo enì
 arijmhtikoÔped�ou p�naka megalÔterh
 di�stash
, mia kai autì, emperièqei kai to arijmhtikì ped�op�naka to opo�o peristrèfetai gÔrw apì mia euje�a. Sta epìmena to NR[A] parousi�zetaisan tom  arijmhtik¸n ped�wn, ìtan h euje�a y = (tan θ) x peristrèfetai gÔrw apì thnarq  gia 0 ≤ θ ≤ π.Prìtash 1.4 Gia k�je p�naka A ∈ Mn

NR[A] =
⋂

0≤θ≤π

NR(
1

2

[

A + e2iθĀ −i(A − e2iθĀ )

i(A − e2iθĀ ) A + e2iθĀ

]

) (1.10)Apìdeixh 'Estw z ∈ NR[A]. An λ = tan θ, tìte o migadikì
 arijmì

w = e2iθz =

1 + iλ

1 − iλ
ze�nai o summetrikì
 tou z w
 pro
 thn euje�a y = λx. Epeid  w ∈ NR[e2iθĀ ], ta ped�a

NR[A] kai NR[e2iθĀ ] e�nai summetrik� w
 pro
 thn euje�a y = λ x, epomènw
 apì thn(1.4) èqoume
⋂

0≤θ≤π

NR(
1

2

[

A + e2iθĀ −i(A − e2iθĀ )

i(A − e2iθĀ ) A + e2iθĀ

]

) =
⋂

0≤θ≤π

Co{NR[A] ∪ NR

[

1 + iλ

1 − iλ
Ā

]

} = NR[A].

¥12



Epiplèon, an jèsoume e−iθA = Sθ + iTθ, ìpou Sθ , Tθ e�nai pragmatiko� p�nake
, �mesaapì thn (1.10) prokÔptei :Pìrisma 1.2
NR[A] =

⋂

0≤ θ≤π

NR(eiθ

[

Sθ Tθ

−Tθ Sθ

]

). (1.11)H Prìtash 1.4 upodeiknÔei ènan �llon trìpo prosèggish
 tou NR[A], o opo�o
 e�naigrhgorìtero
 apì thn mèjodo twn polug¸nwn, afoÔ apaite�tai èna
 { mikrì
 } arijmì
gwni¸n θ gia na exasfal�soume to arijmhtikì ped�o tou p�naka A , mèsw th
 tom 
twn arijmhtik¸n ped�wn pin�kwn dipl�sia
 di�stash
 ìpw
 sthn (1.10). Autì akrib¸
parousi�zetai kai mèsa apì to epìmeno par�deigma.Par�deigma 1.2 'Estw o p�naka
 A =

[

2 − i 1

0 1 − i

]

. Tìte gia θ = 0,
π

6
,

π

3
,

π

2
,

2π

3sto Sq ma 1.2 parousi�zoume to arijmhtikì ped�o tou p�naka
1

2

[

A + e2iθĀ −i(A − e2iθĀ )

i(A − e2iθĀ ) A + e2iθĀ

]

.

Sq ma 1.2: Diastol  tou NR[A].Kle�nonta
 to ed�fio, j' anaferjoÔme se p�nake
 pou antistoiqoÔn se {quaternionic}.13



GenikeÔonta
 thn ex�swsh (1.5), anazhtoÔme th sqèsh pou up�rqei an�mesa sta arijmhtik�ped�a twn pin�kwn
C =

[

A B

−B̄ Ā

]

K =





















M N
... U V

−N M
... −V U

. . . . . . . . . . . . . . .

−U V
... M −N

−V −U
... N M





















(1.12)
ìpou A = M + iN kai B = U + iV me M, N, U, V ∈ Rn×n.Prìtash 1.5 Gia tou
 p�nake
 C kai K th
 (1.12) isqÔei

NR[C] = NR[K].Apìdeixh An shmei¸soume me R ton epìmeno orjomonadia�o p�naka
R =

1

2













1 i 1 −i

i 1 −i 1

−i 1 i 1

−1 i −1 −i













⊗ Imet� apì algebrikoÔ
 upologismoÔ
 èqoume
R∗KR = diag(C, C̄).Akìmh apì ti
 idiìthte
 1.5 kai 1.4 (blèpe sel. 6) prokÔptei

NR[K] = NR[ diag(C, C̄ ) ] = Co{NR[C] ∪ NR[C̄ ] }.Epeid  isqÔei kai
[

0 −I

I 0

]

C

[

0 I

−I 0

]

= C̄èqoume NR[C] = NR[C̄ ], sunep¸
 h isìthta twn NR[C] kai NR[K] e�nai profan 
. ¥Sthn eidik  per�ptwsh pou o p�naka
 C e�nai th
 morf 

C =

[

p + iq u + iv

−u + iv p − iq

] ìtan p , q , u , v ∈ RmporoÔme eÔkola na epalhjeÔsoume ìti to NR[C] e�nai to eujÔgrammo tm ma
[

p − i
√

q2 + u2 + v2 , p + i
√

q2 + u2 + v2
]

.14



1.3 Arijmhtikì ped�o p�naka me aìristo eswterikì gi-nìmeno.Mia apì ti
 pollè
 genikeÔsei
 th
 ènnoia
 tou arijmhtikoÔ ped�ou e�nai aut  pouprokÔptei, an sthn (1.1) antikatastaje� to eukle�dio eswterikì ginìmeno ston C
n me to

< x, y >S = y∗Sx . (1.13)An S e�nai antistrèyimo
 aìristo
 ermitianì
 p�naka
 sÔmfwna me [GLR2], h parap�nwsqèsh or�zei to aìristo eswterikì ginìmeno (se autì to ginìmeno o < x , x > mpore� nae�nai kai mh jetikì
 arijmì
). Qrhsimopoi¸nta
 thn (1.13) or�zetai to S-arijmhtikì ped�otou p�naka A na e�nai to sÔnolo
WS[A] = { < Ax, x >S

< x, x >S

: x ∈ C
n , < x, x >S 6= 0 }. (1.14)An e�nai

W+
S [A] = {< Ax, x >S : x ∈ C

n, < x, x >S = 1 } (1.15)tìte
WS[A] = W+

S [A]
⋃

W+
−S[A]. (1.16)To sÔnolo W+

S [A] onom�zetai jetikì S-arijmhtikì ped�o tou p�naka A. Parìmoia sÔnolame ta parap�nw e�nai ta
VS[A] = { x∗Ax

< x, x >S

: x ∈ C
n, < x, x >S 6= 0 } = V +

S [A]
⋃

V +
−S[A] (1.17)ìpou

V +
S [A] = { x∗Ax : x ∈ C

n, < x, x >S = 1 }. (1.18)Qarakthristik� anafèroume ìti, an A e�nai aìristo
 kai antistrèyimo
 p�naka
, tìte to
W+

S [A] e�nai kurtì sÔnolo, kai ìpw
 apode�qjhke sthn [B], an A e�nai jetik� orismèno
p�naka
, tìte h kleistìthta tou sunìlou WS[A] perièqei ìle
 ti
 idiotimè
 tou A.Peraitèrw melèth twn sunìlwn WS[A] , W+
S [A] ìpw
 kai twn VS[A] , V +

S [A] parou-si�sthke sthn ergas�a [LTU], ìpou apodeiknÔetai ìti ta sÔnola W+
S [A] kai V +

S [A] e�naip�ntote kurt�, en¸ ta WS[A] kai VS[A] e�nai p�ntote p-kurt�, dhlad  gia ta diakekrimèna15



shme�a z1 , z2 ∈ WS[A], to kleistì eujÔgrammo tm ma [z1 , z2] ⊂ WS[A] , e�te h euje�a
{ az1 +(1− a)z2 : a ≤ 0,   1 ≤ a} ⊂ WS[A] . Profan¸
, an S arnhtik� hmiorismèno
apì thn (1.15) èqoume W+

S [A] = ∅ , en¸ an e�nai S jetik� orismèno
 p�naka
, tìte
WS[A] = W+

S [A] = NR
[

S1/2AS−1/2
]

.Apì ti
 (1.14), (1.17) kai ti
 (1.15), (1.18) prokÔptoun �mesa oi sqèsei

WS[A] = VS[SA] kai W+

S [A] = V +
S [SA]. (1.19)Epiplèon, apì thn (1.15) epalhjeÔontai oi idiìthte
 :(i) W+

S [A + kI] = W+
S [A] + k, gia A ∈ Mn , k ∈ C.(ii) W+

S [kA] = kW+
S [A], A ∈ Mn , k ∈ C.(iii) W+

S [A + B] ⊆ W+
S [A] + W+

S [B] , ìpou A , B ∈ Mn.(iv) W+
S [A1] ⊆ W+

S [A], ìtan A1 e�nai upop�naka
 tou A.(v) z ∈ W+
S [A], ìpou S e�nai pragmatikì
 summetrikì
 p�naka
 =⇒ z ∈ W+

S [Ā ].AkoloÔjw
 parousi�zetai mia sqèsh an�mesa sto NR[A] kai sto W+
S [A].Prìtash 1.6 Gia k�je ermitianì p�naka S, to sÔnolo NR[A] ∩ W+

S [A] e�nai mhkenì.Apìdeixh 'Estw ìti gia èna dosmèno ermitianì p�naka S o orjokanonikì
 p�naka
 Pe�nai tètoio
 ¸ste, S = P ∗DP, ìpou D pragmatikì
 diag¸nio
 p�naka
. Tìte gia k�je
S-monadia�o di�nusma x ∈ C

n (dhlad  x∗Sx = 1) èqoume
< Ax, x >S = x∗SAx = x∗P ∗DPAx = y∗DBy = < By, y >Dan antikatast soume y = Px ∈ C

n kai B = PAP ∗. Epeid  y e�nai D-monadia�odi�nusma, isqÔei kai W+
S [A] = W+

D [B]. Epiplèon, gia k�je monadia�o di�nusma w ∈ C
n,apì ti
 exis¸sei


w∗Aw = w∗P ∗BPw = z∗Bz kai ‖z‖ = 1,16



ìpou z = Pw kai ‖z‖ = (z∗z)1/2, prokÔptei h isìthta NR[A] = NR[B].Epomènw
, e�nai arketì na apode�xoume ìti NR[B]∩W+
D [B] 6= ∅, me D na e�nai pragmati-kì
 diag¸nio
 p�naka
. Sta epìmena, sumbol�zoume me D = diag(D1, −D2), ìpou oi upo-diag¸nioi p�nake
 e�nai D1 > 0 kai D2 ≥ 0. 'Estw E upìqwro
 tou C

n kai ξ1, . . . , ξkna e�nai D-orjokanonik  b�sh tou q¸rou E, dhlad , < ξj, ξi >D = ξ∗i Dξj = ±δij, ìpou
δij e�nai to gnwstì Kronecker sÔmbolo. Sugkekrimèna, èqoume

1 = < ξi, ξi >D = < ξio, ξio >D1
, gia ξi =

[

ξio

0

]

, i = 1, 2, . . . , pkai
−1 =< ξj, ξj >D = < ξjo, ξjo >D2

, gia ξj =

[

0

ξjo

]

, j = p + 1, . . . , k.Gia èna monadia�o di�nusma η =

[

η1

0

]

, me η1 ∈ C
p, jewroÔme ìti up�rqei èna di�nu-sma x0 = [ ξ1 ξ2 . . . ξk ] η tou E , to opo�o e�nai D-monadia�o, epeid 

1 = < x0, x0 >D = η∗









ξ∗1...
ξ∗k









D [ ξ1 . . . ξk ] η = η∗diag (Ip, −Ik−p) η,kai tètoio ¸ste λ ∈ W+
D [B]. 'Amesa apì thn (1.15) èqoume ìti

λ = < Bx0, x0 >D = x∗
0DBx0 = η∗









< Bξ1, ξ1 >D . . . < Bξk, ξ1 >D... ...
< Bξ1, ξk >D . . . < Bξk, ξk >D









ηkai exait�a
 th
 morf 
 tou dianÔsmato
 η e�nai
λ = η∗

1









< Bξ1, ξ1 >D . . . < Bξp, ξ1 >D... ...
< Bξ1, ξp >D . . . < Bξp, ξp >D









η1

= η∗
1









< B1ξ10, ξ10 >D1
. . . < B1ξp0, ξ10 >D1... ...

< B1ξ10, ξp0 >D1
. . . < B1ξp0, ξp0 >D1









η1,17



ìpou B1 e�nai o p × p kÔrio
 upop�naka
 tou B. AfoÔ ta ξ10 , . . . , ξp0 e�nai D1-orjokanonik� dianÔsmata kai D1 > 0, ta dianÔsmata D
1/2
1 ξ10 , . . . , D

1/2
1 ξp0 e�nai or-jokanonik�, sunep¸
 apì thn Prìtash 1.1 prokÔptei,

λ ∈ NR
[

D
1/2
1 B1D

−1/2
1

]

= NR[B1] ⊂ NR[B]. ¥Epiplèon, apì thn isìthta W+
−S[A] = W+

−D[B] kai thn (1.16) èqoume
WS[A] = W+

S [A] ∪ W+
−S[A] = W+

D [B] ∪ W+
−D[B],opìte katal goume �mesa sto epìmeno sumpèrasma.Pìrisma 1.3 Gia k�je ermitianì p�naka S, ta sÔnola NR[A] ∩ W+

−S[A] kai
NR[A] ∩ WS[A] e�nai mh ken�.Mèsa apì to epìmeno par�deigma d�netai h dunatìthta na up�rqei kai optik  eikìna touapotelèsmato
 th
 Prìtash
 1.6.Par�deigma 1.3 'Estw o p�naka
 A =









−1 0 2

0 2 8

1 0 3









. Sthn arister  eikìna touSq mato
 1.3 parousi�zetai h tom  twn NR[A] kai W+
S [A], ìtan e�nai S = diag(2, 0,−4)kai sthn dexi�, ìtan S = diag(−2, 1, 4).

Sq ma 1.3: Ta arijmhtik� ped�a twn NR[A] kai W+
S (A).18



Apì ti
 isìthte
 sthn (1.19) kai to apotèlesma th
 Prìtash
 1.6 katal goume sti
 sqèsei

VS[SA] ∩ NR[A] 6= ∅ kai V +

S [SA] ∩ NR[A] 6= ∅.Gia to sÔnolo V +
S [A], an�logo sumpèrasma th
 Prìtash
 1.6 e�nai to akìloujo.Pìrisma 1.4 An o ermitianì
 p�naka
 S e�nai orjomonadia�a ìmoio
 me pragmatikìp�naka D = diag(Iρ , D1), tìte isqÔei NR[A] ∩ V +

S [A] 6= ∅.Apìdeixh 'Estw o orjomonadia�o
 p�naka
 P gia ton opo�o e�nai S = P ∗DP , ìpou
D = diag(Iρ , D2 , −D3) me D1 = D2⊕(−D3) kai gia tou
 upodiagwn�ou
 p�nake
 isqÔei
D2 > 0, D3 ≥ 0. An x ∈ C

n e�nai S-monadia�o di�nusma, tìte to di�nusma y = Pxe�nai D-monadia�o ( dhl. y∗Dy = 1 ) kai m�lista V +
S [A] = V +

D [B], ìpou B = PAP ∗.Gia y =

[

θ

0

]

, θ ∈ C
ρ èqoume 1 = y∗Dy = θ∗θ kai y∗By = θ∗B1θ, ìpou B1 e�nai

ρ × ρ upop�naka
 tou B. Epomènw
,
NR[B1] = { θ∗B1θ : θ ∈ C

ρ, θ∗θ = 1 } ⊂ NR[B] = NR[A]kai
NR[B1] = V +

Iρ
[B1] ⊂ V +

D [B] = V +
S [A].

¥H epìmenh idiìthta, gia arijmhtikì ped�o p�naka me aìristo eswterikì ginìmeno, e�naian�logh th
 Prìtash
 1.2 kai d�nei th dunatìthta na entopisje� to jetikì S-arijmhtikìped�o entì
 jetikoÔ S-arijmhtikoÔ ped�ou pragmatikoÔ p�naka dipl�sia
 di�stash
, ( blèpethn (1.23), sel. 21).Prìtash 1.7 Gia k�je p�naka A ∈ Mn, isqÔei
W+

I2⊗S(

[

A O

O e2iθĀ

]

) = W+
I2⊗S(

1

2

[

A + e2iθĀ −i(A − e2iθĀ )

i(A − e2iθĀ ) A + e2iθĀ

]

) (1.20)ìpou 0 ≤ θ ≤ π.Apìdeixh 'Estw èna di�nusma x ∈ C
2n, tètoio ¸ste x∗(I2 ⊗ S)x = 1. Tìte

x∗(I2 ⊗ S)

[

A O

O e2iθĀ

]

x =
1

2
y∗(I2 ⊗ S)

[

A + e2iyĀ −i(A − e2iθĀ )

i(A − e2iθĀ ) A + e2iθĀ

]

y19



ìpou y =
1√
2

(

[

1 i

i 1

]

⊗ I )x. Epeid  ìmw
 y∗ (I2 ⊗ S) y = x∗ (I2 ⊗ S) x = 1, h ex�-swsh (1.20) apode�qjhke. ¥Ant�stoiqh th
 idiìthta
 1.4 tou arijmhtikoÔ ped�ou p�naka, e�nai h epìmenh idiìthta giato jetikì S-arijmhtikì ped�o enì
 sÔnjetou diagwn�ou p�naka, pou gia thn apìdeix  th
ja qreiastoÔme èna endiafèron l mma apì thn ergas�a [LTU, Lemma 2.2].L mma 1.1 [LTU] 'Estw S ermitianì
 p�naka
 me mia toul�qiston jetik  idiotim .Tìte
span{ υ ∈ C

n : υ∗Sυ > 0 } = C
n.Prìtash 1.8 An o ermitianì
 p�naka
 S èqei toul�qiston mia jetik  idiotim , tìte

W+
I2⊗S(

[

A O

O B

]

) = Co{W+
S [A] ∪ W+

S [B] }. (1.21)Apìdeixh 'Estw ìti o arijmì
 λ ∈ W+
I2⊗S(

[

A O

O B

]

) kai ìti s' autìn antistoiqe�to I2 ⊗ S-monadia�o di�nusma υ =

[

x

y

] (dhlad  x∗Sx + y∗Sy = 1 ìtan x , y ∈ C
n ).SÔmfwna me to L mma 1.1, a
 jewr soume ìti x∗Sx > 0 kai y∗Sy > 0. Tìte,

λ = υ∗(I2 ⊗ S)

[

A O

O B

]

υ = x∗SAx + y∗SBy = x∗Sx
x∗SAx

x∗Sx
+ y∗Sy

y∗SBy

y∗Sy
,dhlad , o λ e�nai èna
 kurtì
 sunduasmì
 twn migadik¸n arijm¸n

x∗SAx

x∗Sx
∈ W+

S [A] kai y∗SBy

y∗Sy
∈ W+

S [B],kat� sunèpeia
W+

I2⊗S(

[

A O

O B

]

) ⊂ Co{W+
S [A] ∪ W+

S [B] }.Gia thn ant�strofh sqèsh, èstw x∗Sx = 1. Tìte to di�nusma z =

[

x

0

] e�nai I2 ⊗ S-monadia�o kai apì thn isìthta
z∗(I2 ⊗ S)

[

A O

O B

]

z = x∗SAx,20



èqoume
W+

S [A] ⊂ W+
I2⊗S(

[

A O

O B

]

).Me ìmoio trìpo, gia y∗Sy = 1, prokÔptei
W+

S [B] ⊂ W+
I2⊗S(

[

A O

O B

]

).Kat� sunèpeia,
W+

S [A] ∪ W+
S [B] ⊂ W+

I2⊗S(

[

A O

O B

]

).Lamb�nonta
 upìyh kai thn kurtìthta tou W+
I2⊗S(

[

A O

O B

]

) apì [LTU], sumpera�noume�mesa thn (1.21). ¥Tèlo
, qrhsimopoi¸nta
 ta apotelèsmata twn dÔo prohgoÔmenwn prot�sewn, mporoÔ-me na èqoume an�logh sqèsh me thn (1.4) th
 Prìtash
 1.2 kai ètsi na prosegg�soume tojetikì S-arijmhtikì ped�o. An o p�naka
 S èqei toul�qiston mia jetik  idiotim  exait�a
th
 kurtìthta
 tou jetikoÔ arijmhtikoÔ ped�ou p�naka èqoume
Co{W+

S [A] ∪ W+
S [e2iθĀ ] } = W+

I2⊗S(
1

2

[

A + e2iθĀ −i(A − e2iθĀ )

i(A − e2iθĀ ) A + e2iθĀ

]

). (1.22)Gr�fonta
 ton p�naka A = M + iN kai antikajist¸nta
 sthn (1.22) θ = 0, èqoume
Co {W+

S [A] ∪ W+
S [Ā ] } = W+

I2⊗S(

[

M N

−N M

]

),opìte apì thn (1.21)
W+

I2⊗S(

[

A O

O Ā

]

) = W+
I2⊗S(

[

M N

−N M

]

). (1.23)
Parat rhsh 1.1 To V +

S [A] e�nai kurtì sÔnolo, opìte ìmoia apotelèsmata th
 (1.22)kai th
 (1.23) prokÔptoun kai gia autì. 21



1.4 Arijmhtikì ped�o pin�kwn eidik 
 morf 
1.4.1 Gwniako� p�nake
Me ton ìro gwniakì
 p�naka
 (bordered matrix) ennooÔme ton n × n p�naka
S =



















a11 a12 a13 . . . a1n

a21 0 0 . . . 0

a31 0... ... O

an1 0



















(1.24)
o opo�o
, ìpw
 e�nai gnwstì apì th jewr�a grafhm�twn [BR℄, antistoiqe� se gr�fhma{ astèri }. 'Otan n = 3, qrhsimopoi¸nta
 ton p�naka P enallag 
 gramm¸n-sthl¸n(permutation matrix), enall�ssoume thn pr¸th kai deÔterh gramm  kai st lh tou p�naka.O p�naka
 pou prokÔptei PSP⊤ e�nai o epìmeno
 tridiag¸nio










0 a21 0

a12 a11 a13

0 a31 0









.GenikeÔonta
 to apotèlesma th
 ergas�a
 [C], sthn opo�a melet�tai to arijmhtikì ped�otridiagwn�ou p�naka me ta diag¸nia stoiqe�a �sa me mhdèn, shmei¸noume :L mma 1.2 To arijmhtikì ped�o tou p�naka
A =









a a12 0

a21 a22 a23

0 a32 a









(1.25)e�nai èna
 elleiptikì
 d�sko
 me kèntro to shme�o 1
2
(a + a22) tou migadikoÔ epipèdou.Apìdeixh Apì thn idiìthta 1.1, epeid  isqÔei NR[A] = NR[A0 + aI] = NR[A0] + a,e�nai arketì n' apode�xoume to L mma 1.2 gia ton p�naka

A0 =









0 a12 0

a21 â22 a23

0 a32 0









, ìpou â22 = a22 − a.22



Met� apì stoiqei¸dei
 algebrikoÔ
 upologismoÔ
, gia ton p�naka A0, br�skoume
σ[A0] = { 0 ,

â22 + ∆1/2

2
,

â22 − ∆1/2

2
} , ∆ = â2

22 + 4(a21a12 + a23a32).Oi sunj ke
 [KRS] epalhjeÔontai epeid  :I. q = tr(A∗
0A0) −

3
∑

j=1

|λj|2 ≥ (|a21| − |a12|)2 + (|a23| − |a32|)2 > 0II. q trA0 +
3

∑

j=1

|λj|3λj − tr(A∗
0A

2
0) = 0III. (|λ2| + |λ3|)2 − |λ2 − λ3|2 ≤ q,opìte sumpera�noume ìti, to NR[A0] e�nai èlleiyh, me kèntro sto shme�o 1

2
â22. ¥

Parat rhsh 1.2 An ston p�naka (1.25) èqoume a = a22 kai a12a21 = a23a32 = 0, tìteto NR[A] e�nai kuklikì
 d�sko
 kèntrou a kai akt�na
 ̺ =
1

2
[

3
∑

i, j = 1

i 6= j

|aij|2 ]1/2.Prìtash 1.9 To arijmhtikì ped�o tou S sthn (1.24) e�nai èna
 elleiptikì
 d�sko
 mekèntro to shme�o a11

2
kai �xone
 m kou
 ( α ± |β| )1/2 , ìpou

α =
|a11|2

2
+

n
∑

i, j = 1

i 6= j

|aij|2 , β =
a2

11

2
+ 2

n
∑

j=2

a1jaj1. (1.26)Apìdeixh 'Estw α̂ = [ a21 a31 . . . an1 ]⊤ kai Q = I −2
yy∗

y∗y
o ant�stoiqo
 Householderp�naka
, ìpou y = α̂ − k1e1. Tìte

Qα̂ = k1e1 me k1 =
‖α̂‖
|a21|

a21.Sumbol�zonta
 me R = diag( 1 , Q ) , èqoume
R S R∗ =



















a11 b12 . . . b1n

k1 0 . . . 0

0... O

0



















.
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An R1 = diag( 1 , 1 , Q1 ) , ìpou Q1 o ant�stoiqo
 Householder p�naka
, tètoio
 ¸ste
Q1









b̄13...
b̄1n









= k2e1 me k2 =
‖ [ b13 , . . . , b1n ] ‖

|b13|
b̄13 ,tìte prokÔptei

( R1R )S(R1R)∗ = Ŝ ⊕ On−3, me Ŝ =









a11 b12 k̄2

k1 0 0

0 0 0









.E�nai profanè
 ìti to 0 ∈ σ[Ŝ] ⊆ NR[Ŝ], NR[S] ≡ NR[Ŝ] kai apì L mma 1.2, to NR[Ŝ]e�nai èna
 elleiptikì
 d�sko
 me to kèntro tou sto shme�o a11/2.Gia na upolog�soume ta m kh twn axìnwn th
 èlleiyh
, sunart sei twn stoiqe�wn tou
S sthn (1.24), jewroÔme ti
 est�e
 tou elleiptikoÔ d�skou λ1,2 =

a11 ±
√

∆

2
me

∆ = a2
11 + 4k1b12 kai upolog�zoume thn posìthta

δ = tr(Ŝ∗Ŝ) −
∑

|λŜ|2 = |k1|2 + |k2|2 + |b12|2 +
|a11|2

2
− |∆|

2
.Me b�sh tou
 prohgoÔmenou
 sumbolismoÔ
, èqoume :

δ =
|a11|2

2
+

n
∑

j=2

|aj1|2 +
n

∑

j=2

|b1j|2 −
1

2

∣

∣ a2
11 + 4[ b12 . . . b1n ] k1e1

∣

∣

=
|a11|2

2
+

n
∑

j=2

|aj1|2 + ‖ [ a12 . . . a1n ] Q∗ ‖2 − 1

2

∣

∣ a2
11 + 4[ a12 . . . a1n ] Q∗Q α̂

∣

∣

=
|a11|2

2
+

n
∑

j=2

(

|aj1|2 + |a1j|2
)

− 1

2

∣

∣ a2
11 + 4[a12 . . . a1n ] α̂

∣

∣

= α − |β|kai |λ2 − λ1|2 = |∆| = 2|β|. Epomènw
 oi �xone
 th
 èlleiyh
 apì [KRS], èqoun m kh,
δ1/2 kai ( δ2 + |λ2 − λ1|2 )

1/2
= (α + |β|)1/2. ¥Epeid  gia k�je shme�o z ∈ NR[S], isqÔei |z − a11

2
| ≤ ( α + |β| )1/2

2
, sqetik� methn arijmhtik  akt�na, sumpera�noume :Pìrisma 1.5 H arijmhtik  akt�na tou gwniakoÔ p�naka S sthn (1.24), e�nai �sh me

|a11| + (α + |β|)1/2

2
.24



1.4.2 (2µ − 1)-diag¸nioi p�nake
Sth jewr�a grafhm�twn [Mo℄, ta graf mata pou apoteloÔntai apì sÔnjesh dèntrwnantistoiqoÔn se ( 2µ − 1 )-diag¸nio p�naka T ∈ Mn th
 morf 

T =































a a12 . . . a1,µ 0

a21 a22 . . . a2,µ a2,µ+1 O... ... . . . . . .
aµ1 aµ2 . . . aµµ an−µ+1,n

0 aµ+1,2
. . . .... . . an−1,n−1 an−1,n

O an,n−µ+1 . . . an,n−1 a































. (1.27)
Profan¸
, gia k�je monadia�o di�nusma x = x1e1 + (x2e2 + . . . + xn−1en−1) + xnen =

x1e1 + ξ + xnen = x1e1 + ‖ξ‖ζ + xnen = [ e1 ζ en ] [ x1 ‖ξ‖ xn]⊤ , ìpou ζ =
ξ

‖ξ‖ ,isqÔei :
x∗Tx = δ∗









e∗1Te1 e∗1Tζ e∗1Ten

ζ∗Te1 ζ∗Tζ ζ∗Ten

e∗nTe1 e∗nTζ e∗nTen









δ , me δ = [x1 ‖ξ‖ xn]⊤ , ‖δ‖ = 1. (1.28)Apì to apotèlesma th
 Prìtash
 1.1 katal goume
NR[T ] =

⋃

e1, ζ, en

NR(









e∗1Te1 e∗1Tζ e∗1Ten

ζ∗Te1 ζ∗Tζ ζ∗Ten

e∗nTe1 e∗nTζ e∗nTen









).Sthn (1.28), prèpei na shmeiwje� ìti,
e∗1Te1 = e∗nTen = a , e∗1Ten = e∗nTe1 = 0dhlad , o p�naka
 e�nai tridiag¸nio
 me diag¸nia stoiqe�a a , ζ∗Tζ , a. Epomènw
, sÔm-fwna me to L mma 1.2, sumpera�noume :Pìrisma 1.6 To arijmhtikì ped�o (2µ − 1)-diagwn�ou p�naka e�nai h ènwsh twn elle�-yewn, oi opo�e
 prokÔptoun apì tridiag¸niou
 p�nake
 th
 morf 










a e∗1Tζ 0

ζ∗Te1 ζ∗Tζ ζ∗Ten

0 e∗nTζ a









.25



To Pìrisma 1.6 parèqei th dunatìthta na prosegg�soume to arijmhtikì ped�o (2µ − 1)-diagwn�ou p�naka, me arijmhtik� ped�a tridiagwn�wn pin�kwn polÔ pio sÔntoma, ap' ìti anto prosegg�soume apì arijmhtik� ped�a twn 2 × 2 pin�kwn, parìlo pou kai oi dÔo pro-segg�sei
 g�nontai apì elle�yei
. Autì fa�netai qarakthristik� sto epìmeno par�deigma.Par�deigma 1.4 'Estw o 5 × 5 p�naka

T =



















3 1 2 0 0

2 0 3 5 0

1 1 1 0 0

0 0 1 −3 2

0 0 −3 3 3



















.

Sto Sq ma 1.4, sthn arister  eikìna qrei�zontai mìno 6 elle�yei
, - pou e�nai to arijmhtikìped�o twn 3 × 3 tridiagwn�wn pin�kwn - gia na prosseggisje� arket� ikanopoihtik� to
NR[T ], en¸ sth dexi� eikìna qrei�zetai o dipl�sio
 arijmì
 elle�yewn, - arijmhtikì ped�otwn 2 × 2 pin�kwn - gia na èqoume sqedìn to �dio apotèlesma.

−6 −4 −2 0 2 4 6
−3

−2

−1

0

1

2

3

−6 −4 −2 0 2 4 6
−3

−2

−1

0

1

2

3

Sq ma 1.4:
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Kef�laio 2PROSEGGISH ARIJMHTIKOUPEDIOU KANONIKOU PINAKA
2.1 Sustol  arijmhtikoÔ ped�ouSuneq�zonta
 th melèth twn metabol¸n tou arijmhtikoÔ ped�ou p�naka, èqonta
 upìyhma
 thn idiìthta 1.5 kai thn Prìtash 1.1, sumpera�noume

NR[A] =
⋃

Pn×m

NR[P ∗AP ].Epeid  h eust�jeia p�naka exart�tai apì to e�do
 twn idiotim¸n tou, sto kef�laio autìanazhtoÔme ènan mh tetragwnikì p�naka P, ètsi ¸ste to arijmhtikì ped�o tou P ∗AP naprosegg�zei ikanopoihtik� to NR[A], ìtan A e�nai kanonikì
 p�naka
.'Estw ìti λ1 , λ2 , . . . , λn e�nai oi idiotimè
 enì
 kanonikoÔ p�naka A ∈ Mn. SÔmfw-na me thn idiìthta 1.6 to NR[A] = Co{λ1 , . . . , λk } , ( k ≤ n ), dhlad , oi upìloipe
idiotimè
 λk+1 , . . . , λn an koun sto kleistì polÔgwno < λ1 , λ2 , . . . , λk >. Sumbol�-zoume me x1 , x2 , . . . , xk ∈ C
n ta ant�stoiqa orjokanonik� idiodianÔsmata tou A kaijewroÔme to monadia�o di�nusma

υ =
k

∑

j = 1

cjxj , me k
∑

j = 1

|cj|2 = 1 , |cj| 6= 0.
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An µ = υ∗Aυ =
k

∑

j=1

|cj|2λj , tìte µ ∈ int NR[A]. Shmei¸nonta
 E = span{ υ } tonupìqwro tou W = span{x1 , x2 , . . . , xk } jewroÔme ton n × (k − 1) p�naka
P = [ w1 w2 . . . wk−1 ] (2.1)ìpou w1 , w2 , . . . , wk−1 e�nai mia orjokanonik  b�sh tou E⊥

W . Profan¸
, P ∗P = Ik−1kai PP ∗ e�nai mia orjog¸nia probol  tou W ston q¸ro E⊥
W .L mma 2.1 'Estw ìti to polÔgwno < λ1 , λ2 , . . . , λk > e�nai to arijmhtikì ped�okanonikoÔ p�naka A. An jewr soume ta shme�a

µτ = (1 − aτ )µτ−1 + aτλτ+1 , ρτ = aτµτ−1 + (1 − aτ )λτ+1ìpou aτ ∈ [0, 1] , τ = 1 , . . . , k − 1, µ0 = λ1, tìte o p�naka
 A e�nai orjomonadia�aìmoio
 me ènan p�naka Θ, o opo�o
 èqei diag¸nia stoiqe�a
ρ1 , . . . , ρk−1 , µk−1 , λk+1 , . . . , λn.Apìdeixh 'Estw ìti xj ( j = 1 , . . . , k ) e�nai ta orjokanonik� idiodianÔsmata tou A,pou antistoiqoÔn sti
 λj idiotimè
 kai korufè
 tou polug¸nou. An jèsoume

y1 =
√

a1x1 +
√

1 − a1x2

y2 =
√

a2(
√

1 − a1x1 −
√

a1x2) +
√

1 − a2x3 =
√

a2ε1 +
√

1 − a2x3

y3 =
√

a3(
√

1 − a2ε1 −
√

a2x3) +
√

1 − a3x4 =
√

a3ε2 +
√

1 − a3x4

y4 =
√

a4(
√

1 − a3ε2 −
√

a3x4) +
√

1 − a4x5 =
√

a4ε3 +
√

1 − a4x5...
yk−1 =

√
ak−1( . . . ) +

√
1 − ak−1xk =

√
ak−1εk−2 +

√
1 − ak−1xk

yk =
√

1 − ak−1εk−2 −√
ak−1xk�mesa epalhjeÔoume ìti gia ta dianÔsmata ετ =

√
1 − aτ ετ−1 − √

aτ xτ+1 isqÔei
ετ ◦ xτ+2 ≡ x∗

τ+2 ετ = 0 , ‖ετ‖ = 1kai epagwgik� gia τ < s

ετ ◦ εs =
√

1 − aτ+1

√

1 − aτ+2 . . .
√

1 − as , ε∗τAετ = µτ .Epomènw
 gia ta dianÔsmata yτ èqoume :
‖yτ‖ = 1 , ετ ◦ yτ = 0 ( τ = 1 , . . . , k − 2 ) kai yτ ◦ ys = 0, gia τ < s.28



Epiplèon
y∗

τAyτ = ρτ ( τ = 1 , . . . , k − 1 ) , y∗
kAyk = µk−1,opìte gia ton p�naka

R = [ y1 . . . yk xk+1 . . . xn ]e�nai R∗R = I kai R∗AR = Θ. ¥Prìtash 2.1 'Estw kanonikì
 p�naka
 A kai NR[A] = < λ1 , λ2 , . . . , λk > . An
υ =

k
∑

j=1

cjxj e�nai monadia�o di�nusma, ètsi ¸ste υ∗Aυ = µ ∈ int NR[A], tìte
NR[P ∗AP ] ⊂ < λ1 , λ2 , . . . , λk >ìpou o p�naka
 P or�zetai ìpw
 sthn (2.1) kai to ∂ NR[P ∗AP ] ef�ptetai sti
 pleurè
tou polug¸nou sta shme�a

ρτ =
|cτ+1|2 λτ + |cτ |2 λτ+1

|cτ+1|2 + |cτ |2
(τ = 1, . . . , k − 1) ; ρk =

|c1|2 λk + |ck|2 λ1

|c1|2 + |ck|2
. (2.2)Apìdeixh E�nai arketì na apode�xoume th sqèsh (2.2) gia τ = 1. JewroÔme ta shme�a

µτ , ( τ = 1 , 2 , . . . , k − 3) tou polug¸nou ètsi ¸ste to µτ na an kei sto eujÔgrammotm ma [µτ−1 , λτ+1] me µ0 = λ1. Or�zoume to shme�o µk−2 apì thn tom  twn euju-gr�mmwn tmhm�twn [µk−3 , λk−1] kai [µk−1 , λk] ìpou µk−1 = µ. Sumbol�zoume ντ tosummetrikì tou µτ w
 pro
 to mèso tou eujugr�mmou tm mato
 [µτ−1 , λτ+1] , opìteèqoume
ντ + µτ = µτ−1 + λτ+1 ; µ0 = λ1.Me b�sh ton trìpo pou epilèqjhkan ta parap�nw shme�a ikanopoioÔntai oi upojèsei
 touL mmato
 2.1, dhlad , up�rqoun orjokanonik� dianÔsmata y1 , . . . , yk−1 , y tètoia ¸ste

y∗
τAyτ = ντ ( τ = 1 , 2 , . . . , k − 1 ) , y∗Ay = µ. (2.3)SÔmfwna me thn upìjesh th
 Prìtash
 2.1 kaj¸
 kai apì thn kataskeu , ta shme�a ντkai to µ an koun sto NR[A], epomènw
 kajèna gr�fetai san kurtì
 sunduasmì
 twnidiotim¸n λ1 , . . . , λk. Kat� sunèpeia kai ta ant�stoiqa dianÔsmat� tou
 y , yτ mporoÔnna parastajoÔn me th morf 

y =
k

∑

j=1

cj exp(−iθj) xj , yτ =
τ+1
∑

j=1

cτj xj. (2.4)29



Epiplèon, apì thn orjokanonikìthta twn y , yτ prokÔptoun oi isìthte
 :
k

∑

j=1

| cj |2 = 1 ,

τ+1
∑

j=1

| cτj |2 = 1 ,

τ+1
∑

j=1

c̄τj cj exp(−iθj) = 0. (2.5)JewroÔme ta dianÔsmata
uτ =

τ+1
∑

j=1

cτj exp(iθj) xj ( τ = 1 , . . . , k − 1 )kai ìpw
 elègqetai �mesa apì thn (2.5), aut� e�nai monadia�a kai an koun ston E⊥
W kaj¸
ep�sh


u∗
τAuτ =

τ+1
∑

j=1

| cτj |2 x∗
jAxj =

τ+1
∑

j=1

| cτj |2λj = ντ .Sumbol�zonta
 P thn orjog¸nia probol  ston q¸ro E⊥
W , to monadia�o di�nusma ℓτ , to o-po�o or�zetai apì thn ex�swsh Pℓτ = uτ , antistoiqe� sto shme�o ντ ∈ NR[P ∗AP ] ⊂ NR[A].Tèlo
, gia τ = 1 apì ti
 (2.3) kai (2.4), prokÔptei ìti ρ1 ≡ ν1 ∈ [λ1 , λ2] kai apì thnex�swsh (2.5) èqoume

ρ1 = |c11|2 λ1 + |c12|2 λ2

|c11|2 + |c12|2 = 1 , c̄11 c1 exp(−iθ1) + c̄12 c2 exp(−iθ2) = 0.Sundu�zonta
 ti
 prohgoÔmene
 exis¸sei
 br�skoume
ρ1 =

|c12|2 |c2|2
|c1|2

λ1 + |c12|2 λ2 =
|c12|2 ( |c2|2 λ1 + |c1|2 λ2 )

|c1|2
. (2.6)Epeid  isqÔei kai

|c12|2 ( |c1|2 + |c2|2 ) = |c12|2 |c1|2 + |c11|2 |c1|2 = |c1|2,apì thn (2.6) sumpera�noume ìti
ρ1 =

|c2|2 λ1 + |c1|2λ2

|c1|2 + |c2|2
.Sunep¸
, xekin¸nta
 me to shme�o µ1 ∈ [λ1 , λ2] , katal goume ston upologismì toushme�ou ρ1 ∈ ∂ NR[P ∗AP ] ∩ [λ1 , λ2] , to opo�o or�sthke akrib¸
. Epanalamb�nonta
thn �dia diadikas�a, gia shme�o µ

′

1 ∈ [λ2 , λ3] upolog�zoume to shme�o epaf 
30



ρ2 =
|c3|2λ2 + |c2|2λ3

|c3|2 + |c2|2
∈ [ λ2 , λ3] ∩ ∂ NR[P ∗AP ]. H diadikas�a telei¸nei, ìtan broÔ-me kai ta upìloipa shme�a ρ3 , . . . , ρk ta opo�a an koun sti
 pleurè
 tou polug¸nou

[λ3 , λ4] , . . . , [λk , λ1] , antisto�qw
. ¥E�nai profanè
 ìti gia k = 3, to NR[P ∗AP ] e�nai m�a èlleiyh, h opo�a ef�ptetai sti
pleurè
 tou trig¸nou < λ1 , λ2 , λ3 > . H per�ptwsh èqei parousiasje� kai apì ton
Williams [W, Th. 1], o opo�o
 anafèretai mìno se 3 × 3 kanonikì p�naka kai m�listaasqole�tai me to ∂ NR[PP ∗APP ∗].Sthn Prìtash 2.1, axioshme�wto e�nai ìti to di�nusma υ e�nai èna
 grammikì
 sunduasmì
twn idiodianusm�twn xj tou p�naka A, ta opo�a antistoiqoÔn se ìle
 ti
 korufè
 tou po-lug¸nou. An to υ e�nai exarthmèno apì ligìtera apì k idiodianÔsmata, tìte h sustol tou NR[A], dhlad  to NR[P ∗AP ], den ef�ptetai se ìle
 ti
 pleurè
 tou polug¸nou, tade NR[A] , NR[P ∗AP ] den allhloprosegg�zontai, ìpw
 ton�zetai sthn epìmenh prìtash.Prìtash 2.2 'Estw υ =

s
∑

i=1

cj xj monadia�o di�nusma, me 2 ≤ s ≤ k − 1 kai
µ = υ∗Aυ ∈ int < λ1 , . . . , λs > . Tìte,

NR[P ∗AP ] = Co{NR[B] , λs+1 , . . . , λk }ìpou o p�naka
 B ∈ Ms−1 e�nai h m�a suntetagmènh apì to eujÔ �jroisma sto opo�oanalÔetai o p�naka
 P ∗AP kai to ∂ NR[B] ef�ptetai sti
 pleurè
 tou polug¸nou
< λ1, . . . , λs > sta shme�a ρτ th
 (2.2), gia τ = 1, 2, . . . , s − 1.Apìdeixh Epeid  to di�nusma υ gr�fetai kai υ = c1x1 + . . . + csxs + 0xs+1 + . . . +

0xk, profan¸
 ta monadia�a idiodianÔsmata xs+1 , . . . , xk e�nai orjog¸nia sto υ. An
w1 , . . . , ws−1 e�nai orjokanonik  b�sh tou q¸rou E⊥

W1
, ìpou W1 = span{x1 , . . . , xs },ta dianÔsmata w1 , . . . , ws−1 , xs+1 , . . . , xk e�nai orjokanonik  b�sh tou E⊥

W , upenju-m�zonta
 ìti W = span{x1 , . . . , xk }. Shmei¸nonta
 me
Q = [ x1 . . . xs

... xs+1 . . . xk ] = [ Q1 Q2 ]

P1 = [ w1 . . . ws−1 ] (2.7)met� apì upologismoÔ
 èqoume,
Q∗AQ = diag( λ1 , . . . , λs , λs+1 , . . . , λk ) = diag( D1 , D2 )31



kai
P ∗AP = B ⊕ diag( λs+1 , . . . , λk )ìpou P = [ P1 Q2 ] kai B = P ∗

1 Q1D1Q
∗
1P1. Epomènw
, apì thn idiìthta 1.4, prokÔptei

NR[P ∗AP ] = Co{NR[B] , λs+1 , . . . , λk }. (2.8)Epiplèon, o mh antistrèyimo
 p�naka
 A1 = Q1D1Q
∗
1 ∈ Mn e�nai kanonikì
, ètsi

σ[A1] = {λ1 , . . . , λs , 0} kai epeid  NR[B] ≡ NR[P ∗
1 A1P1], apì thn Prìtash 2.1 to

∂ NR[B] ef�ptetai sti
 pleurè
 [λτ , λτ+1] , τ = 1 , 2 , . . . , s − 1, tou polug¸nou
< λ1 , . . . , λs > sta shme�a ρτ , ìpw
 aut� èqoun parousiasje� sthn (2.2). ¥Epiplèon qrei�zetai na shmei¸soume ìti:Parat rhsh 2.1 Sthn Prìtash 2.2, an èqoume υ = c1x1 + 0x2 + c3x3 + . . . + csxs, me
cj 6= 0, tìte to ∂ NR[B] ef�ptetai sti
 pleurè
 tou polug¸nou < λ1 , λ3 , . . . , λs >,to de shme�o

|c1|2λ3 + |c3|2λ1

|c1|2 + |c3|2
∈ [λ1 , λ3] ∩ ∂ NR[B],dhlad , up�rqei epaf  me th diag¸nio [λ1 , λ3] tou polug¸nou.Parat rhsh 2.2 An jewr soume {wj } b�sh tou E⊥ = span{x1 , . . . , xn }⊥ ant� tou

E⊥
W1

, tìte
NR[P ∗AP ] = Co {NR[B] , λs+1 , . . . , λn },upenjum�zonta
 bèbaia ìti oi idiotimè
 λk+1 , . . . , λn ∈ < λ1 , . . . , λk >.SÔmfwna me thn Prìtash 2.2, ìtan s = 2, to µ = υ∗Aυ ∈ [λ1 , λ2] kai

NR[P ∗AP ] = Co { ρ1 , λ3 , . . . , λn }ìpou to NR[B] ≡ ρ1, shme�o to opo�o or�sthke sthn (2.2). Akìmh apì [W], o p�naka

P ∗AP e�nai kanonikì
 me idiotimè
 ρ1 , λ3 , . . . , λn.Parat rhsh 2.3 'Estw ìti oi idiotimè
 λk+1 , . . . , λn tou kanonikoÔ p�naka A e�naieswterik� shme�a tou polug¸nou < λ1 , . . . , λk > ìpw
 eswterikì shme�o e�nai kai to
µ = υ∗Aυ, ìpou υ ∈ span{xk+1 , . . . , xn } e�nai monadia�o di�nusma kai xj e�nai taidiodianÔsmata tou p�naka A pou antistoiqoÔn sti
 λj (j = k + 1 , . . . , n) idiotimè
. Anoi st le
 tou p�naka

P = [ x1 x2 . . . xk
... y1 . . . yn−k−1 ] = [X Y ]32



e�nai orjokanonik  b�sh tou span{ υ }⊥, tìte
P ∗AP =

[

X∗

Y ∗

]

A [ X Y ] =

[

diag( λ1 , . . . , λk ) O

O Y ∗AY

]

.Akìmh èqoume,
Y ∗AY = Y ∗[ x1 . . . xn ] diag( λ1 , . . . , λn ) [ x1 . . . xn ]∗Y

=
[

O Y ∗[ xk+1 . . . xn ]
]

diag( λ1 , . . . , λn )









O

[

xk+1 . . . xn

]∗
Y









= Y ∗[ xk+1 . . . xn ] diag( λk+1 , . . . , λn ) [ xk+1 . . . xn ]∗Ykaj¸
 ep�sh
 eÔkola diapist¸netai ìti o n × n p�naka

[ xk+1 . . . xn ] diag( λk+1 , . . . , λn ) [ xk+1 . . . xn ]∗,e�nai kanonikì
. 'Etsi apì thn Prìtash 2.1 (  Prìtash 2.2) prokÔptei ìti

NR[Y ∗AY ] ⊂ < λk+1 , . . . , λn > ,sunep¸

NR[P ∗AP ] = < λ1 , . . . , λk >.'Ena
 algìrijmo
 tou MATLAB, me ton opo�o sqedi�zoume th sustol  tou NR[A], pa-rousi�zetai sto tèlo
 tou Parart mato
 (blèpe sel. 82).Par�deigma 2.1 'Estw o kanonikì
 p�naka


A = diag(









1 2 0

0 1 2

2 0 1









,









1 −1 1

1 1 −1

−1 1 1









)me σ[A] = {
√

3 i , −
√

3 i , 3 , 1 +
√

3 i , 1 −
√

3 i , 1 }.H Co{σ[A] } e�nai to polÔgwno < λ1 , . . . , λ5 >=<
√

3 i , −
√

3 i , 1−
√

3 i , 3 , 1+
√

3 i >Gia to monadia�o di�nusma
υ =

√
3 i

4
x1 +

1

2
x2 −

√
2 i

4
x3 −

√
3 i

4
x4 +

√
3 + i

4
x533



to shme�o υ∗Aυ an kei sto NR[A] , o probolikì
 p�naka
 apì thn (2.1) e�nai
P =

























−0.6224 −0.2446 − 0.0470i −0.5346 + 0.4434i −0.1022 + 0.0812i

0.7640 − 0.0663i −0.1315 + 0.0122i −0.4588 + 0.3511i −0.0076 + 0.1229i

−0.1416 + 0.0663i 0.3762 + 0.0349i −0.3410 − 0.1095i 0.4040 + 0.1136i

0 0.3201 + 0.3960i −0.1211 + 0.0621i −0.5676 + 0.0244i

0 −0.5030 + 0.0793i 0.0067 − 0.1359i 0.4547 + 0.3407i

0 0.1828 − 0.4752i 0.1143 + 0.0738i 0.1129 − 0.3651i

























.

To ∂ NR[P ∗AP ] e�nai h kleist  kampÔlh pou parousi�zetai sto Sq ma 2.1, h opo�a ef�-ptetai twn pleur¸n tou polug¸nou < λ1 , . . . , λ5 > sta shme�a, ìpw
 aut� or�sthkanapì thn (2.2), ρ1 =

√
3 i

7
, ρ2 =

2 − 3
√

3 i

3
, ρ3 =

9 − 3
√

3 i

5
, ρ4 =

15 + 3
√

3 i

7
kai

ρ5 =
3 + 7

√
3 i

7
.

Sq ma 2.1:Upolog�zonta
 thn orjog¸nia probol  w
 pro
 to monadia�o di�nusma
υ̂ =

1 +
√

3 i

3
x1 −

1

3
x3 +

√
3 + i

3
x434



to shme�o υ̂∗Aυ̂ an kei sto NR[A] kai apì thn (2.7) èqoume
P1 =

























−0.2582 0.0081 − 0.4208i

0.1291 − 0.2236i −0.3647 + 0.0446i

0.1291 + 0.2236i −0.5814 − 0.5109i

0.4245 + 0.2941i 0.1674 + 0.0399i

−0.4669 + 0.2206i −0.1183 + 0.1251i

0.0424 − 0.5147i −0.0492 − 0.1650i























kai
B =

[

0.8000 − 1.0392i −0.0873 − 0.9575i

0.5841 − 0.7637i 1.7556 + 0.4619i

]

.'Opw
 parousi�zetai sto Sq ma 2.2 kai sÔmfwna me thn Parat rhsh 2.1, to ∂ NR[B]ef�ptetai sta eujÔgramma tm mata [λ1 , λ3] , [λ3 , λ4] kai [λ4 , λ1] sta shme�a
σ1 =

4 − 3
√

3 i

5
, σ2 =

7 − 4
√

3 i

5
kai σ3 =

3 +
√

3 i

2
.Epomènw
, gia P = [ P1 x2 x5 ] apì thn (2.8) èqoume

NR[P ∗AP ] = Co {NR[B] , λ2 , λ5 }.

Sq ma 2.2:35



O rìlo
 tou p�naka P th
 Prìtash
 2.1 d�nei thn aform , gia thn kataskeu  mia
 mhorjokanonik 
 b�sh
 { y1, . . . , yk−1 } tou E⊥
W , me ìso to dunatìn aploÔsterh morf . Anjewr soume e1 , . . . , en thn kanonik  b�sh tou C

n, jètonta

yt = ft et + gt et+1 ∈ C

n,apì thn ep�lush tou sust mato
 twn exis¸sewn υ ◦ yt = 0 , t = 1, 2, . . . , k−1 ; k ≤ nbr�skoume ìti, gia ti
 pr¸te
 k suntetagmène
 tou υ, isqÔei
υt = (−1)t−1 c f̄1 f̄2 . . . f̄t−1 ḡt . . . ḡk−1 ,ìpou t = 1, . . . , k kai f0 = 1 , epomènw
 èqoume

gt

ft

= − ῡt

ῡt+1

.Akìmh e�nai kai ‖yt‖ = 1, kat� sunèpeia prokÔptoun oi sqèsei

|ft|2 =

|υt+1|2
|υt|2 + |υt+1|2

, |gt|2 =
|υt|2

|υt|2 + |υt+1|2

Arg gt − Arg ft = π − Arg υt + Arg υt+1. (2.9)Efarmìzonta
 orjokanonikopo�hsh sth b�sh { y1 , . . . , yk−1 } me th mèjodo Gram-

Schmidt, kataskeu�zoume ton n × (k − 1) p�naka R, gia ton opo�o isqÔei R∗R = Ik−1.Jètonta
 P̂ = R R∗, e�nai �meso ìti
NR[P̂ diag( λ1 , . . . , λn ) P̂ ] ⊂ < λ1 , . . . , λk > = NR[A].Epiplèon, met� apì merikoÔ
 algebrikoÔ
 upologismoÔ
, gia 1 ≤ t ≤ k − 1 , prokÔptei

p̂t = y∗
t P̂ diag( λ1 , . . . , λn ) P̂ yt = y∗

t diag( λ1 , . . . , λn ) yt = |ft|2λt + |gt|2λt+1en¸, qrhsimopoi¸nta
 to di�nusma
yk = [f1f2 . . . fk−1 0 . . . 0 (−1)kg1g2 . . . gk−1 0 . . . 0]⊤ (2.10)me mh mhdenikè
 suntetagmène
 sthn pr¸th kai k-st  jèsh, upolog�zetai to shme�o

p̂k = y∗
k P̂ diag( λ1 , . . . , λn ) P̂ yk =

1

‖yk‖2

(

|f1 . . . fk−1|2λ1 + |g1 . . . gk−1|2λk

)

.Profan¸
, ta p̂1 , . . . , p̂k e�nai ta shme�a epaf 
 tou ∂ NR[P̂ diag( λ1 , . . . , λn ) P̂ ]me to ∂ NR[A]. 36



Par�deigma 2.2 'Estw o p�naka
 A tou parade�gmato
 2.1 kai to di�nusma
υ =

√
3

3
x1 +

√
2

3
x2 −

1

3
x3 +

1

3
x4 +

√
2

3
x5 =

























0.1427 − 0.0610i

0.7399 + 0.0261i

−0.3053 + 0.0348i

−0.0797

0.0399 + 0.4024i

0.0399 − 0.4024i

























.

Qrhsimopoi¸nta
 ti
 exis¸sei
 (2.9) or�zoume ta dianÔsmata :
y1 = [ 0.9787 , −0.1857 − 0.0872i , 0 , 0 , 0 , 0 ]⊤ y2 = [ 0 , 0.3833 , 0.9134 − 0.1368i , 0 , 0 , 0 ]⊤

y3 = [ 0 , 0 , 0.2511 , −0.9617 − 0.1096i , 0 , 0 ]⊤ y4 = [ 0 , 0 , 0 , 0.9811 , 0.0187 + 0.1924i , 0 ]⊤kai apì (2.10), y5 = [ 0.0924 , 0 , 0 , 0 , 0.0107 − 0.0338i , 0 ]⊤.Epomènw
, o probolikì
 p�naka
 P̂ e�nai


















0.9712 −0.1243 + 0.0584i 0.0546 − 0.0163i 0.0136 − 0.0058i 0.0227 + 0.0715i 0

−0.1243 − 0.0584i 0.3449 0.2689 + 0.0403i 0.0705 + 0.0025i −0.0471 + 0.3549i 0

0.0546 + 0.0163i 0.2689 − 0.0403i 0.8872 −0.0291 + 0.0033i −0.0025 − 0.1486i 0

0.00136 + 0.0058i 0.0705 − 0.0025i −0.0291 − 0.0033i 0.9924 0.0037 − 0.0384i 0

0.0227 − 0.0715i −0.0472 − 0.3549i −0.0025 + 0.1486i 0.0037 + 0.0384i 0.8043 0

0 0 0 0 0 0

















ta de shme�a p̂1 = 1.5862i , p̂2 = 0.8531 −
√

3 i , p̂3 = 2.8737 − 0.1092i ,

p̂4 = 2.9250 + 0.0647i kai p̂5 = 0.1283 +
√

3 i an koun sto
∂ NR[P̂ diag(

√
3 i , −

√
3 i , 1 −

√
3 i , 3 , 1 +

√
3 i , 1) P̂ ] ∩ ∂ NR[A].Telei¸nonta
 to ed�fio qrei�zetai na shmei¸soume akìmh :

• E�nai fanerì pw
 ìtan upolog�zetai h sustol  tou arijmhtikoÔ ped�ou diagwn�oup�naka me thn mèjodo pou parousi�sthke sthn Prìtash 2.1, ta υt , 1 ≤ t ≤ ktaut�zontai me ta ant�stoiqa cj , 1 ≤ j ≤ k , o p�naka
 R e�nai autì
 pouanafèretai sthn (2.1) kai ta shme�a p̂t taut�zontai me ta ρτ th
 (2.2).
• Gia n = k = 3, o B. Mirman [M1] èqei anaferje� sthn eidik  morf  twn dianusm�-twn y1 , y2 , y3. 37



2.2 Gen�keush'Opw
 e�nai fanerì apì to ed�fio 2.1, qrhsimopoi¸nta
 to di�nusma υ w
 grammikìsunduasmì ìqi ìlwn, all� merik¸n idiodianusm�twn pou antistoiqoÔn sti
 korufè
 toupolug¸nou, epitugq�netai epijumht  sustol  tou arijmhtikoÔ ped�ou kanonikoÔ p�nakakai apom�kruns  tou apì ti
 pleurè
 tou polug¸nou. Autì mporoÔme na to katafèroumetaqÔtera, exait�a
 th
 mikrìterh
 t�xh
 tou p�naka probol 
 pou prokÔptei, an qrhsimo-poi soume perissìtera dianÔsmata.JewroÔme ta grammik� anex�rthta monadia�a dianÔsmata
υi =

k
∑

j=1

cijxj ∈ W , i = 1 , . . . , k − 1,ta opo�a antistoiqoÔn sta shme�a µ1 , . . . , µk−1 tou polug¸nou < λ1 , . . . , λk > =

NR[A], dhlad  µi = υ∗
i Aυi. Gia ton q¸ro E = span{ υ1 , . . . , υk−1 }, to orjog¸niosumpl rwm� tou, E⊥

W , par�getai apì èna di�nusma w. Shmei¸nonta

w =

k
∑

j=1

θj xj ,apì ti
 exis¸sei
 w ◦ υi = 0 ( i = 1 , . . . , k − 1 ), oi par�metroi θj or�zontai pl rw
.Prìtash 2.3 'Estw p�naka
 P = [ w xk+1 . . . xn ], tìte o sustolikì
 p�naka

P ∗AP ∈ Mn−k+1, e�nai kanonikì
 me idiotimè


λ0 =
k

∑

j=1

|θj|2 λj , λk+1 , . . . , λn.Apìdeixh E�nai fanerì ìti, P ∗w = e1. Epeid  PP ∗w = w, to di�nusma e1 e�naiidiodi�nusma tou P ∗AP, ìpw
 prokÔptei apì thn isìthta
e∗1P

∗APe1 = w∗PP ∗APP ∗w = w∗Aw =
k

∑

j=1

|θj|2 λj = λ0.Epiplèon, èqoume P ∗xσ = eσ ( σ = k + 1 , . . . , n ) kai
e∗σP

∗APeσ = x∗
σPP ∗APP ∗xσ = x∗

σAxσ = λσ.Epomènw
, o P ∗AP e�nai kanonikì
 p�naka
 me f�sma to proanaferìmeno. ¥Profan¸
, an υ1 = x1 , . . . , υk−1 = xk−1, tìte E⊥
W = span{xk } kai apì thn Prìtash2.3, oi arijmo� λk , λk+1 , . . . , λn e�nai idiotimè
 tou kanonikoÔ p�naka P ∗AP.38



Prìtash 2.4 'Estw ìti < λ1 , . . . , λk > e�nai to arijmhtikì ped�o kanonikoÔ p�naka
A kai ta monadia�a dianÔsmata

υ1 =
k

∑

j=1

cj xj , υ2 =
s

∑

j=1

dj xj ( s < k )antistoiqoÔn sta shme�a µ1 kai µ2 tou NR[A]. An oi st le
 tou P = [ w1 . . . wk−2 ]apoteloÔn orjokanonik  b�sh tou q¸rou span{ υ1 , υ2 }⊥W , tìte :I. cidi+1 − ci+1di = 0 =⇒ µi,i+1 =
|ci|2 λi+1 + |ci+1|2 λi

|ci|2 + |ci+1|2
∈ ∂ NR[A]

⋂

∂ NR[P ∗AP ] ,gia 1 ≤ i ≤ s − 1.II. rank

[

c1 c2 . . . cs

d1 d2 . . . ds

]

= 1 =⇒ NR[P ∗AP ] ⊆ Co{NR[B] , λs+1 , . . . , λk }.Apìdeixh I. 'Estw di+1 6= 0. Apì thn upìjesh, to di�nusma
w = xi −

d̄i

d̄i+1

xi+1 = xi −
c̄i

c̄i+1

xi+1 ∈ span{ υ1 , υ2}⊥W .Epomènw
, sÔmfwna me thn Prìtash 2.2, to shme�o
µi,i+1 =

1

‖w‖2
w∗Aw =

|ci|2 λi+1 + |ci+1|2 λi

|ci|2 + |ci+1|2e�nai efaptìmeno shme�o twn sunìrwn ∂ NR[P ∗AP ] kai ∂ NR[A].II. 'Opw
 kai sthn per�ptwsh I, diapist¸netai ìti ta dianÔsmata
x1 −

c̄1

c̄i+1

xi+1 , . . . , xs −
c̄s

c̄i+1

xi+1 , xs+1 −
c̄s+1

c̄m

xm , . . . , xk −
c̄k

c̄m

xmgia cm 6= 0 , m > s e�nai orjog¸nia twn υ1 , υ2. Orjokanonikopoi¸nta
 ta, or�zetai op�naka

P = [ w1 . . . ws−1

... ws . . . wk−2 ] = [ P1 P2 ]kai exait�a
 th
 orjogwniìthta
 twn dianusm�twn {x1 −
c̄1

c̄i+1

xi+1 , . . . , xs −
c̄s

c̄i+1

xi+1 }kai {xs+1 −
c̄s+1

c̄m

xm , . . . , xk −
c̄k

c̄m

xm } èqoume
P1 = [ x1 x2 . . . xs ]Q1 , P2 = [ xs+1 xs+2 . . . xk ]Q2.39



Kat� sunèpeia,
P ∗AP =

[

P ∗
1

P ∗
2

]

[ x1 . . . xn ] diag( λ1 , . . . , λn )[ x1 . . . xn ]∗ [P1 P2 ]

=

[

P ∗
1 [ x1 . . . xs ] P ∗

1 [ xs+1 . . . xn ]

P ∗
2 [ x1 . . . xs ] P ∗

2 [ xs+1 . . . xn ]

][

diag( λ1, . . . , λs ) O

O diag( λs+1, . . . , λn )

]

×

































x∗
1...

x∗
s









P1









x∗
1...

x∗
s









P2









x∗
s+1...
x∗

n









P1









x∗
s+1...
x∗

n









P2

























=

[

Q∗
1 O

O [ Q∗
2 O ]

][

diag( λ1, . . . , λs ) O

O diag( λs+1, . . . , λn )

]









Q1 O

O

[

Q2

O

]









=

[

Q∗
1 diag( λ1, . . . , λs )Q1 O

O Q∗
2 diag( λs+1, . . . , λk )Q2

]

= B ⊕ Γkai apì thn idiìthta 1.4 (blèpe sel. 6), prokÔptei
NR[P ∗AP ] = Co{NR[B]

⋃

NR[Γ] }. (2.11)SÔmfwna me thn upìjesh, gia ta dianÔsmata υ1 , υ2 èqoume υ1 = cυ2 + υ̂2, ìpou
υ̂2 =

k
∑

j = s+1

cjxj. Apì thn Prìtash 2.2, qrhsimopoi¸nta
 to di�nusma υ = υ2 , to ∂ NR[B]ef�ptetai sto polÔgwno < λ1 , . . . , λs > kai gia υ = υ̂20 = υ̂2 / ‖υ̂2‖, to ∂ NR[Γ] ef�-ptetai tou polug¸nou < λs+1 , . . . , λk > . Profan¸
 apì thn (2.11), sumpera�noume
NR[P ∗AP ] ⊂ Co{NR[B] , λs+1 , . . . , λk }.

¥An epekte�noume ton p�naka P kai jewr soume ton p�naka R = [ P xk+1 . . . xn ], tìte
NR[R∗AR] = Co {NR[B] ∪ NR[Γ] , λk+1 , . . . , λn }.40



Par�deigma 2.3 'Estw kanonikì
 p�naka

A = diag ( 4 + 5i , 2 + 4i , −1 , 1 − 2i , 5 − i , 6 + i , 6 + 3i , −0.5i )kai ta monadia�a dianÔsmata

υ1 =

√
3

4
e1 +

√
2

4
e2 +

1

2
e3 +

1

4
e4 +

√
3

4
e5 +

√
2

4
e6 −

1

4
e7

υ2 =

√
3

3
e1 +

√
2

3
e2 +

2

3
e3.E�nai fanerì pw
, ∂ NR[A] =< 4+5i , 2+4i , −1 , 1− 2i , 5− i , 6+ i , 6+3i >, dhlad ,

−0.5i ∈ int NR[A]. SÔmfwna me to II - Prìtash 2.4, met� thn orjokanonikopo�hsh twnepìmenwn dianusm�twn
e1 −

√
3√
2

e2 , e3 −
√

2 e2 , e4 −
√

3

3
e5 , e6 −

√
2√
3

e5 , e7 +

√
3

3
e5kataskeu�zoume ton p�naka

P =







































−0.6325 −0.5164
... 0 0 0

0.7746 −0.4216
... 0 0 0

0 0.7454
... 0 0 0

0 0
... −0.8660 −0.2887 −0.1543

0 0
... 0.5000 −0.5000 −0.2673

0 0
... 0 0.8165 −0.2182

0 0
... 0 0 −0.9258

0 0
... 0 0 0







































= [ P1 P2 ].

Epomènw
, gia
Q1 = [ e1 e2 e3 ]∗ P1 , Q2 = [ e4 e5 e6 e7 ]∗ P2br�skoume ìti,

B = Q∗
1 diag( 4 + 5i , 2 + 4i , −1 )Q1 =

[

2.8000 + 4.4000i 0.6532 + 0.3266i

0.6532 + 0.3266i 0.8667 + 2.0444i

]

,

Γ = Q∗
2 diag( 1 − 2i , 5 − i , 6 + i , 6 + 3i )Q2

=









2.0000 − 1.7500i −1.0000 − 0.2500i −0.5345 − 0.1336i

−1.0000 − 0.2500i 5.3333 + 0.2500i −0.3563 − 0.4009i

−0.5345 − 0.1336i −0.3563 − 0.4009i 5.8095 + 2.5000i









.41



To ∂ NR[B] ef�ptetai twn pleur¸n [λ1 , λ2] kai [λ2 , λ3] sta shme�a
ρ1 =

14 + 22i

5
, ρ2 =

3 + 8i

3
,to de ∂ NR[Γ] ef�ptetai sti
 pleurè
 [λ4 , λ5] , [λ5 , λ6] kai [λ6 , λ7] sta shme�a

ρ4 =
8 − 7i

4
, ρ5 =

28 + i

5
, ρ6 =

18 + 7i

3
.Epomènw
, ìpw
 fa�netai kai sto Sq ma 2.3,

NR[P ∗AP ] = Co {NR[B] ∪ NR[Γ] }kai
∂ NR[P ∗AP ] ∩ ∂ NR[A] = ∂ NR[A] ∩ { ∂ NR[B] ∪ ∂ NR[Γ] }.

−2 −1 0 1 2 3 4 5 6 7
−3

−2

−1

0

1

2

3

4

5

6

NR [Γ] 
3 

1 

2 

7 

6 

5 

4 

λ 
8 

NR[B] 

=−0.5i 

Sq ma 2.3:
42



2.3 Diastol  arijmhtikoÔ ped�ouSe peript¸sei
 pou endiaferìmaste na èqoume apotelèsmata gia to arijmhtikì ped�op�naka G, qwr�
 na gnwr�zoume akrib¸
 to kurtì sÔnorì tou, arke� na metasqhmat�zoumeton p�naka se orjomonadia�a ìmoiì tou. Me b�sh thn idiìthta 1.5, an o orjomonadia�-o
 den e�nai �dia
 di�stash
 me ton G, tìte up�rqei sqèsh egkleismoÔ sta ant�stoiqaarijmhtik� ped�a, opìte anaferìmaste sthn diastol  tou arqikoÔ p�naka. Sti
 ergas�e
twn Ando [A] kai Choi-Li [CL], èqoun parousiasje� anagka�e
 kai ikanè
 sunj ke
 giaton egkleismì tou NR[G], se ènan kuklikì d�sko o pr¸to
, oi de epìmenoi se elleiptikìd�sko   se tr�gwno, me thn pro�pìjesh ìti o p�naka
 G mpore� na grafe� me k�poia eidik morf  diastol 
.Kanonik  diastol  p�naka G, [HJ, Th. 1.6.10], onom�zetai èna
 kanonikì
 p�naka
 pouèqei san kÔrio upop�nak� tou ton G. H melèth tou arijmhtikoÔ ped�ou th
 kanonik 
diastol 
 apotele� akrib¸
 to ant�strofo prìblhma pou ma
 apasqìlhse sta ed�fia 2.1kai 2.2. 'Etsi t�jetai to prìblhma, pw
 epekte�netai o p�naka
 G kanonik�, ètsi ¸ste toarijmhtikì tou ped�o na br�sketai entì
 kurtoÔ polug¸nou. Endiafèronta apotelèsmatapro
 aut n thn kateÔjunsh mpore� kane�
 na bre� sthn ergas�a [M2], ìpou ìmw
 oi p�nake
pou melet¸ntai e�nai eidik 
 morf 
   sugkekrimènh
 di�stash
.JewroÔme p�naka G ∈ Mn kai thn ant�stoiqh kanonik  diastol    epèktash
K =

[

G G∗ − kI

G∗ − kI G

]

, me k ∈ C. (2.12)Upenjum�zoume ìti G = H(G) + i S(G), ìtan H(G) , S(G) e�nai ta ermitian� mèrh tou
G kai shmei¸noume

p1 = λmin(H(G)) , p2 = λmax(H(G)) , q1 = λmin(S(G)) , q2 = λmax(S(G)).Sto ed�fio autì ekjètoume mia diadikas�a gia thn diastol  tou NR[G] se èna perigge-grammèno tetr�pleuro, tr�gwno kai ex�gwno.Prìtash 2.5 An D = diag( 2p1−k , 2p2−k , k+2iq1 , k+2iq2 ), tìte NR[G] ⊂ NR[D].Apìdeixh An U = 1√
2

[

1 i

1 −i

]

⊗ In , èqoume
U∗KU =

[

2H(G) − kI O

O kI + 2iS(G)

]

.43



Epomènw
, sundu�zonta
 thn idiìthta tou upop�naka me ti
 idiìthte
 1.4 - 1.5 prokÔptei
NR[G] ⊂ NR[K] = Co {NR[2H(G) − kI] ∪ NR[kI + 2iS(G)] }

= Co { ( 2 NR[H(G)] − k ) ∪ ( k + 2i NR[S(G)] ) } = NR[D]. ¥Pìrisma 2.1 An k = p1, tìte NR[G] ⊂ NR[D1], ìpou o p�naka
 D1 e�nai th
morf 

D1 = diag( 2p2 − p1 , p1 + 2q1i , p1 + 2q2i )kai Re ( ∂NR[G] ∩ ∂NR[D1] ) = p1.Apìdeixh Epeid  ta shme�a p1 , p1 + 2q1i , p1 + 2q2i e�nai suneujeiak�, NR[D] ≡

NR[D1]. Epiplèon, apì thn idiìthta 1.11 (i) h euje�a x = p1 ef�ptetai sto ∂ NR[G],opìte to deÔtero sumpèrasma e�nai �meso. ¥'Omoia, apodeiknÔetai ìti :Pìrisma 2.2 An k = p2, tìte NR[G] ⊂ NR[D2], ìpou
D2 = diag( 2p1 − p2 , p2 + 2q1i , p2 + 2q2i )kai Re ( ∂NR[G] ∩ ∂NR[D2] ) = p2.Apì thn Prìtash 2.5 kai ta dÔo parap�nw Por�smata e�nai fanerì pw
 me thn sugkekri-mènh kanonik  diastol  (2.12) tou G, to NR[G] entop�zetai se tetr�pleuro   se tr�gwnoant�stoiqa. Epiplèon, apì to epìmeno pìrisma èqoume diastol  se ex�gwno.Pìrisma 2.3 'Estw o p�naka


V = diag(

[

G G∗ − p2I

G∗ − p2I G

]

,

[

G G∗ − p1I

G∗ − p1I G

]

),tìte, NR[G] ⊂ NR[V ] = Co {NR[D1] ∪ NR[D2] } = NR[D3],ìpou D3 = diag( 2p2 − p1 , 2p1 − p2 , p2 + 2q1i , p2 + 2q2i , p1 + 2q1i , p1 + 2q2i ).Apìdeixh EÔkola diapist¸netai ìti, o p�naka
 V e�nai kanonik  epèktash tou G kaiapì ta Por�smata 2.1-2.2, prokÔptei o egkleismì
 kai h shmeioÔmenh isìthta. ¥44



Apì to Pìrisma 2.3 blèpoume ìti mporoÔme na èqoume èna periggegrammèno ex�gwno stoarijmhtikì ped�o tou p�naka G, to opo�o ìmw
 br�sketai arket� makri� apì to ∂ NR[G],mia kai den up�rqei kanèna shme�o epaf 
 metaxÔ twn dÔo sunìrwn.'Omw
 axiopoi¸nta
 ta Por�smata 2.1 kai 2.2 apoktoÔme th sqèsh egkleismoÔ
NR[G] ⊂ NR[D̂] = NR[D1] ∩ NR[D2]ìpou D̂ = diag(

p1 + p2 + 3q2i

2
, p1 + q2i , p1 + q1i ,

p1 + p2 + 3q1i

2
, p2 + q1i , p2 + q2i ).Oi gwn�e
 θj , 1 ≤ j ≤ 4 pou sqhmat�zei o pragmatikì
 �xona
 me ti
 tèsseri
 mhkatakìrufe
 pleurè
 tou exag¸nou NR[D̂] , upolog�zontai eÔkola. H par�llhlh metafo-r� aut¸n twn pleur¸n pro
 to sÔnoro tou NR[G], kajist� ti
 euje�e
 autè
 efaptìmene


(support lines) kai sÔmfwna me ìsa anafèrontai sthn [K], ta efaptìmena shme�a (ξj , ηj)or�zontai apì ti
 exis¸sei

ξj = λ(ϕj)cos (ϕj) − λ

′

(ϕj)sin(ϕj)

ηj = λ(ϕj)sin (ϕj) + λ
′

(ϕj)cos(ϕj) (2.13)ìpou λ(ϕ) e�nai h mègisth r�za tou poluwnÔmou
det[ H ( Ge−iϕ ) − λ(ϕ) I ]gia k�je ϕ = ϕj. H ϕj e�nai h gwn�a pou dhmiourge�tai an�mesa ston jetikì katakìrufo�xona kai sthn kateujunìmenh efaptìmenh euje�a, (blèpe Sq ma 2.4).

Sq ma 2.4:45



'Etsi, or�zetai to perigegrammèno ex�gwno tou NR[G], me korufè

A = (

η1 − η2

2q2a
+

ξ1 + ξ2

2
,

η1 + η2 + q2a(ξ1 − ξ2)

2
) , B = (p1 , q2a(p1 − ξ2) + η2 )

C = (p1 , q1a(p1 − ξ3) + η3) , D = (
η4 − η3

2q1a
+

ξ4 + ξ3

2
,

η4 + η3 + q1a(ξ4 − ξ3)

2
)

E = (p2 , q1a(ξ4 − p2) + η4) , F = (p2 , q2a(ξ1 − p2) + η1)ìpou a = (p2 − p1)
−1 .Par�deigma 2.4 Gia ton p�naka

G =













1 3 0 −1

2 −3i 0 i

4 5 −1 −2

4 −3 −2 1 + i











èqoume p1 = −3.6478 , p2 = 5.0636 , q1 = −4.9107 , q2 = 3.5626.Sto Sq ma 2.5 sqedi�zetai to NR[G] kai to arijmhtikì ped�o tou p�naka
D̂ = diag ( 0.7079+5.3439i , −3.6478+3.5626i , −3.6478−4.9107i ,

0.7079 − 7.3660i , 5.0636 − 4.9107i , 5.0636 + 3.5626i ).

Sq ma 2.5:46



Epeid ,
θ1 = 157.7555o ⇒ ϕ1 = θ1 − 90o = 67.7555o , θ2 = 22.2445o ⇒ ϕ2 = θ2 + 90o = 112.2445o,

θ3 = 150.5901o ⇒ ϕ3 = θ3 +90o = 240.5901o, θ4 = 29.4099o ⇒ ϕ4 = θ4 +270o = 299.4099o,apì ti
 exis¸sei
 (2.13) br�skoume ta shme�a
ξ1 + iη1 = 1.3279 + 3.2473i , ξ2 + iη2 = −1.3878 + 3.3938i ,

ξ3 + iη3 = −2.1569 − 3.8266i , ξ4 + iη4 = 2.6149 − 4.6391i.Sto Sq ma 2.6, sqedi�zontai to NR[G] kaj¸
 kai to perigegrammèno tou ex�gwno pouèqei korufè
 :
A = −0.2091 + 3.8759i , B = −3.6478 + 2.4695i , C = −3.6478 − 2.9861i ,

D = 0.9497 − 5.5778i , E = 5.0636 − 3.2588i , F = 5.0636 + 1.7194i .

Sq ma 2.6:
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Kef�laio 3SUNJETIKO ARIJMHTIKO PEDIO
3.1 Orismo� - Idiìthte
Anafèrjhke sthn eisagwg , ìti o F.Hausforff gen�keuse thn ènnoia tou NR[A] gia mia
k-�da pin�kwn A1 , . . . , Ak t�xh
 n. To sÔnolo

JNR[A1, . . . , Ak] = { ( x∗A1x , x∗A2x , . . . , x∗Akx ) : x ∈ C
n, x∗x = 1 }, (3.1)onom�zetai sunjetikì arijmhtikì ped�o (joint numerical range) kai sumbolik� sto ex 
parist�netai me JNR[Am]km=1. E�nai fanerì ìti, ìtan ìloi oi p�nake
 e�nai ermitiano�

JNR[Am]km=1 ⊂ R
k ⊂ C

k kai gia k�je p�naka A ∈ Mn, isqÔei h isìthta :
JNR

[

A + A∗

2
,

A − A∗

2i

]

= NR[A].Akìmh, an gr�youme A = M + iN, me M ,N ∈ Rn×n, gia to sunjetikì ped�o twnpragmatik¸n pin�kwn sumpera�noume
JNR(

[

M −N

N M

]

,

[

N M

−M N

]

) ≡ NR[A]. (3.2)Pr�gmati, an parast soume to monadia�o di�nusma san x = u + iv, tìte prokÔptei hsqèsh
x∗Ax = wT

[

M −N

N M

]

w + i(wT

[

N M

−M N

]

w),48



ìpou w =

[

u

v

]

∈ R
2n kai ètsi sumpera�noume thn (3.2).Idiìthte
 tou sunjetikoÔ arijmhtikoÔ ped�ou pin�kwn Am ∈ Mn anafèroume parak�tw:3.1 Se ant�jesh me to arijmhtikì ped�o p�naka, to sunjetikì arijmhtikì ped�o den e�naip�nta kurtì. H kurtìthta tou JNR[Am]km=1 e�nai gnwst  mìno gia thn per�ptwshermitian¸n pin�kwn, ìtan

n = k = 2 kai n ≥ 3 , k ≤ 3.3.2 To JNR[Am]km=1 e�nai sumpagè
 kai sunektikì uposÔnolo tou C
k.3.3 JNR[ µAm + νmI]km=1 = µ JNR[Am]km=1 + (ν1, ν2, . . . , νk), gia µ , νm ∈ C .3.4 JNR[Am]km=1 = JNR[A⊤

m]km=1 .3.5 To JNR[Am(J)]km=1 ⊂ JNR[Am]km=1, me Am(J) shmei¸nontai oi upop�nake
 twn
Am apì tou
 opo�ou
 èqoun diagrafe� oi J grammè
 kai st le
.3.6 Gia sÔnjetou
 diag¸niou
 p�nake
, ìtan Am ∈ Mn kai λ ∈ C èqoume :
JNR

([

Am 0

0 λĀm

])k

m=1

=
1

2
JNR

([

Am + λĀm −i(Am − λĀm)

i(Am − λĀm) Am + λĀm

])k

m=1

(3.3)Apìdeixh Sumbol�zonta
 me Sm = Re Am, Tm = Im Am, gia k�je monadia�o di�nusma
x ∈ C

2n èqoume :
x∗

[

Am 0

0 λĀm

]

x =
1

2
x∗

[

I 0

0 λI

][

2Am 0

0 2Ām

]

x

=
1

2
x∗

[

I 0

0 λI

][

Sm + iTm Tm − iSm

−iSm − Tm −iTm + Sm

] [

I iI

iI I

]

x

=
1

2
x∗

[

I 0

0 λI

][

I −iI

−iI I

][

Sm Tm

−Tm Sm

][

I iI

iI I

]

x

=
1

4
x∗

[

I −iI

−iI I

][

(1 + λ)I −i(1 − λ)I

i(1 − λ)I (1 + λ)I

]

×
[

Sm Tm

−Tm Sm

][

I iI

iI I

]

x

=
1

2
y∗

[

Am + λĀm −i(Am − λĀm)

i(Am − λĀm) Am + λĀm

]

y ,49



ìpou y =
1√
2

[

I iI

iI I

]

x, kai y∗y = x∗x = 1 . ¥Shmei¸netai ìti an sthn (3.3) jèsoume λ = 1 kai qrhsimopoi soume thn isìthta
x∗

[

Sm Tm

−Tm Sm

]

x = w∗

[

Sm −Tm

Tm Sm

]

w, ìpou w =

[

0 I

I 0

]

x,�mesa prokÔptei h sqèsh pou sundèei to sunjetikì arijmhtikì ped�o pin�kwn me to sun-jetikì arijmhtikì ped�o pragmatik¸n pin�kwn :
JNR

([

Am 0

0 Ām

])k

m=1

= JNR

([

Sm Tm

−Tm Sm

])k

m=1

= JNR

([

Sm −Tm

Tm Sm

])k

m=13.7 An Am ∈ Mn (m = 1, . . . , k) èqoume :
JNR

([

0 Am

−λĀm 0

])k

m=1

=
1

2
JNR

([

−i(Am + λĀm) Am − λĀm

Am − λĀm i(Am + λĀm)

])k

m=1(3.4)Apìdeixh Apì ti
 isìthte

[

0 Am

−λĀm 0

]

=
1

2

[

I 0

0 λI

][

0 2Am

−2Ām 0

]

=
1

2

[

I 0

0 λI

][

iI I

I iI

][

−iSm iTm

iTm iSm

] [

−iI I

I −iI

]

=
1

4

[

iI I

I iI

][

i(λ + 1)I −(λ − 1)I

(λ − 1)I i(λ + 1)I

]

×
[

−Sm Tm

Tm Sm

][

−iI I

I −iI

]

=
1

4

[

iI I

I iI

][

−i(Am + λĀm) Am − λĀm

Am − λĀm i(Am + λĀm)

][

−iI I

I −iI

]

gia to monadia�o di�nusma x ∈ C
2n , to di�nusma 1√

2

[

−iI I

I −iI

]

x e�nai mona-dia�o di�nusma, kat� sunèpeia èqoume thn (3.4). ¥50



Epiplèon parathroÔme ìti
[

−iSm iTm

iTm iSm

]

=
1

4

[

(1 − i)I (1 + i)I

(1 − i)I −(1 + i)I

][

iTm Sm

−Sm −iTm

] [

(1 + i)I (1 + i)I

(1 − i)I −(1 − i)I

]

kai gia monadia�o di�nusma x ∈ C
2n , to di�nusma 1

2

[

(1 + i)I (1 + i)I

(1 − i)I −(1 − i)I

]

x e�nai ep�-sh
 monadia�o. 'Etsi apì thn (3.4), gia λ = 1 èqoume
JNR

([

0 Am

−Ām 0

])k

m=1

= JNR

([

−iSm iTm

iTm iSm

])k

m=1

= JNR

([

iTm Sm

−Sm −iTm

])k

m=1

.An�logh th
 idiìthta
 1.4 twn pin�kwn (blèpe sel. 6), isqÔei gia to sunjetikì arijmhtikìped�o ef' ìson oi p�nake
 e�nai ermitiano� [BL]. Dhlad , an Am = Bm ⊕ Cm , tìte
Co{JNR[Am]km=1 } = Co{ JNR[Bm]km=1 ∪ JNR[Cm]km=1 }. (3.5)'Otan k = 3 kai n ≥ 3, apì thn idiìthta 3.1 to JNR[Am]km=1 e�nai kurtì, opìte apì thn(3.5) sumpera�noume thn isìthta

JNR[Am]km=1 = Co{ JNR[Bm]km=1 ∪ JNR[Cm]km=1 }.3.8 Gia tou
 p�nake
 Aj ∈ Mn1
kai Bj ∈ Mn2

, ( j = 1, 2 ) èqoume
Co{JNR[A1, A2]∪JNR[B1, B2]} = Co{JNR

( [

A1 0

0 B1

]

,

[

A2 0

0 B2

])

}. (3.6)Apìdeixh 'Estw monadia�a dianÔsmata x ∈ C
n1 , u ∈ C

n2 kai ta ant�stoiqa shme�a
α ∈ JNR[A1, A2] kai β ∈ JNR[B1, B2] . Tìte, gia k�je λ ∈ (0, 1) :
λα + (1 − λ)β = λ(x∗A1x , x∗A2x) + (1 − λ)(u∗B1u , u∗B2u) =
λ(z∗

[

A1 0

0 B1

]

z , z∗

[

A2 0

0 B2

]

z) + (1 − λ)(w∗

[

A1 0

0 B1

]

w,w∗

[

A2 0

0 B2

]

w)ìpou z =

[

x

0

] kai w =

[

0

u

] e�nai monadia�a dianÔsmata tou C
n1+n2 .'Etsi,

Co{JNR[A1, A2] ∪ JNR[B1, B2]} ⊂ Co{JNR

( [

A1 0

0 B1

]

,

[

A2 0

0 B2

])

}. (3.7)51



Ant�strofa, an jewr soume ta shme�a α , β ∈ JNR

( [

A1 0

0 B1

]

,

[

A2 0

0 B2

] ) kaita ant�stoiqa monadia�a dianÔsmata z =

[

x

y

]

, w =

[

u

v

]

∈ C
n1+n2 , prokÔptei :

λα + (1 − λ)β

= λ(z∗

[

A1 0

0 B1

]

z, z∗

[

A2 0

0 B2

]

z) + (1 − λ)(w∗

[

A1 0

0 B1

]

w,w∗

[

A2 0

0 B2

]

w)

= λ(x∗A1x + y∗B1y, x∗A2x + y∗B2y) + (1 − λ)(u∗A1u + v∗B1v, u∗A2u + v∗B2v)

= λx∗x

(

x∗A1x

x∗x
,

x∗A2x

x∗x

)

+ (1 − λ)u∗u

(

u∗A1u

u∗u
,

u∗A2u

u∗u

)

+ λy∗y

(

y∗B1y

y∗y
,
y∗B2y

y∗y

)

+(1 − λ)v∗v

(

v∗B1v

v∗v
,

v∗B2v

v∗v

)Epeid 
λx∗x + λy∗y + (1 − λ)u∗u + (1 − λ)v∗v = 1,h teleuta�a algebrik  èkfrash e�nai èna
 kurtì
 sunduasmì
 twn shme�wn tou JNR[A1 , A2]kai JNR[B1 , B2] , dhlad , isqÔei kai h ant�strofh th
 (3.7). ¥Eidikìtera, an oi p�nake
 Aj kai Bj e�nai ermitiano�, apì thn kurtìthta tou sunjeti-koÔ arijmhtikoÔ ped�ou, ìtan k = 2, èqoume :

JNR

( [

A1 0

0 B1

]

,

[

A2 0

0 B2

])

= Co{JNR[A1, A2] ∪ JNR[B1, B2]}Epiplèon, an Bj = Āj apì thn idiìthta 3.4 prokÔptei :
JNR

( [

A1 0

0 Ā1

]

,

[

A2 0

0 Ā2

])

= JNR[A1, A2].Tèlo
, gr�fonta
 tou
 p�nake
 sth morf  Aj = Sj + i Tj (j = 1, 2) , ìpou Sj , Tj ∈
Rnj×nj

, sundu�zonta
 thn (3.2) kai thn (3.6), sumpera�noume mia epiplèon sqèsh metaxÔarijmhtikoÔ ped�ou tou [

A1 0

0 A2

] kai tou sunjetikoÔ arijmhtikoÔ ped�ou :52



NR(

[

A1 0

0 A2

]

)

= Co{NR[A1] ∪ NR[A2]}

= Co{JNR

( [

S1 −T1

T1 S1

]

,

[

T1 S1

−S1 T1

])

∪ JNR

( [

S2 −T2

T2 S2

]

,

[

T2 S2

−S2 T2

] )

}

= Co{JNR

(

diag(

[

S1 −T1

T1 S1

]

,

[

S2 −T2

T2 S2

]

) , diag(

[

T1 S1

−S1 T1

]

,

[

T2 S2

−S2 T2

]

)

)

}

= JNR

(

diag(

[

S1 −T1

T1 S1

]

,

[

S2 −T2

T2 S2

]

) , diag(

[

T1 S1

−S1 T1

]

,

[

T2 S2

−S2 T2

]

)

)

.3.9 Gia k�je shme�o α = (α1, . . . , αk) ∈ JNR[Am]km=1 isqÔei
{Re α : α ∈ JNR[Am]km=1 } = { r : r ∈ JNR[H(Am)]km=1 }ìpou H(Am) e�nai to ermitianì mèro
 tou p�naka Am.Apìdeixh 'Estw r ∈ JNR[H(Am)]km=1 , tìte up�rqei monadia�o di�nusma x ∈ C

n, tètoio¸ste :
r = ( x∗H(A1)x, . . . , x∗H(Ak)x ) =

1

2
( x∗[A1 + A∗

1]x, . . . , x∗[Ak + A∗
k]x )

=
1

2
( x∗A1x + x∗A1x, . . . , x∗Akx + x∗Akx ) = ( Re α1, . . . , Re αk ) = Re αìpou α ∈ JNR[Am]km=1. ¥GenikeÔonta
 ton orismì (3.1), antikajist¸nta
 to eukle�dio eswterikì ginìmeno meaìristo eswterikì ginìmeno ston C

n, èqoume to S-sunjetikì arijmhtikì ped�o
JNR±

S [Am]km=1 = {(< A1x, x >S, . . . , Amx, x >S) : x ∈ C
n , < x, x >S = ±1 },ìpou S ∈ Mn e�nai aìristo
 antistrèyimo
 ermitianì
 p�naka
. Tìte,

JNRS[Am]km=1 = JNR+
S [Am]km=1 ∪ JNR−

S [Am]km=1.An�loge
 idiìthte
 me autè
 tou jetikoÔ arijmhtikoÔ ped�ou p�naka, isqÔoun kai gia to
JNR+

S , oi opo�e
 �mesa epalhjeÔontai. Endeiktik� anafèroume merikè
 :53



I. Gia k�je antistrèyimo p�naka G èqoume :
JNR+

G∗SG[ G−1AmG]km=1 = JNR+
S [Am]km=1.II. Gia jetik� orismèno p�naka S = T ∗T isqÔei :

JNRS[Am]km=1 = JNR+
S [Am]km=1 = JNR[TAmT−1]km=1III. JNR+

S [Am]km=1 = (α1, α2, . . . , αk) ⇔ SAm = αmS kai S èqei toul�qiston m�ajetik  idiotim  .
IV. JNR+

S [cAm + lmI]km=1 = c
(

JNR+
S [Am]km=1

)

+ (l1, l2, . . . , lk) .
V. An S pragmatikì
 summetrikì
 p�naka
 tìte :

(α1, . . . , αk) ∈ JNR+
S [Am]km=1 ⇒ (ᾱ1, . . . , ᾱk) ∈ JNR+

S [Ām]km=1 .

VI. An A1, A2 e�nai S-autosuzuge�
 ( dhl. SAj = A∗
jS ) tìte, to JNR+

S [A1, A2] ⊂ R
3kai an kei sto ep�pedo z = 1.Ant�stoiqh sqèsh me thn (1.20) kai thn (3.3) e�nai h epìmenh. An Am ∈ Mn kai giak�je λ ∈ C isqÔei:

JNR+
(I2⊗S)

([

Am 0

0 λĀm

])k

m=1

=
1

2
JNR+

(I2⊗S)

([

Am + λĀm −i(Am − λĀm)

i(Am − λĀm) Am + λĀm

])k

m=1Sqetik� me ti
 sustolè
 tou sunjetikoÔ arijmhtikoÔ ped�ou, parousi�zoume to sunjetikìarijmhtikì ped�o twn pin�kwn Am san ènwsh sunjetik¸n arijmhtik¸n ped�wn pin�kwnmikrìterh
 di�stash
, prosegg�zonta
 autì eswterik�.Prìtash 3.1 Gia p�nake
 A1, A2, . . . , Ak ∈ Mn

JNR[Am]km=1 =
⋃

ξ1, . . . , ξτ

τ < n

JNR

















ξ∗1Amξ1 . . . ξ∗1Amξτ... ...
ξ∗τAmξ1 . . . ξ∗τAmξτ

















k

m=1

(3.8)
ìpou ξ1, . . . , ξτ diatrèqoun ìla ta sÔnola twn τ orjokanonik¸n dianusm�twn tou C

n.54



Apìdeixh Gia k�je monadia�o di�nusma x, to di�nusma y = P ∗x , ìpou P = [ ξ1 . . . ξτ ]me P ∗P = Iτ , e�nai ep�sh
 monadia�o kai
x∗Amx = y∗[ξ1 . . . ξτ ]

∗Am [ξ1 . . . ξτ ] y = y∗









ξ∗1Amξ1 . . . ξ∗1Amξτ... ...
ξ∗τAmξ1 . . . ξ∗τAmξτ









ydhlad , epalhjeÔetai �mesa h ex�swsh (3.8). ¥Gia τ = 2, e�nai profan 
 h prosèggish pou g�netai apì sunjetik� arijmhtik� ped�apin�kwn 2 × 2

JNR[Am]km=1 =
⋃

ξ1,ξ2

JNR

([

ξ∗1Amξ1 ξ∗1Amξ2

ξ∗2Amξ1 ξ∗2Amξ2

])k

m=1

.

3.2 Sunjetikì arijmhtikì ped�o gwniak¸n pin�kwnSto ed�fio autì, oi p�nake
 A1 , . . . , Ak ∈ Mn jewroÔntai ermitiano�, to sunjetikìarijmhtikì ped�o e�nai kat� sunèpeia uposÔnolo tou R
k, oi de suntetagmène
 tou mona-dia�ou dianÔsmato
 h = ( h1, h2, . . . , hk ) ∈ R

k ja e�nai th
 morf 
 :
h1 = cosθ1sinθ2 . . . sinθk−1

h2 = sinθ1sinθ2 . . . sinθk−1

h3 = cosθ2sinθ3 . . . sinθk−1 (3.9)
h4 = cosθ3sinθ4 . . . sinθk−1...
hk = cosθk−1 ; 0 ≤ θj ≤ 2π , j = 1, 2, . . . , k − 1.An jewr soume ton ermitianì p�naka

M = h1A1 + h2A2 + . . . + hkAk (3.10)kai sumbol�soume me λmax(M) thn mègisth idiotim  tou M kai me w0 to ant�stoiqo mo-nadia�o idiodi�nusma tou M, mia prosèggish tou JNR[Am]km=1 me kurt� perigegrammènapolÔedra ofe�letai sto epìmeno l mma : 55



L mma 3.1 To uperep�pedo
ε : h1x1 + h2x2 + . . . + hkxk = λmax(M)ef�ptetai sto sÔnoro tou Co{JNR[Am]km=1} sto shme�o

ρ0 = ( w∗
0A1w0 , w∗

0A2w0 , . . . , w∗
0Akw0 ).To L mma 3.1 apotele� gen�keush twn peript¸sewn k = 2   k = 3 ìpw
 perigr�fontaisthn ergas�a twn [AT℄ kai epalhjeÔetai me ìmoio trìpo.H melèth th
 kurtìthta
 tou sunjetikoÔ arijmhtikoÔ ped�ou parousi�sthke diexodik�sthn ergas�a twn C.K.Li kai Y.T.Poon [LP], ìpou èqei apodeiqje� ìti gia tou
 n × ngrammik� anex�rthtou
 ermitianoÔ
 p�nake
 Am ( m = 1, . . . , k), an to JNR[Am]km=1e�nai kurtì, tìte

dim(span{ I, A1, . . . , Ak}) ≤ 2n − 1.Sthn �dia ergas�a tèjhke to prìblhma orismoÔ th
 mègisth
 grammik� anex�rthth
 oi-kogèneia
 ermitian¸n pin�kwn, ¸ste to sunjetikì arijmhtikì ped�o aut 
 na e�nai kurtìsÔnolo.A
 jewr soume thn oikogèneia ermitian¸n gwniak¸n pin�kwn
Sm =















am1 am2 . . . amn

ām2 0 . . . 0... ... O

āmn 0















, m = 1, . . . , k (3.11)me n ≥ 3 kai 3 ≤ k ≤ 2n − 1. Ja epiqeir soume na apant soume sto parap�nwprìblhma. Qrei�zetai na shmei¸soume ìti o periorismì
 gia to k proèrqetai apì thnparat rhsh ìti
Sm ∈ W = span{E11 , E1j + Ej1 , i(E1j − Ej1) : 2 ≤ j ≤ n }, ìpou {Eij} e�nai hkanonik  b�sh tou dianusmatikoÔ q¸rou twn pin�kwn Mn kai apì thn idiìthta [LP]

JNR[Sm]km=1 e�nai kurtì ⇔ JNR[E11 , E1j+Ej1 , i(E1j−Ej1) ; 2 ≤ j ≤ n ] e�nai kurtì.Prìtash 3.2 'Estw ìti {Sm}k
m=1 e�nai grammik� anex�rthth oikogèneia pin�kwn toutÔpou (3.11). To sÔnoro tou Co{JNR[Sm]km=1} e�nai uperelleiyoeidè
 ston R

k èqonta
kèntro to shme�o 1
2
(a11, a21, . . . , ak1). 56



Apìdeixh Gia k�je monadia�o di�nusma ( h1 , . . . , hk ) ∈ R
k, sthn (3.9), jewroÔme tonermitianì p�naka

M = h1S1 + h2S2 + . . . + hkSk.Epeid  to qarakthristikì polu¸numo tou M e�nai
|λI − M | = λn − λn−1

k
∑

m=1

hmam1 − λn−2

n
∑

j=2

∣

∣

∣

∣

∣

k
∑

m=1

hmamj

∣

∣

∣

∣

∣

2èqoume
λmax(M) = λ0 =

1

2

(

k
∑

m=1

hmam1 + ∆1/2

)

me ∆ =

(

k
∑

m=1

hmam1

)2

+4
n

∑

j=2

∣

∣

∣

∣

∣

k
∑

m=1

hmamj

∣

∣

∣

∣

∣

2

> 0. To ant�stoiqo monadia�o idiodi�nusmatou M e�nai
w0 = λ

−1/2
0 ∆−1/4

[

λ0

k
∑

m=1

hmām2 . . .
k

∑

m=1

hmāmn

]⊤

. (3.12)SÔmfwna me to L mma 3.1, to shme�o ( w∗
0S1w0, . . . , w∗

0Skw0 ) an kei sto ∂ Co {JNR[Sm]km=1 }kai h r-suntetagmènh autoÔ tou shme�ou e�nai
w∗

0Srw0 =
ar1

2
+

1√
∆

[

ar1

2

k
∑

m=1

hmam1 +
n

∑

j=2

[

(
k

∑

m=1

hmamj)ārj + (
k

∑

m=1

hmāmj)arj

]](3.13)Jètoume sthn (3.13)
πr = 2

[

a2
r1

4
+

n
∑

j=2

|arj|2
]

∆−1/2 σr,l = σl,r = 2

[

Re

n
∑

j=2

arj ālj +
ar1al1

4

]

∆−1/2,opìte apì ti
 k exis¸sei
, pou antistoiqoÔn sti
 k suntetagmène
 twn shme�wn tou
Co{JNR[Sm]km=1}

h1π1 + h2σ12 + . . . + hkσ1k = w∗
0S1w0 −

a11

2
= x1

h1σ21 + h2π2 + . . . + hkσ2k = w∗
0S2w0 −

a21

2
= x2... ... (3.14)

h1σk1 + h2σk2 + . . . + hkπk = w∗
0Skw0 −

ak1

2
= xk,57



epeid  ‖h‖ = 1, apale�fonta
 ti
 paramètrou
 θ1, . . . , θk−1, prokÔptei h tetragwnik morf 
g11x

2
1 + g22x

2
2 + . . . + gkkx

2
k + 2

k−1
∑

i=1

k−i
∑

j=1

gi(i+j)xixi+j = g2
0. (3.15)Sthn (3.15) èqoume

gmm = vm ◦ vm , gi(i+j) = vi ◦ vi+j , me vm = [ τm1 τm2 . . . τmk ]⊤ìpou τms e�nai to algebrikì sumpl rwma twn ms-stoiqe�wn tou p�naka
G =















π1 σ12 . . . σ1k

σ21 π2 . . . σ2k... . . . ...
σk1 σk2 . . . πk













kai g0 = det G. O p�naka

Q =















g11 g12 . . . g1k

g21 g22 . . . g2k... . . . ...
gk1 gk2 . . . gkk













th
 tetragwnik 
 morf 
 (3.15) e�nai pragmatikì
 antistrèyimo
 p�naka
 Gram. Epeid sto sÔsthma (3.15) èqoume rankG = k kai rank(adjG) = rank[ v1 . . . vk ] = k, e�naifanerì ìti Q > 0. Epomènw
 h tetragwnik  morf  sthn (3.15) e�nai uperelleiyoeidè
ston q¸ro R
k, tou opo�ou to kèntro br�sketai sto shme�o 1

2
(a11 , a21 , . . . , ak1) . ¥H grammik  anexarths�a twn pin�kwn e�nai anagka�a, gia na prokÔyoun ta apotelèsmatath
 Prìtash
 3.2 ston R

k. Giat� an jewr soume ìti oi p�nake
 S1 , . . . , Sk den e�nai gram-mik� anex�rthtoi, qwr�
 bl�bh th
 genikìthta
, upojètoume Sk =
k−1
∑

i=1

liSi, tìte met� apìk�poiou
 arijmhtikoÔ
 upologismoÔ
 sumpera�noume ìti, h teleuta�a st lh kai gramm tou p�naka G e�nai h mhdenik , sunep¸
 h tetragwnik  morf  (3.15) e�nai ek tautìthta
mhdèn.Epiplèon, apì thn Prìtash 3.2, afoÔ k�je shme�o tou sunìrou tou Co{JNR[Sm]km=1}e�nai mègisto shme�o, ax�zei idia�tera na shmeiwje� :58



Pìrisma 3.1 Ta sunoriak� shme�a tou Co{JNR[Sm]km=1} taut�zontai me to kèlufo
(shell), exwterikì sÔnoro, tou sunjetikoÔ arijmhtikoÔ ped�ou twn pin�kwn Sm sthn (3.11).Prìsfata, apode�qjhke sthn ergas�a [PT], h isìthta
NR[P (z)] = { z ∈ C : x∗P (z)x = 0 , x ∈ C

n \ { 0 }}
= { z ∈ C : ckz

k−1 + . . . + c2z + c1 = 0, ( c1 , c2 , . . . , ck) ∈ Co{JNR[Am]km=1 }},pou sundèei to Co{JNR[Am]km=1} me to arijmhtikì ped�o tou poluwnumikoÔ p�naka
P (z) = Akz

k−1 + . . . +A2z + A1 (blèpe ed�fio 4.1), o opo�o
 èqei gia suntelestè
 tou
p�nake
 tou sunjetikoÔ arijmhtikoÔ ped�ou. H parap�nw sqèsh bo jhse gia n' apodeiqje�h ex 
 prìtash :Prìtash 3.3 An to shme�o ( 0 , 0 , . . . , 0 ) den e�nai shme�o tou kelÔfou
 tou JNR[Sm]km=1 ,tìte to eswterikì tou JNR[Sm]km=1 e�nai apeirosÔnolo.Apìdeixh Gia tou
 gwniakoÔ
 p�nake
 S1 , S2 . . . , Sk sthn (3.11), jewroÔme ton ant�-stoiqo poluwnumikì p�naka
P (z) = Skz

k−1 + . . . + S2z + S1.Epeid  k�je di�nusma x ∈ span{ e2 , . . . , en } e�nai koinì isotropikì di�nusma twn Sm,ìpw
 or�sthke to koinì mh mhdenikì isotropikì di�nusma sthn [LR1], x∗ Sm x = 0gia k�je m = 1 , 2 , . . . , k , sumpera�noume ìti NR[P (z)] = C kai m�lista to shme�o
( 0 , . . . , 0 ) an kei sto eswterikì tou JNR[Sm]km=1. Sumbol�zonta
 me
L(t) = { ( c1 , c2 , . . . , ck ) : ckt

k−1 + . . . + c2t + c1 = 0 , ( c1 , . . . , ck ) ∈ JNR[Sm]km=1 }gia k�je t ∈ NR[P (z)], apì [PT], to L(t) e�nai sunektikì sÔnolo kai profan¸
 toshme�o ( 0 , . . . , 0 ) ∈ L(t) . 'Etsi, gia k�je shme�o w = ( w1 , . . . , wk ), pou br�sketaisto kèlufo
 tou JNR[Sm]km=1 or�zoume to polu¸numo
qw(z) = wkz

k−1 + . . . + w2z + w1kai a
 upojèsoume ìti mhden�zetai sto t0. Exait�a
 th
 sunektikìthta
 tou sunìlou L(t0),up�rqei kampÔlh K, pou en¸nei thn arq  me to shme�o w. 'Ola ta shme�a th
 kampÔlh

K an koun ep�sh
 sto JNR[Sm]km=1, epeid  gia th suneq  sun�rthsh

Φ : {x ∈ C
n : ‖x ‖ = 1 } 7−→ JNR[Sm]km=159



pou or�zetai apì ton tÔpo
Φ( x ) = ( x∗S1x , . . . , x∗Skx )èqoume

Φ [ {x ∈ C
n : ‖x ‖ = 1 , x∗ P (t0) x = 0} ] = L(t0).

¥An sthn Prìtash 3.3 to ( 0 , . . . , 0 ) an kei sto sÔnoro tou sunjetikoÔ arijmhtikoÔ ped�ou,tìte to JNR[Sm]km=1 mpore� na perior�zetai mìno sto kèlufo
, dhlad  na mhn up�rqoun�lla eswterik� shme�a.Par�deigma 3.1 'Estw oi gwniako� p�nake

S1 =

[

1 0

0 0

]

, S2 =

[

0 1

1 0

]

, S3 =

[

0 i

−i 0

]kai to monadia�o di�nusma x = [ t eiθ
√

1 − t2 ]⊤, t ∈ [0 , 1]. Tìte
JNR[S1 , S2 , S3] = { (t2 , 2t

√
1 − t2 cos θ , −2t

√
1 − t2 sin θ ) : t ∈ [0 , 1] , θ ∈ [0 , 2π] }

= { (x , y , z ) : 4(x − 1/2 )2 + y2 + z2 = 1 }.Profan¸
 to ( 0 , 0 , 0 ) ∈ ∂ JNR[S1 , S2 , S3], kai m�lista to JNR[S1 , S2 , S3] e�naimìno h epif�neia tou elleiyoeidoÔ
.Apì ti
 Prot�sei
 3.2 kai 3.3 sumpera�noume :Prìtash 3.4 An S1 , . . . , Sk e�nai mia k-�da grammik� anex�rthtwn ermitian¸n gw-niak¸n pin�kwn me am1 = 0 ( m = 1 , . . . , k ) tìte, to JNR[Sm]km=1 e�nai kurtì sÔnolo.Apìdeixh Epeid  Sm ∈ V = span {E1j + Ej1 , i(E1j − Ej1) : 2 ≤ j ≤ n }profan¸
 èqoume dim(V ∪ {I}) = 2n − 1. E�nai arketì n' apodeiqje� ìti, ta shme�a
t ( w∗

0S1w0 , . . . , w∗
0Skw0 ) ìpou t ∈ [0 , 1] an koun sto JNR[Sm]km=1.Jètonta
 Ŝm = tSm kai M̂ = h1Ŝ1 + . . . + hkŜk, èqoume apì thn (3.12)

λmax(M̂) = t λmax(M) = tλ0 , ∆̂ = t2∆me w0 to ant�stoiqo monadia�o idiodi�nusma th
 idiotim 
 λmax(M̂). Epomènw
, to
( w∗

0tS1w0 , . . . , w∗
0tSkw0 ) e�nai eswterikì shme�o tou JNR[Sm]km=1. ¥60



Telik�, èqonta
 upìyh dim(V ∪ {I}) = 2n − 1, katal goume ston isqurismì ìti oi p�-nake
 {Sm} sthn (3.11) me am1 = 0 e�nai mia mègisth grammik� anex�rthth oikogèneiapin�kwn me ton mègisto arijmì stoiqe�wn, tètoia ¸ste to JNR[Sm]km=1 e�nai kurtì sÔnolo.Tèlo
, an {Sm} e�nai oikogèneia ermitian¸n pin�kwn ìpw
 sthn (3.11) kai Ŝm e�nai oiupop�nake
 pou prokÔptoun apì tou
 Sm , an antikatast soume ta ̺ stoiqe�a th
 pr¸th
gramm 
 kai st lh
 me mhdèn, èqoume :Pìrisma 3.2 'Estw {Sm} oikogèneia grammik� anex�rthtwn pin�kwn th
 (3.11) me
am1 = 0 . To JNR[Ŝm ⊕ 0̺ ]km=1 ⊂ JNR[Sm]km=1, to de JNR[Ŝm]km=1 e�nai uperelleiyoei-dè
 ston q¸ro R

k, ìtan k ≤ 2(n − ̺) − 1.Apìdeixh Apì thn morf  twn pin�kwn parathroÔme ìti kai oi p�nake
 Ŝm ikanopoioÔnti
 pro�pojèsei
 th
 Prìtash
 3.4, kat� sunèpeia to JNR[Ŝm]km=1 e�nai kurtì sÔnolo kaim�lista uperelleiyoeidè
 ston R
k, apì Prìtash 3.2. Epeid  Sm = Ŝm ⊕ 0̺ , sundu�zo-nta
 kai thn (3.5), èqoume

JNR[Ŝm ⊕ 0̺ ]km=1 = Co { JNR[Ŝm ⊕ 0̺ ]km=1} = Co{ JNR[Ŝm]km=1

⋃

{0} }
= Co { JNR[Ŝm]km=1 } = JNR[Ŝm]km=1 ⊂ JNR[Sm]km=1.

¥Axioshme�wto e�nai ìti gia na diathrhje� h grammik  anexarths�a twn Ŝm pin�kwn prèpeito ̺ ≤
[

2n − k − 1

2

]

, ìpou [ ℄ sumbol�zei to akèraio mèro
 tou arijmoÔ.H melèth tou sunjetikoÔ arijmhtikoÔ ped�ou twn tridiagwn�wn kai (2µ− 1)-diagwn�wnermitian¸n pin�kwn sthr�zetai sta parap�nw apotelèsmata.Me ton p�naka 







0 1 0

1 0 0

0 0 1









, èna
 3 × 3 gwniakì
 p�naka
 metasqhmat�zetai orjomona-dia�a se tridiag¸nio p�naka kai apì ti
 Prot�sei
 3.2 kai 3.4, èqoume :Prìtash 3.5 Gia 3 ≤ k ≤ 5, to ∂ JNR[Tm]km=1 twn grammik� anex�rthtwn ermitian¸nkai tridiagwn�wn pin�kwn
Tm =









fm am 0

ām bm cm

0 c̄m fm









, (3.16)61



e�nai uperelleiyoeidè
 ston q¸ro R
5. An fm = bm = 0, tìte to JNR[Tm]km=1 e�naikurtì sÔnolo.Melet¸nta
 to sunjetikì arijmhtikì ped�o (2µ − 1)-diagwn�wn ermitian¸n pin�kwn th
morf 
 (1.27), mporoÔme na sumper�noume to epìmeno pìrisma, qrhsimopoi¸nta
 taapotelèsmata twn Prot�sewn 3.1 kai 3.5.Pìrisma 3.3 Gia mia k-�da grammik� anex�rthtwn n×n ermitian¸n (2µ−1)-diagwn�wnpin�kwn, to sunjetikì arijmhtikì ped�o twn {Tm} m = 1 , . . . , k e�nai ènwsh uperellei-yoeid¸n ston R

5, ìpou 3 ≤ k ≤ n2 − ( n − µ ) ( n − µ + 1 ) .Sumbol�zoume Re−JNR[Tm]km=1 to pragmatikì sunjetikì arijmhtikì ped�o oikogèneia
pragmatik¸n pin�kwn T1 , . . . , Tk, gia k�je pragmatikì monadia�o di�nusma x ∈ R
n. Anoi p�nake
 Tm sthn (3.16) e�nai pragmatiko� kai mh summetriko�, gia k�je x ∈ R

3 me
‖x‖ = 1, èqoume

Re−JNR[Tm]km=1 = Re−JNR

[

Tm + T⊤
m

2

]k

m=1

.Epomènw
, apì thn Prìtash 3.5 prokÔptei :Pìrisma 3.4 To Re−JNR[Tm]km=1 gia 3 × 3 grammik� anex�rthtou
 tridiag¸niou
p�nake
 Tm = [ tij ] me t11 = t33, e�nai uperelleiyoeidè
 ston R
5.
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Kef�laio 4ARIJMHTIKO PEDIOPARAMETRIKWN PINAKWN
4.1 Sustol  arijmhtikoÔ ped�ou poluwnumikoÔ p�nakaH idèa tou arijmhtikoÔ ped�ou p�naka èqei epektaje� kai sthn per�ptwsh poluwnumi-k¸n pin�kwn, mia kai ta probl mata fasmatik 
 an�lush
 kai paragontopo�hs 
 tou
parousi�zontai se pollè
 perioqè
 twn Majhmatik¸n, ìpw
 gia par�deigma sti
 diafori-kè
 exis¸sei
 kai sta probl mata sunoriak¸n tim¸n, sth jewr�a elègqou, talant¸sewn,kum�twn, sthn elastik  jewr�a kai sthn udromhqanik . Me ton ìro poluwnumikì
 p�naka

[LR1], [Mk] ennooÔme ton p�naka

P (z) = Aqz
q + Aq−1z

q−1 + . . . + A1z + A0, (4.1)ìpou z e�nai migadik  metablht , oi de suntelestè
 A0 , A1 , . . . , Aq ∈ Mn. Arijmhtikìped�o tou poluwnumikoÔ p�naka P (z) or�zetai to sÔnolo
NR[P (z)] = { z ∈ C : x∗P (z)x = 0 , gia mh mhdenikì x ∈ C

n }. (4.2)To arijmhtikì ped�o poluwnumikoÔ p�naka èqei shmantikè
 kai tautìqrona idi�zouse
 ge-wmetrikè
 idiìthte
, oi opo�e
 èqoun sqèsh me th sunektikìthta kai me to an to sÔnoloe�nai fragmèno, endeiktik� anafèroume ti
 ergas�e
 [HL], [LMZ], [LR1], [MMP], [MP2],
[MP3, MP4, MP5] kai analutik  bibliograf�a d�netai sta [GLR1], [Mk].Anazht¸nta
 k�poia prosèggish tou arijmhtikoÔ ped�ou poluwnumikoÔ p�naka P (z),me arijmhtik� ped�a poluwnumik¸n pin�kwn mikrìterh
 di�stash
, anafèroume :63



Prìtash 4.1 An k ≤ n,

NR[P (z)] =
⋃

ξ1,...,ξk

NR[Mξ(z)] (4.3)ìpou
Mξ(z) = G∗(E ⊗ P (z))Gme

E =









1 . . . 1... ...
1 . . . 1









k×k

, G = diag(ξ1, . . . , ξk)nk×kkai ξ1, . . . , ξk e�nai orjokanonik� dianÔsmata tou C
n. Sthn (4.3) h ènwsh mpore� na dia-trèqei ìla ta sÔnola twn k orjokanonik¸n dianusm�twn tou C

n.Apìdeixh 'Estw ìti ta dianÔsmata ξ1, . . . , ξk ∈ C
n e�nai orjokanonik  b�sh enì
upìqwrou E ⊂ C

n kai x ∈ E. Tìte,
x = [ ξ1 . . . ξk ]y, ìpou y ∈ C

kkai
x∗P (z)x = y∗[ξ1 . . . ξk]

∗P (z)[ξ1. . . . ξk]y

= y∗









ξ∗1P (z)ξ1 . . . ξ∗1P (z)ξk... ...
ξ∗kP (z)ξ1 . . . ξ∗kP (z)ξk









y = y∗Mξ(z)y.Kat� sunèpeia, diatrèqonta
 ìla ta sÔnola twn k orjokanonik¸n dianusm�twn, sumpe-ra�netai h (4.3). ¥Profan¸
 h ex�swsh (4.3) gia k = 2 , e�nai sthn pio apl  morf  th
, mia kai oi p�nake
suntelestè
 tou (4.1) e�nai di�stash
 2 × 2 .Shmei¸nonta

P (z) = Āqz

q + Āq−1z
q−1 + . . . + Ā0,kai epekte�nonta
 th sqèsh (1.4) gia poluwnumikoÔ
 p�nake
, èqoume :Prìtash 4.2

NR(

[

P (z) O

O e2iθP (z)

]

) = NR(
1

2

[

P (z) + e2iθP (z) −i(P (z) − e2iθP (z))

i(P (z) − e2iθP (z)) P (z) + e2iθP (z)

]

). (4.4)64



Apìdeixh 'Estw monadia�o di�nusma ζ ∈ C
2n. Tìte, ìpw
 kai sthn Prìtash 1.2,

ζ∗

[

P (z) O

O e2iθP (z)

]

ζ =
1

2
w∗

[

P (z) + e2iθP (z) −i(P (z) − e2iθP (z))

i(P (z) − e2iθP (z)) P (z) + e2iθP (z)

]

w,ìpou w = 1√
2

[

I iI

iI I

]

ζ. Shmei¸netai ìti, ‖w‖ = ‖ζ‖. ¥Tèlo
, gr�fonta
 P (z) = P1(z) + iP2(z), me tou
 suntelestè
 tou P1(z) kai tou P2(z)na e�nai pragmatiko� p�nake
, sthn ex�swsh (4.4) an jèsoume θ = 0, prokÔptei :Pìrisma 4.1
NR(

[

P (z) O

O P (z)

]

) = NR(

[

P1(z) P2(z)

−P2(z) P1(z)

]

).

4.2 Arijmhtikì ped�o rht 
 sun�rthsh
 p�naka'Estw ìti C[z] (R[z]) e�nai h �lgebra twn poluwnÔmwn mia
 metablht 
 z me sunte-lestè
 apì to C (R) kai
W (z) =

[

pij(z)

qij(z)

]n

i,j=1

(4.5)e�nai n × n p�naka
 me stoiqe�a rhtè
 sunart sei
. Ton tetragwnikì autìn p�nakaja onom�zoume rht  sun�rthsh p�naka (rational matrix function), ìpou ta stoiqe�a
pij(z), qij(z) ∈ C[z] kai qij(z) den e�nai ek tautìthta
 �sa me mhdèn. Sth jewr�a twngrammik¸n susthm�twn, mia rht  sun�rthsh p�naka d�nei thn apeikìnish input-output kaiìpw
 [LaR], epidèqetai thn an�lush se mia �llh morf 

W (z) = D + C(zI − A)−1B (4.6)akrib¸
 ìtan deg{pij(z)} ≤ deg{qij(z)}, i, j = 1, . . . , n, sumbol�zoume me deg ton65



bajmì tou poluwnÔmou. Sthn (4.6), an èqoume D = W (∞), B⊤ = [ 0 0 . . . 0 I ],

C = [ H0 . . . Hl−1 ] kai
A =















0 I . . . 0... ... ...
0 0 . . . I

−A0 −A1 . . . −Al−1













katìpin apl¸n upologism¸n èqoume
W (z) = H(z)L(z)−1 (4.7)ìpou H(z) , L(z) e�nai oi epìmenoi n × n poluwnumiko� p�nake


H(z) =
l−1
∑

j=0

zjHj , L(z) = zlI +
l−1
∑

j=0

zjAj.Sumbol�zonta
 me m(z) = e.k.p.{ qij(z) : i, j = 1, . . . , n}, tìte apì thn (4.5)
W (z) = m(z)−1P (z), (4.8)ìpou gia ton poluwnumikì p�naka P (z) isqÔei deg{m(z)} ≥ deg{P (z)}. An sumbol�soumeme mi(z) = e.k.p {q1i(z), . . . , qni(z)}, tìte h rht  sun�rthsh W (z) th
 (4.5) mpore� nagrafe� kai
W (z) = M(z)D(z)−1 , (4.9)ìpou ed¸ D(z) = diag(m1(z), . . . ,mn(z)) e�nai diag¸nio
 p�naka
 me stoiqe�a ta el�qistakoin� pollapl�sia kai M(z) poluwnumikì
 p�naka
. Epeid  det D(z) = m(z)d(z), ìpou

m(z) e�nai to polu¸numo pou or�sthke sthn (4.8), èqoume thn isodÔnamh èkfrash
M(z)adjD(z) = d(z)P (z). (4.10)'Ole
 oi parap�nw morfè
 (4.6), (4.7), (4.8) kai (4.9) e�nai isodÔname
. 'Estw σ(m) nae�nai to f�sma tou m(z). Gia thn W (z) sth (4.5), to arijmhtikì ped�o rht 
 sun�rthsh
p�naka or�zetai na e�nai to sÔnolo

NR[W (z)] = {z ∈ C \σ(m) : x∗W (z)x = 0, gia mh mhdenikì x ∈ C
n}. (4.11)66



Profan¸
 apì thn (4.8) èqoume ìti
NR[W (z)] = NR[P (z)]\σ(m) (4.12)kat� sunèpeia to NR[W (z)] den e�nai p�ntote kleistì sÔnolo.'Estw ìti σ[W ] = { z ∈ C : det W (z) = 0 } e�nai to f�sma th
 rht 
 sun�rthsh
p�naka W (z) kai èstw z0 ∈ σ[W ], tìte up�rqei mh mhdenikì di�nusma x0 ∈ C

n, tètoio¸ste W (z0)x0 = 0. Epomènw
, z0 ∈ NR[W (z)], dhlad 
σ[W ] ⊂ NR[W (z)].Mia �llh parous�ash tou NR[W (z)] an�logh me eke�nh twn pin�kwn e�nai an jewr soumeto ped�o sunart sewn (field of functions)

FF[W (z)] = { g(z) : g(z) = x∗W (z)x , x ∈ R
n, ‖x‖ = 1 }.Tìte

NR[W (z)] = { z ∈ C : g(z) = 0 ìpou g(z) ∈ FF[W (z)] }.Sunep¸
, an x e�nai monadia�o idiodi�nusma, tètoio ¸ste x∗W (z)x = µ(z) kai µ(z) hant�stoiqh idiosun�rthsh, tìte oi r�ze
 tou µ(z) an koun sto σ[W ].Apì thn (4.8) kai ti
 idiìthte
 arijmhtikoÔ ped�ou poluwnumikoÔ p�naka, epalhjeÔoumeeÔkola ti
 epìmene
 idiìthte
 gia to arijmhtikì ped�o th
 rht 
 sun�rthsh
 p�naka :4.1 NR[W (z + α)] = NR[W (z)] − α , gia k�je α ∈ C.4.2 NR[W (αz)] =
1

α
NR[W (z)] , gia k�je mh mhdenikì α ∈ C.4.3 Gia ton m × n omalì p�naka S me (m ≤ n) isqÔei,

NR[S∗W (z)S] ⊆ NR[W (z)]kai h isìthta isqÔei sthn per�ptwsh pou sumba�nei m = n, dhlad , to arijmhtikìped�o paramènei anallo�wto se metasqhmatismoÔ
 isotim�a
.4.4 An ìloi oi suntelestè
 Aj tou poluwnumikoÔ p�naka P (z) sthn (4.8) èqoun koinìmh mhdenikì isotropikì di�nusma, dhlad  x∗Ajx = 0 , tìte
NR[W (z)] = C\σ(m).4.5 An h rht  sun�rthsh p�naka W (z) sthn (4.5) e�nai pragmatik , dhlad , pij(z),

qij(z) ∈ R[z], tìte to NR[W (z)] èqei �xona summetr�a
 ton pragmatikì �xona.67



4.6 Apì th morf  (4.8), èqoume
NR[W (z)] e�nai fragmèno akrib¸
 ìtan 0 6∈ NR[P(0)],ìpou P(z) = zsP (z−s), s = deg{P (z)}.E�nai fanerì pw
 NR[W (z)] e�nai fragmèno akrib¸
 ìtan NR[P (z)] e�nai fragmèno.'Opw
 [LR1], anagka�a kai ikan  sunj kh gia na e�nai fragmèno to arijmhtikì ped�o toupoluwnumikoÔ p�naka P (z) e�nai to 0 6∈ NR[P(0)]. An to NR[W (z)] e�nai mh fragmènoepilègoume ε ∈ R, ètsi ¸ste to NR[Wε(z)] na e�nai fragmèno, ìpou
Wε(z) = m(z)−1Pε(z) , Pε(z) = P (z) + εzsI.'Etsi, kaj¸
 to ε aux�netai, to NR[Wε(z)] perior�zetai.4.7 NR[W (z)−1] = NR[W (z)]\σ[W ].Apìdeixh An z0 ∈ NR[W (z)]\σ[W ], tìte to 0 ∈ NR[W (z0)]. Apì thn isìthta

x∗W (z0)[W (z0)
∗]−1W (z0)

∗x = 0èqoume (W (z0)
∗x)∗ W (z0)

−1 (W (z0)
∗x) = 0, ap' ìpou sumpera�noume ìti 0 ∈ NR[W (z0)

−1],kat� sunèpeia z0 ∈ NR[W (z)−1].Ant�strofa, an z0 ∈ NR[W (z)−1], tìte z0 6∈ σ[W ] kai 0 ∈ NR [W (z0)
−1] . 'Etsi, to

0 ∈ NR[W (z0)] [MP4], dhlad  to z0 ∈ NR[W (z)]\σ[W ].
Par�deigma 4.1 'Estw h rht  sun�rthsh p�naka

W (z) =











z

z − 1
0

1

z

1

z + 1











=









z2 (z + 1) 0

z2 − 1 z2 − z









1

z(z2 − 1)

=
1

z(z2 − 1)

([

1 0

0 0

]

z3 +

[

1 0

1 1

]

z2 +

[

0 0

0 −1

]

z +

[

0 0

−1 0

])

.Epeid  to 0 ∈ NR(

[

1 0

0 0

]

), to NR[W (z)] e�nai mh fragmèno, ìpw
 fa�netai kai stoSq ma 4.1. 68
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Sq ma 4.1: Mh fragmèno NR[W (z)]To NR[Wε(z)] parousi�zetai sto Sq ma 4.2, ìpou
Wε(z) =

[

(1 + ε)z3 + z2 0

z2 − 1 εz3 + z2 − z

]

, ε = 0.1.

Sq ma 4.2: Fragmèno NR[Wε(z)] gia ε = 0.169



4.3 Entopismì
 arijmhtikoÔ ped�ou'Estw h rht  sun�rthsh p�naka W (z) sthn (4.8) kai o ant�stoiqo
 poluwnumikì
p�naka

P (z) = An1

zn1 + . . . + A1z + A0.Sumbol�zoume ∆ ( c : r , R ) ton daktÔlio me kèntro c, eswterik  akt�na r kai exwte-rik  akt�na R. A
 upojèsoume ìti gia k�je monadia�o di�nusma x ∈ C
n, oi r�ze
 toupoluwnÔmou

fx(z) = x∗P (z)xan koun ston daktÔlio ∆1 ( 0 : r1 , R1 ) , oi r�ze
 tou m(z) e�nai eswterik� shme�a toudaktul�ou ∆2( 0 : r2 , R2 ) kai n2 = deg{m(z)} > n1 = deg{P (z)} . 'Opw
 anafèrjhkesthn idiìthta 4.6, h akt�na R1 e�nai peperasmènh akrib¸
 ìtan to 0 6∈ NR[An1
]. Gia tonentopismì tou NR[W

′

(z)] èqoume thn epìmenh prìtash.Prìtash 4.3 An to NR[W (z)] e�nai fragmèno, tìte to NR[W
′

(z)] an kei ston da-ktÔlio
D1 = { z : min{ r2 , r1 − R2 } ≤ |z| ≤ n2 R1 + n1R2

n2 − n1

},ìtan r1 > R2 ,   e�nai uposÔnolo tou daktul�ou
D2 = { z : min{ r1 , r2 − R1 } ≤ |z| ≤ max{R2 ,

n2 R1 + n1R2

n2 − n1

} },ìtan R1 < r2.Apìdeixh 'Estw z ∈ NR[W
′

(z)], tìte gia merik� mh mhdenik� dianÔsmata x ∈ C
n, apìthn (4.8), èqoume

x∗W
′

(z)x = x∗P
′

(z)x m(z) − x∗P (z)x m
′

(z) = 0. (4.13)Epeid  ìle
 oi r�ze
 tou fx(z) = x∗P (z)x , an koun sthn perioq  r1 ≤ |z| < R1, meb�sh thn Prìtash Aþ.1, up�rqoun α1(x) ∈ ∆1 kai α2 ∈ ∆2 (parat rhse ìti to α2e�nai anex�rthto tou x ), tètoia ¸ste k�je r�za z tou poluwnÔmou x∗W
′

(z)x e�nai �sh me
α1(x)   α2   èqei th morf 

z =
n2α1(x) − n1α2

n2 − n1

. (4.14)70



Opìte
|z| ≤ n2 |α1(x)| + n1 |α2|

n2 − n1

≤ n2R1 + n1R2

n2 − n1

. (4.15)Sthn per�ptwsh pou r1 > R2, epeid  n2|α1(x)| ≥ n2r1 > n1r1 > n1R2 ≥ n1|α2| apìthn (4.14) prokÔptei
|z| ≥ |n2|α1(x)| − n1|α2||

n2 − n1

=
n2|α1(x)| − n1|α2|

n2 − n1

≥ n2r1 − n1R2

n2 − n1

≥ n2r1 − n1R2

n2

> r1 − R2.An eidikìtera z = α2, isqÔei |z| ≥ r2. Sunep¸
 apì ti
 dÔo teleuta�e
 anis¸sei
 èqoume
|z| ≥ min{ r2 , r1 − R2 }. 'Omoia, an z = α1(x), tìte |z| < R1 <

n2 R1 + n1R2

n2 − n1

, kat�sunèpeia z ∈ D1.Sthn per�ptwsh R1 < r2, apì thn (4.14) èqoume
|z| =

|n2α1(x) − n1α2|
n2 − n1

>
|n2α1(x) − n1α2|

n2

=

∣

∣

∣

∣

α1(x) − n1

n2

α2

∣

∣

∣

∣

> |α1(x) − α2|

≥ ||α1(x)| − |α2|| = |α2| − |α1(x)| > r2 − R1.Eidikìtera, an z = α1(x) ∈ ∆1   z = α2 ∈ ∆2 =⇒ |z| ≥ r1 , |z| < R2 . Sundu�zo-nta
 ti
 teleuta�e
 anis¸sei
 me (4.15), sumpera�noume ìti z ∈ D2. ¥Ta sumper�smata th
 Prìtash
 4.3 sthr�zontai ston gn sio egkleismì twn daktul�wn
∆1 , ∆2 , se opoiad pote �llh per�ptwsh apì thn (4.15) èqoume :Pìrisma 4.2 An r2 < r1 ≤ R2 , r1 ≤ r2 < R2 kai r2 ≤ R1 < R2, tìte to
NR[W

′

(z)] an kei ston kuklikì d�sko
S( 0 ; max{R2 ,

n2 R1 + n1R2

n2 − n1

} )Parat rhsh 4.1 Apì [MP2], o daktÔlio
 ∆1 e�nai eÔkola upolog�simo
, an kai e�naiarket� meg�lo
 kai mpore� na èqei gia eswterik  kai exwterik  akt�na ant�stoiqa ti

r1 =

min
‖x‖=1

|x∗A0x|

max
‖x‖=1

|x∗A0x| + max
τ 6=0

{ max
‖x‖=1

|x∗Aτx| }

R1 = 1 + max
τ=0,1,...,n1−1

{ max
‖x‖=1

∣

∣

∣

∣

x∗Aτx

x∗An1
x

∣

∣

∣

∣

}kaj¸
 ep�sh
 o ∆2 mpore� na oriste� ìpw
 sthn (Aþ.1). M' autìn ton trìpo upologismoÔ,epeid  rj < 1 < Rj , j = 1, 2, oi akt�ne
 br�skontai p�nta se mia apì ti
 sqèsei
 di�taxh
pou perigr�fontai sto Pìrisma 4.2. 71



Par�deigma 4.2 'Estw sthn (4.8) o poluwnumikì
 p�naka

P (z) = Iz3 +

[

−5 2

0 −5

]

z2 +

[

4 0

6 4

]

z +

[

3 0

4 6

]kai to bajmwtì polu¸numo m(z) = (z + 1)(z − 2)(z2 + 5). Epeid  ta arijmhtik� ped�atwn suntelest¸n e�nai NR[A0] = {u + iv : u, v ∈ R,
(u − 4, 5)2

2, 52
+

v2

22
= 1 } ,

NR[A1] = S( 4 ; 3 ) , NR[A2] = S(−5 ; 1 ) èqoume :
r1 =

min
‖x‖=1

|x∗A0x|

max
‖x‖=1

|x∗A0x| + max
τ = 1,2,3

|x∗Aτx|
=

1

7kai R1 = 1 + max{7, 7, 6} = 8 , dhlad  o daktÔlio
 e�nai ∆1 ( 0 :
1

7
, 8 ).Gia m(z) = z4 − z3 + 3z2 − 5z − 10 , sÔmfwna me thn (Aþ.1), èqoume ∆2 ( 0 :

2

3
, 11 ).Epiplèon

f
′

x(z) m(z) − fx(z) m
′

(z) =

= x∗{−z6I +

[

10 −4

0 10

]

z5 +

[

−20 2

−18 −20

]

z4 +

[

−14 0

−4 −26

]

z3 +

+

[

−8 −10

−6 1

]

z2 +

[

82 −40

−24 64

]

z +

[

−25 0

−40 −10

]

}xkai 0 ∈ NR(

[

−25 0

−40 −10

]

), profan¸
 to 0 ∈ NR[W
′

(z)] kai ètsi
NR[W

′

(z)] ⊂ S( 0 ; 55 ).Prìtash 4.4 'Estw to NR[W (z)] ⊂ ∆1 ( 0 : r1 , R1 ) kai oi r�ze
 tou m(z) an kounsto daktÔlio ∆2 ( c : r2 , R2 ). An |c|+R2 < r1 , tìte to NR[W
′

(z)] br�sketai exwterik�apì thn èlleiyh, h opo�a èqei est�e
 sthn arq  kai sto c, to de m ko
 tou meg�lou �xonae�nai r1−R2 kai tautìqrona eswterik� tou kuklikoÔ d�skou S( 0 ;
n2R1 + n1R2 + n1|c|

n2 − n1

).Apìdeixh Gia k�je z ∈ NR[W
′

(z)], ìpw
 kai sthn Prìtash 4.3, up�rqoun kat�llhla
α1(x) ∈ ∆1 kai α2 ∈ ∆2 , tètoia ¸ste to z = α1(x)   z = α2   z =

n2α1(x) − n1α2

n2 − n1

.
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Tìte
|z| ≤ n2|α1(x)| + n1|α2 − c| + n1|c|

n2 − n1

<
n2R1 + n1R2 + n1|c|

n2 − n1

.An z = α1(x) (   z = α2), profan¸
 isqÔei |z| < R1   |z − c| < R2. Se diaforetik per�ptwsh, apì thn (4.14) èqoume met� apì upologismoÔ

1 <

n2

n1

=
|z − α2|

|z − α1(x)| ≤
|z − c| + |α2 − c|

|z − α1(x)| ≤ |z − c| + R2

||z| − |α1(x)|| . (4.16)Epiplèon, e�nai |z| < |α1(x)| < R1 , giat� an sunèbaine to ant�jeto, dhlad  |z| > |α1(x)| ≥
r1 tìte

1 <
|z − c| + R1

|z| − |α1(x)| <
|z − c| + R2

|z| − R1dhlad , o teleuta�o
 lìgo
 e�nai arnhtikì
, �topo. Epomènw
, apì thn (4.16) èqoume
1 ≤ |z − c| + R2

|α1(x)| − |z|kat� sunèpeia
|z − c| + |z| ≥ |α1(x)| − R2 ≥ r1 − R2 > 0.H prohgoÔmenh èlleiyh e�nai h zhtoÔmenh, epeid  |c| / (r1 − R2) < 1. ¥Shmei¸noume ìti gia c = 0, to NR[W

′

(z)], entop�zetai sto daktÔlio
(r1 − R2)/2 ≤ |z| ≤ (n2R1 + n1R2) / (n2 − n1).Parat rhsh 4.2 'Estw oi n-stoÔ bajmoÔ poluwnumiko� p�nake
 P1(z) kai P2(z) ant�-stoiqoi twn rht¸n sunart sewn pin�kwn W1(z) kai W2(z). An
NR[Pj(z)] ⊆ { z : rj ≤ |z| < Rj } j = 1, 2Tìte apì thn Prìtash Aþ.2 kai ti
 parathr sei
 th
, gia k�je

z ∈ NR[ λ1P1(z) + λ2P2(z) ],kai me ω =
∣

∣

∣

n

√

−λ2

λ1

∣

∣

∣
< 1, ja e�nai :
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r1 − ωR2

1 + ω
≤ |z| ≤ R1 + ωR2

|1 − ωk|
ìtan r1 > ωR2

ωr2 − R1

1 + ω
≤ |z| ≤ R1 + ωR2

|1 − ωk|
ìtan R1 < ωr2

|z| ≤ R1 + ωR2

|1 − ωk|
diaforetik� (4.17)Eidik�, gia ω = 1, èqoume :

r1 − R2

2
≤ |z| ≤ R1 + R2

|1 − ωk|
ìtan r1 > R2

r2 − R1

2
≤ |z| ≤ R1 + R2

|1 − ωk|
ìtan r2 ≥ R1

|z| ≤ R1 + R2

|1 − ωk|
diaforetik� (4.18)E�nai qarakthristikì apì ti
 sqèsei
 (4.17) kai (4.18) ìti gia k�je λ1 , λ2, to f�smatou poluwnumikoÔ p�naka λ1P1(z) + λ2P2(z) entop�zetai mèsa se daktÔlio   se kuklikìd�sko, kat� sunèpeia èqoume kai entopismì tou f�smato
 th
 rht 
 sun�rthsh
 tou p�naka

λ1W1(z) + λ2W2(z).
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Par�rthma Aþ
Aþ.1 Bajmwt� Polu¸numa'Estw to n-stoÔ bajmoÔ bajmwtì polu¸numo f(z) = α0+α1z+. . .+αnz

n , αj ∈ C.'Opw
 e�nai gnwstì, [Md, sel. 123, 126℄ ìle
 oi r�ze
 tou f(z) , an koun ston daktÔlio
D = { z : r1 ≤ |z| < R1 }ìpou :

r1 = min
τ = 1,...,n

|α0|
|α0| + |ατ |

kai R1 = 1 + max
τ = 0,1,...,n−1

∣

∣

∣

∣

ατ

αn

∣

∣

∣

∣

(Aþ.1)Kuklik  perioq  C onom�zetai k�je perioq  tou migadikoÔ epipèdou, h opo�a apotele�taiapì ènan kleistì kuklikì d�sko   to kleistì sumpl rwm� tou, (blèpe [Md, sel. 48℄).Prìtash Aþ.1 An ìle
 oi r�ze
 tou n1-stoÔ bajmoÔ poluwnÔmou f1(z) kai n2-stoÔbajmoÔ poluwnÔmou f2(z) br�skontai sti
 kuklikè
 perioqè
 C1 kai C2 ant�stoiqa, tìtek�je r�za z0 tou poluwnÔmou
g(z) = f

′

1(z)f2(z) − f1(z)f
′

2(z) (Aþ.2)e�nai �sh me
z0 =

n2α1 − n1α2

n2 − n1

(Aþ.3)gia kat�llhla α1 ∈ C1, α2 ∈ C2   h r�za èqei thn morf  z0 = α1   z0 = α2.Apìdeixh Epeid  to g(z) e�nai grammikì kai summetrikì w
 pro
 ti
 r�ze
 twn poluw-nÔmwn f1(z) , f2(z), sÔmfwna me to je¸rhma 15.4 [Md, sel. 62℄, up�rqoun kat�llhla75



shme�a α1 ∈ C1 kai α2 ∈ C2 , tètoia ¸ste k�je r�za z0 tou poluwnÔmou g(z) th
 (Aþ.2)mhden�zei kai to polu¸numo
n1(z − α1)

n1−1 (z − α2)
n2 − n2(z − α1)

n1 (z − α2)
n2−1.Opìte an e�nai z 6= α1 , α2, h (Aþ.3) prokÔptei �mesa me stoiqei¸dei
 upologismoÔ
. ¥Ed¸ qrei�zetai na ton�soume ìti, sÔmfwna me ton orismì th
 kuklik 
 perioq 
, h Prì-tash Aþ.1 isqÔei akìmh kai an oi r�ze
 twn poluwnÔmwn f1(z) kai f2(z) br�skontai staped�a C \C1 kai C \C2, sunep¸
 isqÔei genik� kai gia daktul�ou
 ∆1 kai ∆2, oi opo�oiperièqoun ìle
 th
 r�ze
 twn poluwnÔmwn f1(z) , f2(z) , antisto�qw
.Prìtash Aþ.2 JewroÔme ta n-stoÔ bajmoÔ polu¸numa fj(z) (j = 1, 2) ètsi ¸stena isqÔei

σ(fj) ⊂ Dj = {z : rj ≤ |z − cj| ≤ Rj} j=1,2 .Tìte oi r�ze
 tou grammikoÔ sunduasmoÔ
f(z) = λ1f1(z) + λ2f2(z) ; λ1 6= λ2 6= 0an koun ston tomèa

0 < |c0| − ρ ≤ |z| ≤ |c0| + ρ ; |Arg z − Arg c0| ≤ arc sin

(

ρ

|c0|

)ìpou
c0 =

c1 − ω2c2

1 − ω2
, ρ =

ω|c1 − c2|
1 − ω2

+
R1 + ωR2

1 − ω
, ω =

∣

∣

∣

∣

∣

n

√

−λ2

λ1

∣

∣

∣

∣

∣

< 1.1An |c0| ≤ ρ, tìte oi r�ze
 tou f(z) br�skontai ston kuklikì d�sko |z − c0| ≤ ρ.Apìdeixh SÔmfwna me to je¸rhma 15.4 [Md, sel. 62℄ kai akolouj¸nta
 ta b mata th
apìdeixh
 tou jewr mato
 17.1 [Md, sel. 74℄, parathroÔme ìti oi r�ze
 tou poluwnÔmou
f(z) an koun ston tìpo Γ twn riz¸n th
 ex�swsh


λ1(z − α1)
n + λ2(z − α2)

n = 0, (Aþ.4)1An ìmw
 e�nai ω > 1 , tìte jewroÔme θ =
∣

∣

∣

n

√

−λ1

λ2

∣

∣

∣ < 1.
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ìpou ta shme�a αj epilègontai apì tou
 ant�stoiqou
 daktul�ou
 Dj (j = 1, 2). Mestoiqei¸dh ep�lush th
 (Aþ.4) èqoume :
z =

α1 − ωkα2

1 − ωk

(

=
α2 − α1θk

1 − θk

)

,ìpou ωk =

(

−λ2

λ1

)1/n

,
(

θk = ω−1
k

)

, k = 1, 2, . . . , n. Shmei¸nonta
 me dk =
c1 − ωkc2

1 − ωkkai gia |λ2/λ1| < 1, èqoume:
|z − dk| =

∣

∣

∣

∣

α1 − ωkα2

1 − ωk

− c1 − ωkc2

1 − ωk

∣

∣

∣

∣

≤ |α1 − c1| + |ωk||α2 − c2|
|1 − ωk|

≤ R1 + ωR2

|1 − ωk|

≤ R1 + ωR2

|1 − |ωk||
=

R1 + ωR2

1 − ωkai epiprìsjeta
∣

∣

∣

∣

dk − c0

c1 − c2

∣

∣

∣

∣

=

∣

∣

∣

∣

ωk − ω2

(1 − ωk)(1 − ω2)

∣

∣

∣

∣

=
|ωk|

| 1 − ω2 | =
ω

1 − ω2
.Epomènw
 apì ti
 parap�nw sqèsei
 prokÔptei ìti

|z − c0| ≤
ω|c1 − c2|

1 − ω2
+

R1 + ωR2

1 − ω
= ρ. (Aþ.5)An |c0| > ρ, profan¸
 h arq  twn axìnwn br�sketai ektì
 tou kÔklou pou anafèretaisthn (Aþ.5), o de tìpo
 Γ an kei entì
 tou daktul�ou

|c0| − ρ ≤ |z| ≤ |c0| + ρ. (Aþ.6)Epiplèon, an p�roume
θ = arc sin

(

ρ

|c0|

)

,h jèsh tou tìpou Γ br�sketai ston tomèa, pou or�zetai sthn (Aþ.6) kai m�lista isqÔei
Arg c0 − θ ≤ Arg z ≤ θ + Arg c0.An ìmw
 isqÔei |c0| ≤ ρ, profan¸
 to f�sma σ(f) entop�zetai ston kuklikì d�sko, oopo�o
 perigr�fetai apì thn (Aþ.5). ¥
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Parat rhsh Aþ.1 ParathroÔme ìti, to Γ mpore� na e�nai èna pollapl� sunektikì sÔ-nolo,
• epeid  gia r1 > ωR2 èqoume

|z − dk| ≥
| |α1 − c1| − |ωk||α2 − c2| |

1 + |ωk|
≥ r1 − ωR2

1 + ω
,

• en¸ gia R1 < ω r2 e�nai
|z − dk| ≥

ωr2 − R1

1 + ω
.Parat rhsh Aþ.2 Gia λ1 = λ2 = 1, tìte ωk = n

√
−1 kai ω = |ωk| = 1. 'Etsi,èqoume

|z − dk| ≤ R1 + R2

|1 − ωk|

• kai sthn per�ptwsh ìpou r1 > R2 , isqÔei |z − dk| ≥
r1 − R2

2

• en¸ gia R1 ≤ r2 èqoume, |z − dk| ≥
r2 − R1

2
.
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Aþ.2 MATLABAþ.2.1 Algìrijmo
 sustol 
 arijmhtikoÔ ped�ouH eswterik  prosèggish tou NR[A] , ìpw
 aut  perigr�fetai apì thn Prìtash 2.1 prag-matopoie�tai me ton parak�tw algìrijmo kai efarmìzetai apì to prìgramma MATLAB.Algìrijmo
B ma 1. Eis�getai o p�naka
 A.B ma 2. Gia èna prokajorismèno arijmì k < n , eis�gontai k auja�reta grammik�anex�rthta dianÔsmata x1 , . . . , xk ∈ C
n.B ma 3. Orjokanonikopo�hsh twn dianusm�twn x1 , . . . , xk odhge� sta dianÔsmata ξ1, . . . , ξk.B ma 4. Upolog�zetai o p�naka
 B = [ξ∗i Aξj] i, j = 1, 2, . . . , k.B ma 5. Sqedi�zetai to NR[B], me th mèjodo twn polug¸nwn [HJ].B ma 6. Epanalamb�netai h diadikas�a gia k�je �llo sÔnolo dianusm�twn.Prìgramma me to opo�o upolog�zetai to NR[A] gia k = 3.
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Aþ.2.2 Algìrijmo
 prosèggish
 arijmhtikoÔ ped�ou kanonikoÔp�nakaO algìrijmo
 anafèretai sthn kataskeu  tou p�naka P th
 (2.1), ètsi ¸ste to
NR[P ∗AP ] na e�nai eggegrammèno sto polÔgwno pou taut�zetai me to arijmhtikì pe-d�o kanonikoÔ p�naka, ìpw
 apode�qjhke sto ed�fio 2.1.
B ma 1. Eis�getai èna
 kanonikì
 p�naka
 A ∈ Mn.B ma 2. Sqedi�zetai to NR[A] .B ma 3. Upolog�zontai ta idiodianÔsmata xi , i = 1, . . . , n tou p�naka A kai epilègo-ntai eke�na pou antistoiqoÔn sti
 k korufè
 tou polug¸nou.B ma 4. Eis�getai èna monadia�o di�nusma u = [c1 c2 . . . ck ]⊤ me k ≤ n ìpou ci e�naioi suntelestè
 th
 grammik 
 èkfrash
 tou υ apì ta idiodianÔsmata xi .B ma 5. Gia k�poio cj 6= 0 , 1 ≤ j ≤ k kai gia k�je t = 1 , . . . , k or�zontai ta dianÔ-smata ξt = xt −

c̄t

c̄j

xj , t 6= j.B ma 6. OrjokanonikopoioÔntai ta dianÔsmata ξ1 , ξ2 , . . . , ξk−1.B ma 7. O p�naka
 P = [w1 w2 . . . wk−1] or�zetai apì ta orjokanonikopoihmènadianÔsmata.B ma 8. Upolog�zetai o p�naka
 P ∗AP kai sqedi�zetai to NR[P ∗AP ].
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Numerical Range of Matrices of Special Form
by

Maria Adam

Let Mn be the algebra of all n × n complex matrices. For a matrix A ∈ Mn the set

NR[A] = {x∗Ax : x ∈ C
n , x∗x = 1 } (A.1)

is called numerical range or field of values of A, R.Horn-C.Johnson, see ”Topics in

Matrix Analysis”, pp. 1-88.

In Chapter 1 of the thesis, the NR[A] is expressed as the union of the numerical ranges

of matrices of dimensions k × k, for 2 ≤ k < n, and it is proved that

NR[A] =
⋃

ξ1,...,ξk

NR(









ξ∗1Aξ1 . . . ξ∗1Aξk

...
...

ξ∗kAξ1 . . . ξ∗kAξk









),

where ξ1, . . . , ξk run over all sets of k orthonormal vectors of C
n. In this way, each set

in the union can be considered as an inner approximation or compression of NR[A] .

Since NR[A] and NR[e2 i θĀ ] are symmetric with respect to the straight line y =

(tan θ) x, we have proved that

Co {NR[A] ∪ NR[e2 i θĀ ]} = NR (
1

2

[

A + e2iθĀ −i(A − e2iθĀ )

i(A − e2iθĀ ) A + e2iθĀ

]

) (A.2)

where 0 ≤ θ ≤ π. Therefore, NR[A] is presented as the intersection of numerical

ranges of 2n × 2n matrices on the left side in (A.2) as the line y rotates around the

origin. Moreover, for θ = 0 (A.2) leads to the equality

Co {NR[A] ∪ NR[Ā ]} = NR

[

M N

−N M

]

where M, N ∈ Rn×n are defined by A = M + iN, and NR[A] lies inside the numerical

range of a real matrix.

These results can be generalized if we replace in (A.1) the euclidean inner product with

the indefinite scalar product on C
n, since there exists an invertible hermitian matrix S,

such that < x , y >S = y∗Sx. The S-numerical range of A is defined through

WS[A] = { < Ax, x >S

< x, x >S

: x ∈ C
n < x, x >S 6= 0 } = W+

S [A] ∪ W+
−S[A],
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where

W+
S [A] = {< Ax, x >S : x ∈ C

n, < x, x >S = 1 }.

We present some new properties of W+
S [A], and we show that for any indefinite hermitian

matrix S,

NR[A] ∩ W+
S [A] 6= ∅.

Moreover, if the hermitian matrix S has at least one positive eigenvalue then

W+
I2⊗S[A ⊕ B] = Co {W+

S [A] ∪ W+
S [B] }. (A.3)

By (A.3) we lead to equality

Co {W+
S [A] ∪ W+

S [ e2iθĀ ] } = W+
I2⊗S(

1

2

[

A + e2iθĀ −i(A − e2iθĀ)

i(A − e2iθĀ) A + e2iθĀ

]

)

where 0 ≤ θ ≤ π. The two last equalities yield

W+
I2⊗S(

[

A O

O Ā

]

) = W+
I2⊗S(

[

M N

−N M

]

),

where θ = 0 and A = M + iN , M, N ∈ Rn×n.

In Chapter 2 the approximation of numerical range of normal matrix A is investiga-

ted. Let λ1 , λ2 , . . . , λk ( k ≤ n ) be eigenvalues of a normal matrix A ∈ Mn such that

NR[A] = Co{λ1 , . . . , λk } and x1 , x2 , . . . , xk be the corresponding orthonormal eige-

nvectors of A. For a given unit vector υ =
k

∑

j =1

cjxj , |cj| 6= 0 the point υ∗Aυ belongs

to int NR[A]. Denoting E = span{ υ } as subspace of W = span{x1 , x2 , . . . , xk }, we

consider the n× (k − 1) matrix P = [w1 w2 . . . wk−1 ] where w1 , w2 , . . . , wk−1 is an

orthonormal basis of E⊥
W . Evidently, P ∗P = Ik−1 and PP ∗ is an orthogonal projector

onto E⊥
W . It is proved that

NR[P ∗AP ] ⊂ < λ1 , λ2 , . . . , λk >

and ∂NR[P ∗AP ] is tangent to all the edges of the polygon at the points

ρτ =
|cτ+1|2 λτ + |cτ |2 λτ+1

|cτ+1|2 + |cτ |2
(τ = 1, . . . , k − 1) ; ρk =

|c1|2 λk + |ck|2 λ1

|c1|2 + |ck|2
.
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Further, we structure a matrix P1, such that ∂ NR[P ∗
1 AP1] is supported by some edges

of ∂ NR[A].

The inverse problem, where NR[G] is approximated outside a polygon, is investigated

further. Indeed, let

D̂ = diag(
p1 + p2 + 3iq2

2
, p1 + iq2 , p1 + iq1 ,

p1 + p2 + 3iq1

2
, p2 + iq1 , p2 + iq2 ),

where H(G) , S(G) are the hermitian parts of G = H(G) + i S(G), and we denote

p1 = λmin(H(G)) , p2 = λmax(H(G)) , q1 = λmin(S(G)) , q2 = λmax(S(G)).

Then we show how the NR[G] is dilated to a circumscribed hexagon defined by D̂ .

In Chapter 3 we consider the matrices A1, A2, . . . , Ak ∈ Mn and the joint numerical

range defined by the set

JNR[A1, . . . , Ak] = {( x∗A1x , x∗A2x , . . . , x∗Akx ) : x ∈ C
n , x∗x = 1 }.

This is also called k-dimensional field of k matrices and, clearly, for k = 1 the joint

numerical range is identified with the numerical range of the matrix A1. In the sequel,

it will be denoted by JNR[Am]km=1 . The joint numerical range is always a compact and

connected set, but it is not always convex. The convexity of the joint numerical range is

known for hermitian matrices when n = k = 2 and n ≥ 3 , k ≤ 3. Here, we refer

to some new properties of JNR[Am]km=1 , and it is proved that for a family of linearly

independent hermitian bordered matrices of the form

Sm =















am1 am2 . . . amn

ām2 0 . . . 0
...

... O

āmn 0















; m = 1, . . . , k

for n ≥ 3 and 3 ≤ k ≤ 2n − 1 , JNR[Sm]km=1 is an hyperellipsoid in R
k with ce-

nter 1
2
(a11 , . . . , ak1) and nonempty interior. Analogue results are formulated for special

3 × 3 tridiagonal matrices or (2µ − 1)-diagonal hermitian matrices, since such matrices

are presented in Graph Theory.

In the last chapter, let C[z] be the algebra of polynomials in one variable z with coeffi-

cients in C , and let

W (z) =

[

pij(z)

qij(z)

]n

i,j=1

(A.4)
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be a n× n rational matrix function, where the elements pij(z), qij(z) ∈ C[z] and qij(z)

are not identically zero. Denoting m(z) = l.c.m.{qij(z) : i, j = 1, . . . , n} we have,

W (z) = m(z)−1P (z), (A.5)

where P (z) = Amzm+Am−1z
m−1+. . .+A1z+A0 is a matrix polynomial and deg{m(z)} ≥

deg{P (z)}. For W (z) in (A.4), the set

NR[W (z)] = {z ∈ C\σ(m) : x∗W (z)x = 0, for some nonzero x ∈ C
n},

is known as the numerical range of W (z) , where σ(m) is the spectrum of m(z). By

(A.5) we obtain

NR[W (z)] = NR[P (z)]\σ(m)

where

NR[P (z)] = { z ∈ C : x∗P (z)x = 0 , for some nonzero x ∈ C
n }.

The bounds of NR[P (λ)] are known, and thus we obtain a location for the rational matrix

function. Furthermore, denoting σ(W ) = {z : det W (z) = 0} the spectrum of W (z) ,

and for z0 ∈ σ(W ), there exists a nonzero vector x0 ∈ C
n , such that W (z0)x0 = 0.

Hence, z0 ∈ NR[W (z)], i.e. σ(W ) ⊂ NR[W (z)]. Moreover, NR[W (z)] is not always

closed. Finally, a location of the derivative of the numerical range of a rational matrix

function is investigated, and we see that if the roots of m(z) are interior points of the

ring ∆2(0 : r1, R1) , and NR[P (λ)] belongs to the ring ∆1 ( 0 : r , R ) , then NR[W
′

(z)]

lies in the ring

D1 = {z : min{( r1 , r − R1 } ≤ |z| ≤ n2 R + n1R1

n2 − n1

}, when r > R1,

or it is subset of the ring

D2 = {z : min{ r , r1 − R } ≤ |z| ≤ max{R1 ,
n2 R + n1R1

n2 − n1

} },

when R < r1. Then, these results are applied on the connectedness of NR[W (z)] .
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[K] R.Kippenhahn, Über den Wertevorrat einer matrix, Math. Nachr. , 6 (1951),

193-228.

[KRS] D.S.Keeler, L.Rodman and I.M.Spitkovsky, The numerical range of 3x3 matri-

ces, Linear Algebra and Applics, 252, (1997), 115-139.

[LMZ] P.Lancaster, J.Maroulas and P.Zizler, The numerical range of selfadjoint ma-

trix polynomials, Oper. Theory, Advances and Applics, 106, Birkhauser, Basel,

(1998), 291-304.

[LTU] C.K.Li, N.K.Tsing and F.Uhlig, Numerical ranges of an operator on an indefinite

inner product space, Electronic Journal of Linear Algebra, 1, (1996), 1-17.

[LP] C.K.Li and Y.T.Poon Convexity of the Joint numerical range, SIAM J. on

Matrix Analysis and Applics, 21, (2000), 668-678.

[LaR] P.Lancaster and L.Rodman, Algebraic Riccati Equations, Clarendon Press,

Oxford, 1995.

[LR1] C.K.Li and L.Rodman, Numerical range of matrix polynomials, SIAM J. on

Matrix Analysis and Applics, 15, (1994), 1256-1265.

88



[LR2] C.K.Li and L.Rodman, Shapes and computer generation of numerical ranges of

Krein space operators, Electronic Journal of Linear Algebra, 3, (1998), 31-47.

[Md] M.Marden, Geometry of Polynomials, American Mathematical Society, RI,

1966.

[Mk] A.Markus, Introduction to Spectral Theory of Polynomial Operator

Pencils, American Mathematical Society, Providence, RI, 1988.

[M1] B.A.Mirman, Numerical range and norm of a linear operator, Voronež. Gos.
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Sumbolismo�
R to sÔnolo twn pragmatik¸n arijm¸n
C to sÔnolo twn migadik¸n arijm¸n
C

n   R
n o q¸ro
 twn n-di�statwn dianusm�twn(st lh) me stoiqe�a apì to C   R

Mn h �lgebra twn n × n pin�kwn me migadik� stoiqe�a
C[z]   R[z] h �lgebra twn poluwnÔmwn mia
 metablht 
 zme suntelestè
 sto C   R

Re z = (z + z̄)/2 to pragmatikì mèro
 tou migadikoÔ arijmoÔ z

Im z = (z − z̄)/2i to fantastikì mèro
 tou migadikoÔ arijmoÔ z

[a , b] eujÔgrammo tm ma me �kra ta a , b ∈ C   R

x ◦ y ≡ y∗ x eswterikì ginìmeno twn dianusm�twn x , y

< x, y >S = y∗ Sx aìristo eswterikì ginìmeno w
 pro
 S

‖x‖ = (x∗x)1/2 h Eukle�dia nìrma tou dianÔsmato
 x

Co { A } kurt  j kh tou sunìlou A

int A eswterikì tou sunìlou A

∂ A to sÔnoro tou sunìlou A

∆( c : r , R ) daktÔlio
 kèntrou c eswterik 
 akt�na
 r kai exwterik 
 R

projox A probol  tou A ston �xona ox

span{x1, . . . , xn} o q¸ro
 pou par�getai apì ta x1, . . . , xn

A⊥ to orjog¸nio sumpl rwma tou A

dim(A) h di�stash tou A

A⊤ o an�strofo
 tou p�naka A

A−1 o ant�strofo
 tou p�naka A

Ā o suzug 
 tou p�naka A

A∗ o anastrofosuzug 
 tou p�naka A

diag(a11 , . . . , ann ) diag¸nio
 p�naka
 me diag¸nia stoiqe�a a11 , . . . , ann

A ⊕ B = diag(A , B) eujÔ �jroisma twn pin�kwn A , B91



det A h or�zousa tou p�naka A

adjA o sumplhrwmatikì
 tou p�naka A

trA to �qno
 tou p�naka A

rank(A) bajmì
 tou p�naka A

H(A) = (A + A∗)/2 ermitianì mèro
 tou p�naka A

S(A) = (A − A∗)/(2i) ermitianì mèro
 tou p�naka A

σ[ ] f�sma (sÔnolo idiotim¸n)
NR[A] arijmhtikì ped�o tou p�naka A

WS[A] S-arijmhtikì ped�o tou p�naka A

W+
S [A] jetikì S-arijmhtikì ped�o tou p�naka A

r(A) arijmhtik  akt�na tou p�naka A

JNR[Am]km=1 sunjetikì arijmhtikì ped�o pin�kwn Am, m = 1, . . . , k

JNR±
S [Am]km=1 S-sunjetikì arijmhtikì ped�o twn pin�kwn Am

Re−JNR[Am]km=1 pragmatikì sunjetikì arijmhtikì ped�o twn pin�kwn Am

P (z) poluwnumikì
 p�naka

deg{m(z)}   deg{P (z)} bajmì
 poluwnÔmou   poluwnumikoÔ p�naka
NR[P (z)] arijmhtikì ped�o tou poluwnumikoÔ p�naka P (z)

W (z) rht  sun�rthsh p�naka
NR[W (z)] arijmhtikì ped�o rht 
 sun�rthsh
 tou p�naka W (z)

FF[W (z)] ped�o sunart sewn
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93


