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EYXAPIYTIEXY

‘Exovtags odokAnpaoet tny napovoa dwatpipn a neda va evyapiotiow :

Tov empAérovta AvarAnpwtn KaOnyntn Iwdvvn Mapould, tov Topéa MaOnuatikdy
tov E.M.IloAvteyvelov, mov owvéBale kalopiotikd ya va epyacie epevvnuikd otny
mepoyn s Ipappuxns Adyefpas kar pe tig 16ées, mpotdoes kar vrodeielg tov, va
mpooeyylow olyyporva epevvntikd mpopAnuata twy aptiuntikoy medlwy, tapéyovtas

addronn evOdppuron kar auépiotn vrootnipién katd tn didpkeia tng épevvag avtrg.

Tov KaOnyntn E. AyyeAérovdo, tov Touéa Mainuatiksv E.M.IIohvteyvelov kar tov
Erikovpo KaOnynty A. Xpvodkn, tov MaOnuatikoV Tunpatos tov Iavemotnuiov
Alnrvdv, yia tnr ovupetoyn) Tous 0Ty TPIUEAN €MTPOTH €KTEYNONS TS O1aTPIBIS.

Tous Katinyntés X. Avopeaddxn tov MaOnuatikot Tunuatog tov Havemotnuiov A-
Onrav, K. Aaoxapion tov Topéa MaOnuatikwy E.M.IIoAvteyveiov kar tovs AvamAn-
pwtés Kalnyntés X. Kapavdow, Y. Aapumponotdov mov déyinkav va ovupetéyovy
otny entauednj eletaonikn emrponr). Eywe kdle ovvarr mpoonddaa, wote o tapa-

TNPNoeS Tous va evowuatwioly 0to TeAlko Keluervo.

Tov Topéa MaOnuatikdy ya to Jetiké axadnuaiké kAiua kai Tny oLkovoulkr) vmo-
othpién mov uov mapetye, dedopévov ot pépog TS O1aTPIPS pov exmovijinke katd Tn

ddpkela mov Nuovy vrétpogos tov KAnpoootnuaros «X. Iarakypiakdémovdogy.

Ogeldw evyapoties otovg 610doKkovTeS aAAd Kal 0TOUS UETATTUXIAKOUS POITNTES TOU

Topéa MaOnuatikaor ya tny ev yéva ouvvepyaotia.

Mapia X. Addu
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EIXATOQI'H

H Yewplo TV TETRAYOVIXDY UOpQOY %L Ol EQUEUOYES TOUS Topouctdlovion ot SLdpopeg
TEPLOYES TV UONMUATIXWY %Al SAAWY EToTNU®Y. Eréxtacn tou aviixewévou autol o€
TENEQUCUEVT] 1) dmeter) ddoTaoT elvon N Yewpla Tou apriuntixod nediov.

To apriuntixd nedlo tetpaywvixol nivaxa A ue uryodd otoyeio NR[A], etvor to
oUYOAO TV Utyadxwy apluwy x* Az, 6tou x elvon onoodhrote Stdvuoua TN uovadtoiog
ogatpac. Ot évvoleg autég €youy yevixeLdel xon yia Evay QeayUEVo YeauUixd TEAECTY TOU
dpa o€ évayv yweo Hilbert. To civolo autd Ty uryadwwy apruny oyetiletar xat Bploxet
eQapuoYES oe Tohudpriuoug xar SlapopeTolg XAABOUC TV VEWENTIXOY XAl EQUPUOCUE-
VOV ETOTNUOY, OTwe Vewpla TEAEOTOY, ouvaptnoluxy avdiuor, C*-dhyeleec, dhyePBpeg
Banach, vopuec mvdxwy, aprduntxr avdivor, Yewpio Statapaywy, dewplo cuotudtwy,
Tohuwvuuxol Tivaxeg, xBavtiny| guotxy, Vewpla TAAAVTWOOEWY %ot XVUATWY, EAACTXTH VEW-
pla, udpounyaviey x.A.m.

X BiBhoypapio to 1918 cuvavtdue tic epyaoieg twv O.Toeplitz [T] xar F.Hausdorff

[H], mou anédetZav tny xuptdTnTa Tou aprduntixol nediov.
Y dexaetio Tou ‘50 cuvavTdue epyaciec UE YEWUETOLXES WBLOTNTEC TOU GUYOAOL, AVAUETA
0T OTOlEC avaPERETAL XAt 7] a&LOAOYY OLOTNTA YLl XAVOVIXO TvVoXd, OTL TO oEUIUTNTIXO
Tou edio elvon 1 xupTH Vxn TV WoTweyY Tou. Emmiéov yivetar cagéc mwe, av yvwpllel
xavelc o apriuntxd medlo, €yel TN SUVUTOTNTO VoL EVIOTIOEL TNV TEQLOYY TOU ULyadtxo
emnéSou oTNY oTolo oL LBLOTUIES AVAXOLY, XAUTA CUVETELL AVTAEl TANPOQoplee, oyeTXd UE
NV eusTAVELd XL TNV OUUAGTNTA TOU TiVoXAL.

Ou ftay mapdherdn vor unv avagépouue Ty Yewplo Tou apriuntxold tedlov TohuwvuuL-
%00 mivaxa. Mohic ota uéoo tng mponyoluevng Sexaetiog dnuoctebetal 1 TewmTr epyacia
twv C.K.Li xou L.Rodman [LR1] n onota eivon €€ ohoxhfipou aglepwuévn ot UEAETH aUTOY
TOU GUVOAOU, X EXTOTE UTdpy oLV apxetéc epyaoiec [LMZ],[MMP],[MP1,MP2,MP3 MP4],
[PT] x.k.n. mou avoagégovtar 6° auto.

ISiaitepo evdlagépov Tapouatdlouy ot yevixeloel Tng €vvotag tou aptduntxol tedlou,
ot onoieg €youv Tapouctaciel cuyxevtpwTixd 6o Pi3Aio Twv R.Horn, C.Johnson ”Topics in
matrix analysis”. O F.Hausdorff [H] napousiooe tnyv npdtrn yevixeuon, yio wia otxoyéveta

Ay, A gpuiTiavey Tvaxwy T8EN 1 xon 6ploe 10 LVIETLXO apLiunTLX6 Tedlo we



TO GUYOAO TWV SLAVUCUTWY
{("Ayz, " Age, ..., 2" Ag) © z€C", 2"z =1} C R"

AVOPWTWUEVOS TAUTOYPOVAL YLl TNV XUPTOTNTA Tou cuvohou autol. To 1983 o Au-Yeung,
Tsing [AT] andvtnoayv yio v xuptdTnTa ToU GuVDETXO) aprunTxol nediou, dtav ot Ti-
voxeg elvon gputttavol xou u€ypl teec 1o mAdoc. EmmAfov ov P.Binding, C.K.Li [BL]
xow C.K.Li, Y.Poon [LP] éyouv napouctdcet apxetd anote éouota yLo Tt TOTOROYIXES Xau
YEWUETEIXES OLOTNTEC TOU cUYVIETIX0) apriunTixol Tediou.

Ov egapuoyéc tou apuuntixod mediou ebvan Wialtepa evdagepovoes. Tar Tapdderyua,

ag utovécouue 6Tt A elvor n X 1 TEAYUATIXOS TEWDLYWVIOE TVIXAS TNS UOop®TC
i) a;=0, ywo [i—j[>1
il) ai,i+1ai+17i<0, Y 1=1,...,n—1.

Térowot mivaxeg mapovotdlovtar otny apruntixg Ao twv uepwny Awgopay Ellonoe-
OV XL XATA TNV AVAAUCT] TWV SUVAULXWY CUCTNUATWY, TOU GUVAVTWVTAUL GTY) L) nuaTixy)
Brohoylo. Kot otic 800 mepintooelg, oL ThAnpo@opieg oL anopeEouY GYETIXA UE TO TEOYUO-
X6 Upog TV WoTw®Y Tou Tivaxa A elvon ToA) onuavTié, apxel vo UEAETACOUUE TO
apruntxd nedio tou mivoxa. Luyxexpuuéva, Yy xdie Wotuh A tou nivaxa A éyouue

min a; < ReA < max a;.
1<i<n 1<i<n

Mt amddeln tne mopandve Stamiotworng etvon apxetd amhn, av YeNoUIOTOW|COUUE TS WBLO-

ntec Tou aprduntixol Tediov, Tou tapouctdlovtal oTo eddwto 1.1. Oewpoduc Tov daymvlo
ntee PN ’ e o L1.1. pouL Y

nivoaxa D = diag(dy,...,d,) 6mou
a 1/2
i,i—1 .
d1:1 AAL di:dz’—l s 222,...,71.
Qi—1 4
O tpWayoviog nlvaxag B = D'AD EYEL DayWVLAL OTOLYEl A1, .., Qpp XOL ETEWDY) OL
A, B eivar 6uotor, €youv to 8o oivolo Wotwdy of |, ondte

Reo[A] = Reo[B] C ReNR[B] =NR [%(B + BT)]
= NR[diag(ai1,... , ann)]

= Co{air, .., G} = [minaii, ma,xaii} )
7 1



Yroyog autic tng dtatpBric elvan 1) €geuva TV UETUB0ADY Tou emépyovTol oTo dptiun-
6 medlo mivona, 6ta exppaclel auTd cav EVworn aEIUNTIXWY TESIWY TVAXWY UXEOTERTS
didotaong 1 ooy Toun apulunTix®y TEdlwy TeayUATX®OY Tvdxwy Simhdotag ddoTaong. Ot
1déeg xou To amoteréouata Tou €youy Tpoxlel and To apriunTxd Tedio tivaxa Yo otodolv
AEAET YPHOULA YLt T1) UEAETT] TV ILOTATWY ULIC OWOYEVELS Tvdxwy. Eldwdtepa Yo ee-
TACOUUE UL OLXOYEVELN EQULTIAVMY TLVAXWY, YA TOUS OTOLOUC 1) XUPTOTNTA TOU GUVUETIXOD
aprlunTol toug medlou eCacpaiiletar. Télog, Yo pog anacyorfcouv ot UETABOAES TOU
apriunTixol ediou ToAumvuuLxoU Tivaxa xot oL WOTNTES PNTHS CUVAETNONG Tivaxa xomg

X0l 0 EVIOTLOUOS TOU QAoUATOS TG 6TO Utyadixd eninedo.

H mapoloa St anoteheiton and téoocpa xe@dhona. 110 xe@dioo 1 mapovoidlo-
VTOL YopaxTNEWOTXES WoTNTEC Tou apruntixol nediou TeTpaywvixol mivaxa, 6twe extorng
7 yewuetpla Tou 6T0 Utyadixd eninedo. Axohoudel uta yevixeuon tou optouol Tou apriun-
oL medlou mivaxa, YENoUIOTOWWVTAS AOPIGTO EGMWTERXO YWOUEVO Xal eEETAlETAL 1) OYEoT
TOU UE TO YVWOTO apwluntixd medlo. Xto tehevtaio e8dgro, Yo TapouclacTody amoTENE-
ouota TV aopoly 1o apriunTnd nedio TVAXWY EWBC LOPPTC, CUYXEXQUIEVOL YOVLIXWY,
Teayovioy xat (2u - 1)-Strywvioy mvdxoy.

Y10 xe@dhono 2 UEAETAUE TN cLCTOAY| apriunTixol medlou xavovixol wivaxa, WoTE 1
oLEEWVOVUEVY Teploy | var TauTiCeTon ue to apriuntind medio xatdAAniou mivaxo UtxpOTE-
en¢ SLdoTaoNC %Al TO GUVORH TOL VoL EQATTETOL OE OAES 1) OF UEPLXES TAELPES TOU aRYLXOU
Tohuywvxol apruntixol nediou. Eniong eletdleton to avtiotpogo mpoBinua, n enéxtao
Tivoxa og xovovixd mivoxa, €1ol woTe To aptdunTxd edlo Tou xavovixol Tivaxa, Vo EuTe-
péyeL To apytxd apriuntixd medio xar udhoTa va etvar epantouevo tou. llapouotdleton pia
TEOGEYYIGT) TOU apytxol aprdunTixol Tediou UE TNV XATAOKEVY| TEQLYEYRAUUEVOU ECAYWMVOU
o€ qUTO.

Y10 xe@dlono 3 mapouctdlovTal VEEC WLOTNTEC Tou cLYUETIXOD TEdiOU ULC OoYEVELC
TVEXWY X0t WLUTERA SLATUTIOVOVTAUL GUUTERACUATA ENTL TNC XUPTOTNTAS YLOL OLXOYEVELDL EQLL-
TLAVOV YWVLIOXWY TVIXWY XL YL OLXOYEVELXL EQULTIAVAY TELSLAYWVImY Tvdxwy. Y10 Téhog
TOU XEPoAa{oU UEAETATOL 1) EOWTEPXT TPOGEYYIOT TOoU cuVIETIXOU apLiunTXXo) Tedlou Twv
(2p — 1)-Storywviwy epUITIAVOY TVEXWY.

Y10 xe@dhano 4, e€etdlovtan véeg uévodotl evioniouol 6To Uryadixd eninedo tou apriun-
100 TEdloU TOU TOALULYLULXOD Tiivaa. ALITUTOVOVTAL 0 0pLOUOS XL OL BLOTNTES TNE PNTAC

ouvdptnong wivaxa xadwg extone tpoodopileton 1 Véon Tou apriuntixol tng nedlou Omwg



X0l TG TUEAYWYOU TNG oLVAETNoNE oTo Utyadixd eninedo, ue ) Porlelo anhoy ywelwy.
Téhog, axohowdet to [opdotnua, 6Tou 6T0 TEWTO UEEOC UEAETATOL O EVIOTIGUOE TOU (4
OUOTOC YRUUULXOU GUVELAGUOD BolumTOY TOAWVIUGY EVIOC ATAWDY YEWUETELXWY TOTWY
xou 070 deltepo U€pog mapouatdloviar o yerouuot ahydorduol xau Ta avTicTor o TEOY EdU-
uota MATLAB, yua tov oyediaoud tng cuctolfic aprduntxot tedlou mivoxa xoddg xat yia

TNV TPocEYYLon apriunTixol Tediou xavovixol mivaxa.



Kecpo’c)\ou.o 1

APIOMHTIKO ITEAIO ITIINAKA

1.1 Opiopol - IdLotnTeg

‘Eotw M, 1 dhyefpa 6wV TV n X n mvdxwy ue uryadd otoyelo. Av A € M,

ovoudlouue apiiunuixd medio (numerical range 1 field of values) tou nivoxa A 1o clvolo
NR[A| ={2"Az : 2ze€C" ue z'z=1}. (1.1)

To 6Uvoho twv oty tou A Yo ovuBoliletar ue o[A] = {A € C : det(A\[—A) = 0},
mou elvar Yvwotd xar wg pdoua tou A. Ermedy| vy 1o povadiaio wodidvucua x € C”

avtiotoryo e A wWotwrc wylel, ¥ Ar = 2¥*(A\x) = Az*x) = A, elvon pavepd 61t
o[A] € NR[A].

To apruntixd nedio NR[A], unopel enione va Yewpnldel xou ooy 1 exdva tng emtpdvetag
e wovadtadac ogaipac S = {x € C" : z*z = 1}, mou elvon éva ouunayéc oOvVolo,
uéow TNg ouveyolg anewodvione  —— x*Ax. 'Etol edxola mpoxinTel 6Tt T0 NR[A] eivor
€V GUUTAYES, XAELGTO XaL ETOUEVWS ppayUEvo uTocivolo Tou C. TMo uta mo euneptoTa-
TUEVY UEAETN o euBduvorn ota YVwotd arotehéouata Yo To apruntixd nedto, umopel
xovele va avortpéZet ota Biila twv R. Horn xou C. Johnson [HJ], xodée enione xar twv K.

Gustafson xou D. Rao [GR]. Ed& unevivuilovue Boaouxéc diotnree.

1.1 T a,b € C xo yio A € M,, woyber NR[aA+ bI] = aNR[A] + b.
1.2 T xdde A, B € M,, éyouue NR[A+ B] C NR[A] + NR[B].
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1.3 T xdde A € M, wyler NR[A] = NR[AT] xav NR[A] = NR[A*] = NRI[A].
1.4 Av A=B&eC, BeM,, CeM,;, té6re NR[A] = Co{NR[B]UNR|[C]}.

1.5 Eow A e M,, Q € Muxm e m < n xu Q'Q = I,, tote NR[Q*AQ] C
NR[A4], 0 Q*AQ ovoudletar wopetpikr) mpopodri tou A. Enuewdvetar 6T 1 106t T

toyVel Lovo Gtay 1 toouetola elvar ogdouovadiaio, dnhoadh av m =n
KVEL 1| LOOUETP puou ; ONAQOT) =n.

Me v Borldeta e mapandve WoTNTaC UTopoLUEe va oploouue To apriuntixd medlo evig

kavovikoU mivaxo A € M,,, (AA* = A*A) xon va €youue YU autoy Ti¢ eEhAC OLOTNTEC
1.6 Av A e M, eivor xavovixdc nivaxac, to6te NR[A] = Co{ o[A] }.
1.7 Av n <4, AeM,, tote NR[A] = Co{o[A]} axprc étav A eivou xavovixoe.

1.8 To NR[A] eivor xupt6é moAdywvo oxpBoe 6tay o mivaxac A elvar opdouovadiaio
A O

OUOLOC UE TOV
Ay

, omou 0 A; elvon xavovixde xou NR[As] € NR[A,].

1.9 T évay tetpaywvixod mivaxa A €youue :

(i) To NRJA] eivou xvpté vrocivoro tou C (Vewpnua Toeplitz - Hausdorff).

A
(ii) Av A = ! f ] € M, , t6te 1o NR[A] elvan eletntinde dloxog ue eotieg
2
T onuela A1, Ag, Ufxoc ueydhou dZova [[A; — Aof* + 1812 xou uhxog uxpot
d&ova |B].

1.10 [o évay nivaxo A € M,, wylet :

(i) A= A" axpPdc 6tav NR[A] C R.

(ii) NR[A] € Ry U{0} oxpBdde 6tav o A elvan Detind nuloplouévos mivonoac.

(iii) NR[A] € {# € C : Rez > 0} axpBide otav o A+ A* elvon Yetixd nutoptoué-
voc Tivoxac.

(iv) Av o A eivor opouovadaioc, téte 1o NR[A] elvon eyyeypauuévo nolbywvo

oTo Hovadiafo x0xho.

(v) Av A elvar mparyuatixée mivoxag, tote to NR[A] eivon oupuetpind we tpoc tov

GEOVOL TOVY TEUYUATIXWY dptduwY.



(vi) Av Ae M,,, k<n unonivoxoc ou A € M,,, tétre NR[A] C NR[A].

1.11 Téhog, mpoPdihoviag 10 NR[A] otov TEAYUATXG XoL QavTAoTIXG dEova xat cuufo-
Mlovtoc ue H(A) = (A+ A*)/2 o S(A) = (A — AY)/2i <o eppuniavd puépn tou
A, €youvue:

(i) ReNR[A] = NR[H(A)] = Co{o[(A+ A%)/2]}.
(i) ImNR[A] = NR[S(4)] = Co{o[(A — A*)/2i]}.

H apiunuixn axtiva tou A € M,, oplletar cav
r(A) = max{|z| : z € NR[A]}. (1.2)

1.12 Y11 cuvéyela avapépOLUE UEPXEC TOAD YVWOTEC WLOTNTES [AL], amapaltnTeES GTIC

ENOUEVEC EVOTNTEC :

(i) r(A) = r(4*) = r(A).
(ii) r(A; ® Ay) = max{r(4;), r(As) }.

~

(iii) r(A) < r(A), vy xdde unonivaxa A tou A.

1.2 Ilpocéyyion aprduntixol nedlov nivoxo,

Y10 eddgo 1.5 [HI] éyer napovoiaoiel uta uedodohoyio npocéyyionc tou aprduntixol
medlou mivonca amd 800 TOAOYwVA, EVa EYYEYPUUUEVO o EVal TEQLYEYPUUUEVOD G auTd. O-
Tav 1) Saopd Twv eUPASOY TV 300 TOALYOVWY YIVETOL JOXETA ULXQT), Ol XOQUPES AUTWY
OV TOAYOVOV «toutiovtay ue to 0 NR[A]. Aut ) Staducacior axohouvdel o alydpriuog
oty [MP1] xon egapudletar and 1o npdypouua MATLAB.

Kdémotog Yo unopotoe va npooeyyloer 1o NR[A] udvo eowtepind, ywplc tny mopandve
Sradixaota, Wéa 1 onolo tpwtoeugaviotnxe otny epyaocta [MP], énou ot cuyypagelc ano-
dewvlouy, yenoworolwvtag uévo opoydvia mpayuatikd StavOoUATO XUl UE GTOLYELWIELS
alyePpuéc mpdlews, ott 1o NR[A] elvar évwon aprduntixdv nediov mvdxwy 2 x 2, dnha-
3 eMernTixdv tepoy v ougwva ue Ty 1.9 (ii). ‘Ouwe, dnwe Ya dolue otny emduevn
TpoTaoT, elvan Suvatdy va tpoceyyloouue To aptdunTtnd medio evog n X n mvoxa ard -
untxd media mvdxwy ddotaonc k x k 6tav 2 <k < n, avtuetonilovtog étot to NR[A]

cav ULoL 01ao oA AV apriunTix®y TEdiwy, (0w YVOOTOTEPWY 1 EUXOAOTEQLV.
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IIpotaon 1.1 T b < n,
§AG .. AL

NR[A] = |J NR(| s (1.3)
et gAG L gAG
omou 1o Stavvouota &, ..., & Statpéyouy Gha Tor o0vola, To omola amoTEAOUVTAL oo K

opYoxavovixd Stavoouato tou C".

Anédedn Kdde didvuoua x € C" avixer 6" évay k-Sdotato undyweo E tou C". 'Eotw

ot &1, ..., & elvon uta opdoxavoviny| Bdon tou E, étot wote § € C". Tote

r=1[& & ... &lw

6mou w € Ck. Hpogavwg o Sidvuoua w etvar povadiado axp3ng dtay To Sdvucua o elvon
uovadiato, onoTe and TN oYEo
3 §AG . GAG
rAr=w" | [ A& .. Glw=w" : : w,
& §AG ... GAG
enolndeveton 1 (1.3). |

INa k = 2 ovunepaiveton yevixdtepo anotéheoua an’ autd twy [MP], ened| 1o eowte-

o6 tou NR[A] xohOnteton amd toug elherntixoie dloxoug
ETAG AL
§AG GAL

émou buwe {&1, &} elvon tuyaia optoxavovixd Staviouota xow oyt Lbvo mporyUatixd opdo-

NR( )7

yova [MP]. Emtmhéov ypetdleton va nopatnericovue 6t 1 «<xdiudny tou NR[A] mporyuo-
TomotelTan EUXOAGTERPAL XL YN YopeoTEpa av K > 2. Ko autd vy, to apriuntind nedia oto
de&i6 uéhoc tne (1.3) ebvon xuptd ovvola xan emtmhéov and tny 1.10 (vi) xatohouBdvouy
opxetd ueyahitepn emtpdveta tou NR[A] xadde to k auldvet. Autd axptfoc dtamotidveton

X0l AT TO EROUEVO TUPASELYUAL.

IMogdberypa 1.1 Eotw o mivaxoag

1 0 0 0

0 -1 0
A—

1 0 —1 0

1 0 01



Y10 Yyfua 1.1, ue v Bordeta tou mpoypduuatoc MATLAB (BAéne oeh. 79), éyouue
oyedidoel 1o NR[A], mou opileton ooy €vwon twy aptuntixmy mediny twv 2 x 2 xot 3 x 3

Twdxwy, otay egapudoovue Ty Ilpdtaon 1.1 ywo k=2 (endve ) xou k=3 ( xdto ).

Yyfuo 1.1: Endvew 1 mpocéyyior tou apruntxol nedlov vy k = 2, xdtw yw k = 3.

‘Evag dhhog tpomog mou umopel va ypnowwonownidel mooxeuévou va eviomovel 1o op-
\
untxé nedio mivoxa, etvar vor avtwetwniodel to NR[A], ooyt ovotodr) tou aprduntixod

medlou mivona ueyahitepng Télng, onwg Smotwvetor and Tic lpotdoeic 1.2 xoun 1.4.
Ilpétaon 1.2 Tw xdde nivaxa A € M, woylel

1| A+eA  —i(A—e¥A)

Co{NR[A] U NR[e*A]} = NR(; H(A - 07 At 0]

6mov 0 < 0 < .



Anéder&n Enedd and v WBiotnta 1.4 €yovue

o A O
Co{ NR[A]UNR[e*? A]} = NR ),
(NRIAJUNREPAT) = NR(| )
apxel va deiCouue ot
1 A+e2A  —j(A—e¥A A O
NR( = FetAd A=) g > .
21 i(A—e*A) A+ e A O e*0A

Av ypddpouue tov nivaxa A = M +iN, omov M, N € Ry, , yia xdde uovadwio Sidvuoua

x € C*™ éyouue

a4 o 1 .[1 o0 I —il M N Il
x ol = -z , T
O e*A 2 O e —il I -N M ol 1
11 i (14 €2 —i(1 — e¥)]
—= —X . .
| =il T i(1—e*)I (1+ eI
M N I il
X x
-N M ol 1
A+e?A  —i(A—e¥A)
U A I 5 5
- 9F i1 ® i(A— ¥ A) A+ e¥0A
2 2
([ o )
X ®I|x
11
A+ A —i(A— e A)
- 2. 2
=Yy Z(A _ eZz@A) A + eQzﬁA Y,
2 2
1 1 3
omov y = —( ®@ Iz. Av APouue unddn uag 6Tt toyver xa
V2|
1 1 — 1
vy = —ax*( . QI)(| ®@I)r = z*z = 1,
2 —7 1 7
T6TE POV 1) oyéon (1.4) enodniedeTo. |

ITépropa 1.1 T xdde nivoxar A = M +iN, ue M, N € R,«p,

Co{ NR[A] UNR[A]} = NR( M

vl (1.5)

10



Anéderdn H eliowon (1.5) npoxintel dueca and v (1.4), av Yéoovue § = 0. |

Xenowonowwvtag ta anoteréouata tou lloplouatoc 1.1 unopoldue vo xdvouue x3dmOLEC

M N
nopatnEoeS oyetxd ue v Véon tou NR( N ] ) oto uyadixd entnedo.
2 . 4 7 / M N
o T xde nivoxa A = M 44N, 7o aprduntixé nedio Tou 2n X 2n wivaxo N
€yeL d€ova ouuueTeiag TOV z'x, and v 1.10 (v).
o ECoutiog tng wodtnTag
M -N | O 1 M N O 1
N M| |I O||-N M||I O
€Y OVUE :
M —-N M N
NR( ) = NR( ) (1.6)
N M -N M

e Enedn oto deid uéhog e (1.5) o nivaxog eivar mporypatixds, and v 1.10 (v) ouvure-

patvetan 61t xou 1) nepoy ) Co{ NR[A] UNR[A] } efvon ovupetp) o mpoc Tov mpary atixd

dZoval, XAUTd GUVETELD EYOVUE :

M N
e ]) (L.7)

o Axburn and uc wotnieg (1.6) xau Im(z*Ax) = Re(x*(—iA)z), €yovue :

projo, NR[A] = proj,, NR( (1.8)

-M N

N M])

‘Onwe dueca SlamoT®VETUL Omd TNV ETOUEYY TPodTACT, ot llpotdoeg 1.1 xou 1.2 cuufdi-
Aouv xaoploTixd 6To Vo UdpZet Ut extiunon yio v apuntikn axtiva r(A) tou mivaxa

A, 1 onolo oplotnxe oty (1.2).

11



Ilpotaon 1.3

fikf‘élfl §i‘zf1§k 10
O 622‘6;1

7( )< r(A) = r(

) (1.9)

GAG .. GAG

Anédedn Ano v Ilpdtaon 1.1 etvon mpogpavég 61t, To apruntixd medlo Tou wivaxa oTo
deZi6 péhoc e oyéone (1.3) etvon unoclvoho tou NR[A], xatd cuvémela mpoxVnTeL 1

aviootnto oty (1.9). Tdpa yia v wwotnta, and my Widtnta 1.12 (i)-(ii) napatneodue

A0 20 1)1 — -
w5 )= me ), )y = ra),
agol r(e?®A) = [e2P|r(A) = r(A). [ |

"Hdn oty Ilpdtaon 1.2 1o apruntixd nedio Tou A civar utosivoho evog aprduntixo
medlou mivaxa peyahltepne didotoong, Uia xaL ouTd, EUTEPLEYEL xat To opunTed Tedlo
ivaxol To omolo neploTpégeTal YOpw and uto evdeio. Lo endueva o NR[A] mapouctdleto
oav tour) aprduntixwy nediwy, dtav n evdela y = (tanf)x mepiotpépeton Yipw and TNV

apy?| yra 0 <0 <.

Ilpétaon 1.4 T xde nivaxa A € M,

1 A 21’6A —i(A — 2i6A
NR[A] = () NR(; | ST 4 i ‘. D (1.10)
0<6<n 2 i(A—e*A) A+ e"A

Anéderln 'Eow z € NR[A]. Av XA =tanf, t6te 0 uyodixde oprdude

, 1+
2195_ +1 -

R

elval 0 GUUUETPXOC TOU 2z W Tpog TNy ewdela y = Ax. Enedn w € NR[G%Q_/Z”, To TEdla
NR[A] xou NR[e*?A] etvor oupuetpied w¢ mpog v eudela y = Az, enouévec ond Ty

(1.4) éyouue

A+eA  —i(A—e?PA)
i(A—e?A) A+ e¥A

1
[ NR(;

0<0<m

)= [ Co{NR[A]JUNR

0<6<m

Ej;ii&]}:NR[A].

12



Emnmiéov, av Oéoouue e WA = Sy + iTy, 6mouv Sy, Ty elvor mpayuatixol nivaxee, dueoa
; y ) 9 )

ond v (1.10) mpoxintel :
ITépropa 1.2

Se Th

NR[A] = [ NR(e" N
—410 0

0<6<m

). (1.11)

H Ipéroon 1.4 unodewvier évav dhlov tpémo mpocéyylone tou NR[A], o onolog eivou
YETYopOTEQOC amd TNV UEV0S0 TWV TOAUYWV®Y, Aol amuLTelTon €Vog « Utxpog » apliuog
yoviov 0 yu va eaogaricovue 1o aprduntixd medio tou wivaxa A, uéow Tng Tourc
TV apriunTxoy Tedlnv Tvdxwy StAdolag StdoTacne OTwe TNV (1.10). Auté axp3me

ToEOVCLACETOL XL UECA ATO TO ETOUEVO TUPAUOELY UL

2 —13 1
0 1—1
oto Yyfua 1.2 napovordlovue 1o apriunTtid nedio Tou mivoxa

2T

IMogddetypa 1.2 'Eotw o nivaxac A = . Téote yia 0 =0, Y

o] 3

T
6" 3’

A+e?A  —i(A—e*A)
i(A—e¥A) A+e¥A

1
2

g=Tri6

-1.51

-2.5F

-2.5 -2  -15 -1 0.5 0 05 1 1.5 2 25

Yyfuo 1.2: Awotold tou NR[A].

Kietvovtag 1o €8dgo, 1 avageploiue ot mivaxec mou avtioToryodv G «quaternionicy.
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Ievixetovtag v e€iowon (1.5), avalnrolue ) oyéon mou Undpyel aveUeca 6T apriunTxd,

nedla Ty Tdxmy

M N U V
-N M -V U
A B
C = o K = (1.12)
-B A .
-U Vo M —N
| -V -U N M

omou A= M+iN xaw B=U+1iV ue M, N, U, V € R, «p.
ITgétaon 1.5 T toug mivaxes C xow K tng (1.12) woyvet
NR[C] = NR[K].

Anoédel&n Av onuewocouvue ue R tov enduevo ogouovadialo mivaa

1 1 —

1 i 1 —1 1
R="= ® 1

2 — 1 7 1

-1 2 -1 —1

UeTd amo ahyePBowole uTohoylouolg €YouUE
R*KR = diag(C,C).
Axoun and e Wibtnree 1.5 xou 1.4 (BAéne oeh. 6) npoxinTel

NR[K] = NR|[diag(C,C)] = Co{ NR[C] UNRI[C] }.

0 —I 0 I
C
[I o] [—IO

éyouue NR[C] = NR[C'], ouvendg 1 wotnto twv NR[C] xow NR[K] eivar npogavric. B

Ened?| woy el xan

Yy eldu| tepintwon mou o wivaxag O elvor tng Lop@e

p+1iq U+t

C= otavp,q,u,v € R

—u4+1iw p—iq

unopolue ebxola va enadnievoouue 6t to NR[C] eivar to eudiypaupo turuo
[p—i\/q2+u2+v2 , p+i\/q2+u2+v2} .

14



1.3 Apuduntixd nedlo nivaxa (e AOPLGTO ECHTEQLXO YL-

véy.svo.

Muw and Tic moAAEC yevixeloel tng évvolac Tou aptiuntixod mediou efvar autr mou

npoxOnTeL, av oty (1.1) avtxataotadel to euxheldo ecwteptxd yvouevo otov C* ue 1o
<x,y>g=ySr. (1.13)

Av S elvon avuiotpéduuog adplotoc eputtiavoc mivaxos olugwve ue [GLR2], n ntopandve
oyéomn opilel 10 adpoto €owTEPLKG Yviuevo (og autd TO ywouevo o < x, x > unopel va
elvan xan un Yetinde ocptf)po’g). XpnoworotwvTog Ty (1.13) optleton 10 S-apfuntiké medio

7 7 /
Tou Tivaxa A va elvar To oUvolo

WS[A]:{%: reC", <za>5# 0} (1.14)
Ay elvon
WIA = {< Az, >5: 2€C" <zx>5=1} (1.15)
{0345
WslA] = WHIA] | WHy[A] (1.16)

To clvoro W[A] ovoudletar Oetikd S-apiduntixd wedio Tou nivaxa A. Hopduowa ohvola

UE TOL TOQATAVe Elvon Tl

x* Az n
Vs[A] :{m P xeCt, <ma>g# 0} = VIA [ VA (1.17)
oTou
VIA] ={z*Az : 2€C" <z,x>5=1}. (1.18)

XopoxtnetoTind avapéoouue 6Tt av A elvon adploTog xou avTloteéduuog Tivoxog, TOTE To
WJA] etvor xuptd 60volo, xon 6nwe anodetydnxe otny [B], av A elvon Yetind oprouévoc
nivaxog, téte 1 xAetototTnT Tou uvdhou WglA] mepiéyel dhec Tig Wwotiuéc Tou A.

2 2 7 + 7 —+
Mepoutépw perétn v ouvohov WglA], W [A] onwe xou tov Vs[A], VI [A] noapgou-
odotnxe oty epyaota [LTU], nou arnodewvieton 6t 1o obvoha W [A] o Vi [A] etvon

ndvtote xUptd, eved Ta Ws[A] xou Vg[A] eivon mdvtote p-kuptd, 6nAadr yro tor Staxexprléva
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onuelor 21, 22 € WglA], 10 xhetoto euddypauuo tufua [z, 29] C Wg[A], elte nevdeia
{az1+(1—a)zy : a<0, /| 1<a} C Wg[A]. Hpogavae, av S apvntixd nutoptouévos

and v (1.15) éyouue WJA] = 0, eved av elvon S Yetind opropévoc mivaxag, ToTe
Ws[A] = WJ[A] = NR [SY2AS7/?].
Ano g (1.14), (1.17) xou tic (1.15), (1.18) npoximtouy dueoa ot oyéoelg
Ws[A] = V5[SA]  xu  WJ[A] = VJ[SA]. (1.19)

Emméoy, and my (1.15) enodndedovron ot tdtotnteg :

(i) WSA+ kI =WJ[Al+k, ya AeM,, keC.

(ii) WJkAl = kWd[A], Ae M, , keC.

(iii) WJ[A+ B C WS [A]+ WS [B], 6mouv A, B € M,,.

(iv) WA CWSI[A], 6tav A; elvon vronivaxac tou A.

(v) z€ WJ[A], énou S elvon mparypotinde ouuuetpxde tivaxae = z € WI[A].

Axorotdwe mapouctdletor U oyéon avdueoa oto NR[A] xaw oto WJ[A].

IMpétaon 1.6 T xdde epuitiavd wivaxa S, to obvoho NR[A] N W [A]  ebvor un

EVO.

Anédel&n 'Eotw ot yia éva Soocuévo epuitiavd nivoxa S o oploxavovixde nivaxag P
elvar €tolo¢ wote, S = P*DP, 6tou D mpayuatixog dwywviog mivoxag. Tote yio xde

S-uovadwio ddvuopa € C* (dnhadfy z*Sz = 1) éyouue
< Ax,x >5= 2"SAx = «*P*"DPAx = y*"DBy =< By,y >p

av avtxatacthioovue y = Pr € C" xau B = PAP*. Enedy y elvan D-uovadiaio
Sidvuoua, oyver xar W [A] = WHB]. Emniéoy, yio x&de wovadiado Stdvuoua w € C",

antd TiC ELGWOELC
w'Aw = w*P*BPw = 2*Bz xau |z| = 1,
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6mou z = Pw o ||z]| = (2°2)'/2, npoximte nwétnia NR[A] = NR|[B.

Enouévec, elvar apxetd va amodetZovue 6t NR[BJNW/[B] # 0, ue D vo etvar nparypott-
%0¢ Staywviog mivoxag. Yta endueva, cuufBoiilovue ue D = diag(Dy, —D3), émou ot uno-
draywwviot mivaxeg eivar Dy > 0 xow Dy > 0. 'Eotw E undywpoc tou C" xar &1, ..., &
va etvar D-opdoxavovix Bdor tou yopou E, dnhadnh, < &;, & >p= D = £04;5, omou

/7 7 / z 4
di; €lvon 10 yvwotd Kronecker oluBoho. Yuyxexpyuéva, €youue

1:<€i7€i>D:<€i07§io>D17 Y gi:[€6b]’ i:1727"'7p
HOUL
0 .
—1 :<€j7§j>D:<§j07§j0>D27 Y 5]: f ) j:p—l—laak
jo
[No éva uovadialo ddvuoua n = 73)1 ] , ue m € CP, Yewpolue 6TL umdpyetl Eva dtdvu-
oua zg = [& & ... &]n tou E, 1o onolo elvar D-uovadiaio, enedy
S
l =<uzg,zo>p=n"| * | D& ... &|n = n'diag (I,, —Ix—,) 7,
&k

xau tétow wote A € W [B]. ‘Aucoca and v (1.15) éyovue 6t

<B&,&>p ... <B&, & >p
A =< Bxy, g >p= vyDBxy = n* : : n

< B&,&:>p ... < B&, & >p

xat eCoutlog tTng Loperic Tou Staviouatog 7 etvor

<B&, & >p ... <BE, & >p
A= : : T
<B&, & >p ... < B, & >p
< Bi&io, &0 >p, - < Bi&po, &0 >y
= : : M,
< Bi&10,&p0 >y -+ < B1&0, 0 >b,
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omou B; elvanr 0 p X p xbpog umorivaxag tou B. Agol 1o &0, ..., §o elvon Dy-
1/2 1/2
opVoxavovixd Staviouata xou Dy > 0, to Stavbouora Dl/ 10, -+ Dl/ Epo Elvon op-

Yoxavovxd, cuvenwg and tnv Ilpdtaon 1.1 npoxinTe,

A€ NR [D}/QBlD;“? — NR[B)] C NR[B]. n
Emnmhiéov, and v wétra WIg[A] = WT,[B] xou v (1.16) éyouue

WslA] = WEIA]UW*[A] = WHB]UW*,[B],
OTOTE XATAAYOUUE QUECA GTO ETOUEVO GUUTERAUCUAL.

IMéptopa 1.3 T xdde epuitiovd wivoxa S, ta oOvora  NR[A] N W [A]
NR[A] N Ws[A] elvar un xevd.

Méoo and o enduevo mopdderyua Siveton 1 SUVATOHTNTA VO UTAQYEL XAl OTTIXY ELXOVAL TOU

arotehécparog g Ilpdtaone 1.6.

—1

IMogddetypa 1.3 'Eotww o wivaxag A = 0 Y1y oploTeRY| EOVAL TOU
1

W 00 N

0

2

0
Syhuaroc 1.3 mopouctdleton 1) Touf twv NR[A] xaw W[A], 6tav elvor S = diag(2,0,—4)
xou oty 3edid, 6tav S = diag(—2,1,4).

o 1 L 1 1 | 15 1 1 L 1 Nl J
1—5‘15 -10 -5 0 5 10 -15 -10 -5 0 5 10 15

SyfAua 1.3: To apwluntixd redio twv NR[A] xou W4 (A).
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Ané tig wotnreg oty (1.19) xou to anotéheoua g Hpdtaong 1.6 xatalfyouue otic oyéoelg
Vs[SAJN NR[A] # 0 xou V[SA]NNR[A] # 0.
To o chvoro V§r [A], avdhoyo cvurépacua tng Hpdtaone 1.6 eivar 1o axdroudo.

IT6gropa 1.4 Av o eputtiavog mivaxag S elvon oplouovadiatar 6U00g UE TEXYUATIXG
nivoxae D = diag(1,, Dy), tote woyber NR[A]NVS[A] # 0.

And6de&n  'Eotww o oplouovadiaiog wivaxag Pyl tov omofo etvar S = P*DP, 6nou
D = diag(I1,, Dy, —D3) ue Dy = Dy®(—Ds) xan yior toug unodtarywvioug ivaxe toy et
Dy >0, Dy > 0. Av x € C" eivar  S-povadiaio Sidvucua, t61e 10 ddvucua y = Pz
etvow D-povaddo ( Snh. y*Dy = 1) xaw pdhwota V§'[A] = V4 [B], 6nou B = PAP*.

lNo y= [g] , 0 € CPéyovue 1 = y*Dy = 0"0 xa y*By = 6*B,0, 6nou B; elvan
p X p vnornivoxac Tou B. Enouévec,
NR[B,] = {0"B:0 : 6€C’ 09 =1} C NR[B] = NR[A]
xou
NR[Bi] = V[ [Bi] C V5 [B] = V{[A].

[ |
H enduevn Wotnta, yioo aprduntind nedio mivaxa Ue adploTo ECWTERIXG YWVOUEVO, elval
avdhoyn tng Hpdtaong 1.2 xon dtver t duvatétnta va evtomiolel to Yetwnd S-apriuntnd

nedio evtog Yetixol S-oprduntixol nedlov tpayuotixol nivaxa Sithdotag ddotaone, ( Bréne
v (1.23), oel. 21).

Ilpotaon 1.7 T xde mivaxa A € M, oylel

A O
10 62i0f_1

1

N A+e¥A  —i(A—e?PA)
) = ]2@5(5

. . 1.20
i(A—e¥A)  A4eA ) (1.20)

WI—;—@S(

6rou 0 < 0 < 7.
An6detEn 'Eoto éva didvuoua o € C*", tétow dote 2*(l, ® S)z = 1. Tote

A O
O 621‘6[1

1

At WA —i(A— 204
xziy*(l}@S) +e i( e )

' (la®S o o
(2®5) (A—eA)  AteA

Y
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- ®@ I)x. Enedh) uwe y* (L@ S)y = " ([, ®5)x = 1, nedi-
i
owon (1.20) anodetydnxe. |

, 1 [1
omou y = — (

AvticToyn e Widtntog 1.4 Tou aprunticol medlou mivoxa, eivar 1 endUEVT WLOTHTA VLo
10 Yetxd S-oprduntind medio evog ovvietou Staywviou wivaxa, mou yia TNV anddellr Tng

Vo ypetaotodue éva evdtogépov Mupo and tny epyasia [LTU, Lemma 2.2].

Afupo 1.1 [LTU] Eotw S epuLTIaVOC Tvoxag UE [t TOLAGLoToY Vetiny| WloTius.
Tére
span{v e C" : v*Sv >0} = C".

ITpotaon 1.8 Av o gputtiavog mivaxac S €yel Touddytotov Ut Yetnt| WoTtiur, T0Te

A O

WI—Z@S( 19,

)= Co{ WS [AJUW{SB] }. (1.21)

A O

Arnédegn 'Eotw 6t o apduéc A € Wi o O

) xou 6Tt 0" auTOY avTioToLyEl

10 Iy ® S-uovadiaio Stdvucua v = [ ‘ ] (dnhadry z*Sx 4+ y*Sy =1 étav z,y € C*).
Y
Yougova ue to Afuua 1.1, ac Yewpricovue ott 2*Sx > 0 xou y*Sy > 0. Tore,

O *SA *SB
v :x*SAx—ky*SBy:x*Sxx ’ —i—y*Syy y7
x*Sx y*Sy

)\ = U*<IQ ® S)

dnhadt), o A elvon €vag xupTOHS GUVBLAGUHE TWY ULYASXKDY aPIUMY

x*SAx y*SBy n

I1A B
*S1 € WS [ ] nxa y*Sy WS [ ]7
®OTd CUVETELN
A
Wias(| o0 ) € Colwiaiuws s)},

x
o v avtiotpogn oyéon, éotw x*Sx = 1. Téte 10 ddvuoua z = [ 0 ] elvar [Hh ® S-

uovadtato xow and TNV 1ooTNTA

2L, ®9)

O
] z=x"SAx,
B
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€)OUUE

O

WAL Wil ()
Me éuoto tpémo, Yy y*Sy = 1, npoxinTel

4o
W [B] c Wit :
KB Wil | 5 ]
Katd ouvénewa,
A O
WA UWEE € Wies(| o L |
A

Aapufdvovrag urddn xau Ty xuptéTnTa Tou Wi o o ) ané [LTU], ouunepaivouue
dueca v (1.21). [ |

Téhog, yeNoUIOTOWWVTAC TA ATOTEAECUATA TWV 800 TEONYOLUEV®DY TEOTACEWY, UTOpOU-
ue va €yovue avdhoyn oyéon ue v (1.4) e Ipdtaonc 1.2 xou €tot vo mpooeyyicouue 1o
Yetxd S-aprdunuxd nedlo. Av o mivaxac S €yel Touhdytotov uto Yetixr| Wiotur e€ontiog

¢ xwpTOTNTAC Tou YeTo apruntinol Tediou mivaxa €youue

Col WEAJUWZ [0 A]} = Wios(s

At A —j(A—e2A)

_ o . 1.22
i(A— emA) A+ 29 A ) ( )

Iedgovtag tov mivaxor A = M +iN xou avtiixohotovrog oty (1.22) 0 =0, €éyouue

Co (W [A]UWZA]} = Wg®s<[ o ]>,
onote ond ty (1.21)
Wies! Ao )= Wg@os([ _]A\/][ Aj\; ])- (1.23)

Mogathenon 1.1 To Vi [A] elvar xuptd olvolo, ondte duota amoteréouota tne (1.22)

xou g (1.23) mpoximtouy xou Yo auTh.
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1.4 Apuduntixd nedlo mvdxwy euduxc Lop®prs

1.4.1 Teovioxol wivaxeg

Me tov bpo ywriaxds mivaxag (bordered matrix) evvoolue tTov n X n mivoxa

11 Qa2 @13 ... QAin
an 0O 0O ... 0
S = asy 0 (124)
. . o
L anl O -

o omolog, omwe eivor Yvwotd and 1 Jewpla ypapnudtev [BP], avtiotoyel ot ypdonua
« aotépt ». ‘Otav n = 3, yenowonowwvtag tov ntvoxa P evahhoyhic YeoUUOV-OTNAGY
(permutation matrix), evodldocouue tny mpdTn xon SebTepn YeauUn xo GTARY Tou Tivoxa.

O wivaxag mou TpoxdnTEL PSPT v o ENOUEVOC TELOLAYWVLOG

0 921 0

a12 a;; a3

0 asq 0

Ievixetovtag 1o anotéheoua tng gpyactog [C], otnyv omola ueAetdrar To apriuntd medlo

TPLSLOCYO)VLOU TVoXa e T SLOLY(DVLO( OTOLYELX Loa UE [J.'f]BEV, GT]{JSL(DVOU{JS .

Aqupa 1.2 To aprluntxd nedio Tou mivaxa
A= Q21 Q22 A23 (1-25)
elvar évag elhetmtinde dloxog ue x€vtpo to onueto %(a + ag2) TOU ULYadol ETLTESOU.

Anéderdn And ty Wibtnra 1.1, enedr| woyler NR[A] = NR[A¢ + al] = NR[4] + a,

7 / ’ /7 7 7
elvar apxetd V' amodellouue o Afuua 1.2 yio Tov wivaxa

0 a19 0
Ay = a ) (99 =
0 — g1 Q22 (A923 s OTtOL o2 = Q99 — Q.
0 aso 0
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Metd and otoryeiwdelg ahyeBpxols utoloylouole, Y tov Tivaxa Ay, Bploxouue
Gog + A2 gy — A1/2 \

2 ’ 2 ’
Ot ouvdnixec [KRS] emahndetbovton enetdy] :

a[Ao] = {0, A = d§2 + 4(ag1a12 + ag3asz).

3
L g = tr(A5A0) — Y INIP = (Jaa| — asal)® + (Jags| — [asz])* > 0
J=1

3
IL girde+ Y [NIPA — tr(A542) = 0

j=1
L (o] + As]) = [he = Asl” < g,

ondte ouunepaivouue 6L, 1o NR[A] elvon éNheun, ue xévtpo oo onueio %&22. [

IopatAenon 1.2 Av otov tivaxa (1.25) €youue a = ax X0 G12a21 = Ag3ase = 0, TOTE

3
1
10 NR[A] eivonw xuxhixde dloxoc xévtpou a xou axtivac o = 5[ Z |ai;|* ]2
ij=1
oy

ITeétaon 1.9 To opruntixd nedio tou S otny (1.24) eivon évog eMhetntixde dloxog e

a
¥EVTEO TO oNuElo —= o dCovec uhxoue (o + 12 rou
P nu 5 M7 ’

ar|? u a? u
— ’ 121’ + Z |a’ij|2 , ﬂ = % + 2Za1ja’j1' (126)
ij=1 Jj=2
it
Anéderln Eow & = [axas ... anl]T xaw Q = 1—2 y?j o avtiotoryoc Householder
y'y
nlvaxag, 6mou y = & — kiey. Tote
Qa = ke ME ki = ||oz|| 21-
|21
Yuuporifovtoc ue R = diag(1,Q ), éyovue
| air bz ... b |
kk 0 ... 0
RSR" = 0
O
0
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Av Ry = diag(1,1, Q1), 6mou @ o avtiototyoc Householder nivaxag, tétolog dote
b1

o : = kger ue ky =
Bln

|| [b137 ey bln}
|b13]

||_b13 9

TOTE TEOXUTTEL

ail 612

(RiR)S(RR)* = S® 0,5, ue S =

Eivor npogavéc 6t to 0 € o[S] € NR[S], NR[S] = NR[S] xou ané Afuua 1.2, 10 NR[S]
elvon €vag ehhelntinde Sioxog Ue 10 x€vipo Tou 610 onueio arr/2.

[o va utohoyloouue o uhnn Twv a&ovey TN EARELYNG, cuVIPTAOEL TV oToLyElwY Tou

anj:\/Z

S oty (1.24), Yewpolue T eotiec Tou EMRETTXOD dloxou Ao = — ue
A = a?) + 4k1byy xou urohoyilovue TNy TocbTNTA
_ G & 2 _ 2 2 2 ‘all‘Q Ay
0 = tr(8°8) = DAl = [kl o [kl + braf + - = 5

Me dom toug tponyoluevous GUUPBOAGUOUS, EYOUUE :

n 1
5 — +jz:;|blj|2_§‘a§1+4[b12...bln]k161|
_ ‘CL11|2 —i—i‘a‘l‘z‘i‘ H [a12 R ]Q* HQ— 1|612 —1—4[(112 R St ]Q*Qd
_ |a11|2 +i(|a‘1|2 + |a1-|2) _ 1 ‘@%1 +4ayy ... aln]o}}
2 s ) J 2
= a—|f|
xa [Ao — M2 = A = 2|8 Enouévoc ot d€oveg tne éMetdne and [KRS], éyouv unxm,
32 wow (824 Ao — M2)Y? = (a+ |B])2. .

Enedh vy xdde onueio z € NRI[S], wyler |z — 5| = 5

, OYETLXA UE

TNV opUN T 0XTIVOL, CUUTERUVOUUE :

IMégropa 1.5 H aprduntind axtiva tou ywvioxos mivaxa S oty (1.24), eivan {on ue

lan | + (o + [6])"?
5 .
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1.4.2 (2u — 1)-3raydviot mtivoxeg

Y Yewpio ypagpnudtwy [Mo], ta ypaghuata tou anoteholvior and civieon dEvipwv

avtieToyoly o (2p — 1)-dwrydvio tivaxa T € M, tne uopphc

[ a ai12 N ay 0 |
a91 a9 e a27u a/27u+1 O
T=1|anq au . Ay An—ptin | - (1.27)
0 Q41,2
Ap—1,n—1 Ap—1,n
i O At 1 . (1 a |

Hpogavae, v xde uovadodo ddvuoua & = z1e; + (T2 + ... + Tp_164-1) + Tpe, =
zre1 4 &+ Tpen = ey + ||E|C+ znen = [e1 ¢ en][xy €] @], bmou ¢ = ——

Loy Vel :
eiTe; ejT¢ ejTe,
o*Te = 8" | ¢*Ter ¢TC (*Tey, |6, ue & = [v1 ||l wa]”, 0]l = 1. (1.28)
erTey eTC¢ erTe,
Amé o anotélecua tne Ipdtaone 1.1 xatahfiyouue
eiTe; ejT¢ ejTe,
NR[T) = |J NR(| ¢‘Ter ¢'T¢ ¢'Ten |)-

61,C,€n * * *
exTe, eT¢ erTe,
Yy (1.28), npénet va onuewwdel 6Tt
* * * *
eile, =eTe, =a , eTe, =eTe =0

dnhadt|, o mivaxag elvar tpdorywviog pe Staywvia otoyeta a, (*T'C, a. Enouéveg, olu-

pwva ue o Afjuua 1.2, cuunepatvouue :

ITogropa 1.6 To apriunuxd nedio (2p — 1)-Sorywviou mivaxo eivon 1 évewon twy eAel-

Jewy, ot onoleg TEOXVOTTOUY UTO TEWLLYOVIOUC TIVOXESC TNG UOPPNS

a eiT'¢ 0
(Tey ¢*T¢C (¢*Tey,
0 eT¢ a
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To Hépoua 1.6 mapéyet ) duvatdtnta va npoceyyioovue to aprduntixd nedlo (24 — 1)-
Sraywviou Tivaxa, ue apruntixd edia Tpdtaywviwy Tvdxwy ToAd o clvioud, an’ OTL av
10 Tpooeyyloovue amd aprdunTd media Twv 2 X 2 Tvdxwy, Topdlo Tou xo ot dVo Tpo-

oeyyloeg yivovton and ehhelderc. Autd gatvetan yopaxTneloTixd 0To ETOUEVO TUPAUSELY UL

IMogddetypa 1.4 Eotww o 5 x 5 nivoncag

31 2 0
2 0 3 0
I'=111 1 0 0
00 1 -3 2
00 -3 33

Y10 Yyfua 1.4, oty aptotept| etxova ypetdlovtat uovo 6 elkelers, - mou elvon o aprduntixd
medlo twv 3 X 3 Telrywviewy Tvdxwmy - Yoo vo TpocoeyYtovel apxetd avoronTixd 1o
NR[T], eved ot de€id exdva ypetdletar o Simhdotog aprdude eMeldewy, - aprduntxd nedio

TV 2 X 2 TVEXWY - YloL VoL EYOUUE GYESOY TO (8o amoTéleoua.
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Kecpo’c)\ou.o 2

ITPOXEITIYH APIOMHTIKOY
ITEATOY KANONIKOY IIINAKA

2.1 Euo‘co)\‘r’] ocpuﬂp.nuxot') edlou

YuveyiCovtag T UEAETN TV UETABoAGOY Tou aplunTixol Tedlou mivaxa, €yovioag unodn

uog Ty Wotnta 1.5 xou v [pdtaon 1.1, ouurepatvouue

NR[A] = | J NR[P*AP].
Pn)(m
Enewdn n euctdieio nivaxa e€optdton and to £ido¢ Twv TGOV ToU, 6T0 XEYIANO AUTO
avalntolue Evay un tetpaywrixd nivaxa P, étol wote 1o apuiuntxd nedio tou P*AP va

npoooeyyilel xavormomntixd to NR[A|, dtav A elvan xavovixoe mivoseac.
)

‘Eotw ott A1, Ay, ..., A, elvon ot WoTiwéc evog xavovixol mivaxa A € M,,. Liugw-
va ue v Widtnta 1.6 o NR[A] = Co{ Ay, ..., M}, (kB < n), dnhad¥, ot undrotreg

WOTWES Apg1, - -5 Ay AVIXOUY GTO XAEGTO TOAOYWVO < A, Ao, ..., A >. MuuPBohi-

Couue UE 1, T2, ..., € C" 1o avtioTtorya opdoxavovixd Wodviouata tou A xon

Yewpolue to yovadiado Stdvuoua

k

k
v = chx]—, ME z:|0j|2 =1, gl #0.

j=1 j=1
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k
Av p = v*Av = Z|cj|2)\j, t6te pu € int NR[A]. Ynuewdvovtag E = span{v} tov

i=1
undyweo tou W = span{ 1, x2, ..., 1 } Yewpolue tov n x (k—1) nivaxa

P = [U)l Wy ... wk,l] (2].)
OTOU Wi, Wy, ..., Wp—1 €lvon Ut opoxavovixy Bdon tou Ey. Ipogavawg, P*P = I,

xar PP* elvon ua opdoymvia npofohd tou W ooy yopo Ei.

Appa 2.1 Eotw 61t 10 toAbywvo < A, Ag, ..., Ay > elvon to apuluntixd medio

xavovixol mivaxa A. Av dewpricouue o onuela
Hr = (1 - CZT),UT,1 + &7)\T+1 ) Pr = Qrflr—1 + (1 - @T))\thl
émou a, € [0,1], 7 =1,..., k=1, pop = A, 161€ 0 Wvoxag A eivon opdouovadioda
ouotog ue €vay ntvaxa ©, o onolog €yel Staywviar otovyeia
Ply vy Phmls Hk=15 Mitls oo 5 An.

Anéderdn Eow bt z; (j=1,..., k) eivon 1o opdoxavovixd odtaviouota tou A,

TOU avTIoTOL 00V OTIC A; 1oTES xan x0puéc Tou mohuywvou. Av Yécouue

o= Vo + V1 —azs

vo = Va(VI—azs —Jarze) + 1 —axs = \Jager + /1 — asas
Yys = \/@(mgl — \/a_ﬂg) + V1 — azzy Vases + V1 —azzy
yr = Vaa(V1—azes — Jazra) + V1 —asws = Jages + /1 — aqas

Y1 = @r—1( ... )+ VT —arz = ag_18p—2 + 1 —ar_114
Ye = V1—ap_16p_2 — Jap_17p

dueoa enaAnletouue OTL Yo To Slavbouata € = /1 —ar e, — /Uy T4 LOYOEL
_ *
€r O Try2 = Try0&r = 0 ) H‘ETH =1

XOL ETOYWYWXA Yt T < S

57065:\/1—aT+1\/1—aT+2...\/1—a5 , erAe; = pr.
Enouévwe yia ta Staviouata i, €Y0ouuE :
ly-ll =1, eroy, =0 (7=1,...,k=2) xu y, 0oy, =0, yia 7 < s.
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Emnméov

YAy = pr (T =1,....k=1), yAy = -,
OTIOTE YL TOV TvoXal
R=1[y1 ... Yp Toy1 ... 7]
elvaw R*R =1 xu R*AR = ©O. [ |
ITgétaon 2.1 'Eotw xavowxdc mivaxoac A xoaw NR[A] = <A, Ao, ..o, Ap > Av

k
v = E cjx; elvon povadiado dtdvuoua, étot dote v*Av = € int NR[A], t61e
i=1

NR[P*AP] C <A, Aoy ey A >
6mou o mivaxag P opileton 6mwe oty (2.1) xou 1o ONR[P*AP] egdnteton 6Tig mheupés
TOU TOAUYWVOU GTA OTUElX

_ [ R
i i l® + |er?

|Cl|2 /\k + |Ck|2 )\1
T=1,....k—1) ; =
( R P N PR

(2.2)

Amn6der&n Eivar apxetéd va amodeifouue ) oyéon (2.2) yioo 7 = 1. Oewpolue ta onueia
pr, (1=1,2,...,k—3) 100 TOAUYOVOUL €TOL WOTE TO fi; VO AVAXEL 6TO EVYDYPOUUO
TUAUO [fr—1, Arg1] WE o = A1 Opilovue t0 onueio py_o and v Touh TV eudu-
YEAUUOY TUNUSETOV [fp—3, Ag—1] xou [fk—1, Ax] OmoU pg—1 = p. BvuPorilovue v, 10
OUUUETPIXG TOL [ir WC TPo¢ To UEGO ToU eVYUYPAUUOU TURUOTOC [fr—1, Ary1], OTOTE

€)Y OUUE

Vr + Mr = Hr—1 + >\T+1 ) Mo = )\1-
Me Bdom tov tpdmo Tou emAEyInxay To Tapamdvew onueid IXAVOTOLOVTAL 0L UTOVEGELS TOU
Afuuorog 2.1, dnhadt|, urdpyouv opdoxavovixd SyOoUAT Y1, - .. , Ykp—1,Y TETOWL WOTE
YAy, = v, (1=1,2,...,k=1) , y"Ay = p. (2.3)

Yougwva ue tny urodeon g [pdtaone 2.1 xodde xan and Ty xATACKEVY|, To onueia v,
4 Z Z 7 /7 /

xou t0 - avixouy oto NR[A], emouévwe xodéva ypdpetar oav xuptdc oLuVSLACUOS TWY

WOTWOV Ap, ..., A\p. Katd cuvéneia xar ta avtiotorya dtaviouatd toug ¥, ¥, UTopoly

VoL TapasTodolv UE T1 Lop§T

T+1

k
Yy = ZC]‘ exp(—iﬁj)xj s Yr = ZCTJ' Zj. (24)
j=1 j=1
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Emumiéov, and v opdoxavovixOtTnTta TV ¥, Y TEOXVTTOUY OL LOOTNTES !

T+1 T+1

k
Z ‘ Cj ’2 =1 s Z ‘ er ‘2 =1 s Z 57-]' Cj exp(—iej) = 0. (25)
j=1 j=1 7=1

Oewpolue ta Staviouota

T4+1

U, = Zch exp(id;)z; (7 =1,...,k—1)
=1

xou 6Tee eENEYyETan dueca and Ty (2.5), autd efvor povadiatar xow avixouy otov Ej xadléc

eniong
T+1 7+1

i = 3 e Pajde = 3 e Ay = o
J=1 j=1

YuuPorilovtac P 1ty opdoymvia mpoBols 6ToV ywpeo EVLV, 10 wovadtato didvuoua £, 10 0-
nofo opileton and v e&lowon Pl = u., avtotoyel oto onueio v, € NR[P*AP] C NR[A].
Téhoc, ywoo 7 =1 and ¢ (2.3) xon (2.4), mpoxintet 6 p1 = vy € [N, Ag] xaw ond v
egiowon (2.5) éyouue

p1 = len]? A+ fen)® A

|Cll|2 + |012|2 =1 s 611 C1 exp(—i@l) + 612 Co exp(—ieg) = O
Yuvdudlovtag Tic mponyolueves e€lowatlc Bploxouue

2 2 2 2/\ 2)\
= |c12|* |2 M+ e A = |c12]* (lea|* M + e 2)' (2.6)
jea]? x|

Ened?| woylel xau
lc1al? (e + |e2?) = Jewl e + len lal = lal?,

and v (2.6) ovunepaivouue 6T

oy = |CQ|2/\1 + |Cl|2>\2
' c1]? + |ea]?

Yuvenwe, Zextvdvtac ue to onuelo gy € [A1, Ao], xatolhyouue otov umoloyloud Tou
onuelou p1 € ONR[P*AP] N [A1, A2], 70 onolo opiotnxe axpBde. Emavalaufdvovtoc

v B Stadueasiar, yia onuelo 1y € [A2, A3] umohoyilouue to onueio eragns
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. |C3|2/\2 + |CQ|2)\3

p2 = Gl 1 [0 € [A2, A3 N ONR[P*AP]. H dwdwaoia telewdvet, 6tay Bpol-
C3 Co

UE o To umolomar onuelor p3, ..., pp To oTola AvAXOUY OTIC TAEUPEC TOU TOALY®OYOU

s, Ad] ooy [Ae, A, avtiototyec. |

Etvow npogavéc 6tL yoo kB = 3, T0 NR[P*AP] eivor uta éAAeuhn, n omolo epdnteTar oTC
TAEUEEC TOU Tpywvou < Ap, Ao, A3 > . H mneplntwon €yer nopouctaciel xar and Ttov
Williams [W, Th. 1], o onolog avagépetar u6vo oe 3 X 3 xovovixd mivoxo xat UdhoTo
aoyohettar ue to O NR[PP*APP*|.

Yy Hpdtaon 2.1, aloonueiwTo civar 6Tt 10 Stdvuoua v elvan EVag YEUUUIXOS GUVEVIGUGS

Y Wiodavuoudtwy x; tou mivaxa A, 1o omola avTioTor 00V OE GAES TS KOPUPES TOU To-

Auywvou. Av 1o v elvon e€aptnuévo and Aiyotepa and k dodtaviouoTa, TOTE 1) GUGTOATR

tou NR[A], dnhadr| 1o NR[P*AP], dev epdntetar 6 OAEC TIC TAEUPES TOU TOALYMVOU, Tal

d¢ NR[A], NR[P*AP] dev ahknronpoceyyilovtor, 6nwe tovileton otny enduevy npdtao.
s

Ilp6taon 2.2 'Eoww v = chxj uovadwio ddvuoua, ue 2 < s < kK —1 xou

=1
= v"Av € int < Ay, ..., A\; > . Torte,
NR[P*AP] = Co{NR[B], Ass1, -, \x }

omou o mivaxag B € My elvar 1 uta ouvtetayuévn and to evdd ddpooua oto onolo
avohbeton o wivaxag P*AP  xow to  ONRI[B] EQATTETOL OTIC TAEUPES TOL TOALYDVOU

< Ai, .., Ay > otaonuela pr e (2.2), yro 7=1,2,..., 5 — 1.

Anédelyn Enedr to Sidvuoua v ypdgetar xou v = 1y + ...+ CTs + 07541 + ...+
Oz, mpogavwe ta povadiaio WdlvioUaTd Tetr, ... , T Elvar opdoydvia 6t0 v. Av
Wi, ..., Ws—1 Elvon opYoxavovixn Bdon Tou yweou EVLV17 onou Wy = spanf{zy, ..., x4},
1oL SLVOOUOTO Wiy« ..y Ws—1, Tsp1, - - - 5 Tk Ebval opdoxavovxd Bdon tou Ejy, unevdu-
uiCovtag 6© W = span{z, ..., x5 }. Enuewdvovtog ue

Q = [901 R P PR B ﬁk] = [Ql QQ]

P1 = [’11)1 oo Wsq (27)

UETS amd LTOAOYIOUOUC €Y OUUE,
Q*AQ = diag()\l, ey /\S7 )\5+1, ey )\k) = dz’ag(Dl, Dg)
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KO
P*AP = B@ diag(Asi1, -+, \i)

émou P =[Py Q2] xaw B = PfQ1D1Q7P. Enouévwe, and tny otnta 1.4, tpoxintel

NR[P*AP] = Co{NR[B], Ass1, -+, \& }- (2.8)
Emniéov, o un avuoteéduuog mivaxac A = Q1D1Q7 € M, elvor xavovixog, €tol
oAl = {M, ..., A, 0} xaw emedfy NR[B] = NR[PfA P, ané v llpbtoon 2.1 10
ONR[B] egdntetan otic mhevpés (A, Arpq], 7 = 1,2,...,5—1, Tou TOAUY®VOU
<A1, ..o, Ay > ota onuela pr, 6T auTd €youv mapouctaclel oty (2.2). [ |

Emmiéov yperdleton Vo ONUELOOOUUE OTL:

IMogatienon 2.1 Xtnv [pdtaon 2.2, av €yovue v = c1x1 + 0z + c323 + ... + CT5, UE
¢j # 0, 161 to ONR[B] egdntetor 6T mheupés Tou TOAUYOVOU < A1, Ag, ..., Ay >,

10 8¢ onueio
’01‘2)\3 + ‘03’2)\1
1] + [es]?

dnhadr), undpyer enopry ue T Staydvio [A, Az] TOU TOALYGVOUL.

€ [\, \g] N ONR[B],

Moapathenon 2.2 Avdewphoovue {w; } Bdontou E+ = span{zy, ..., x, }*- aviltou
By, tote

NR[P*AP] = Co{NR[B], Ass1, ..., A },
umevduutlovtac BEPota OTL oL IOTWES Apg1,. .., Ay € < A, ooy A >

Yougwva ue v Hpdtaon 2.2, 6tav s =2, 10 p=v"Av € [\, Ag] xau
NR[P*AP] :CO{pl, )\3, ceey )\n}

émou 1o NR[B] = py, onuelo 1o onolo oplotnxe oty (2.2). Axdéun and [W], o nivoxag

P*AP ctvan xovovixde Ue WOTWES p1, Az, ..., Ay

IMogatrpnon 2.3 Eotw 61t oL WoTWéS Aptr, ..., Ay TOU xavovwxol nivaxa A etvor

€0WTEPE ONUElDl TOU TOAUYWVOU < A1, ..., A\p > OTW¢ E0OTEPXO onueio elvar ot To
p = v*Av, énouv v € span{ Ty, ..., T, } €lvon povadiaio ddvuoua xou x; elvon To
Wrodavbouata tou tivaxa A mou avtotoyoly otic A; (j=k+1, ..., n) Wwtwéc. Av

oL GTHAEC TOU Tivoxal
P=1l]xy z0 ... 2y © Y1 -o. Ynt1] =[X Y]
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etvon opdoxavovixh Bdon tou spanf{ v }+, to1e

*

diag( M1, ..., Ax) @)
O Y*AY

P*AP =

AlX Y]:[

Axéun €youuse,

Y*AY = Y[z ... xp] diag( A, .00 M) (21 o0 2, [TY

O
- @) Y*[$k+1l‘n] diag(/\l,...,/\n)
[ Tht1 Tn ] Y
= Y [2pp1 ... wn] diag(Ngr, -, M) [Tpgr -0 2 7Y
xado¢ enlong evxola SlamoTOVETAL OTL 0 N X N Tvaxog
[Zpe1 o ] diag(Ngyr s oo An) [Tha1 oo 2|5,

elvar xavovixds. ‘Etor and v Hpdtaon 2.1 (f Lpbraon 2.2) npoxintet 6t

NR[Y*AY] C < Agy1, -0y An >,

GUVETIC

NR[P*AP] = <A1, ..., A >

‘Evag alyopriuoc tou MATLAB, ue tov onolo oyedidlouue T oUoTOAT) TOU NR[A4], no-

eovatdleton ato téhog tou Iopapthuatoc (Bréne oel. 82).

IMogddetypa 2.1 'Eotw o xavovixdg mivaxag

1 20 1 -1 1
A=diag( | 0 1 2|, 1 1 —=11)
2 0 1 -1 1 1

ue of[A] ={v3i, —v3i,3,1+3i,1-+3i,1}.
H Co{o[A]} eivar to Tohlywvo < A1, ..., As >=< /34, —/3i, 1—v/3i, 3, 1+/3i >

['a o povadiaio Sdvuoua

V3i 1 V2i V3i V3+i
4+ T

VE Ty i gt s T
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10 onuelo v*Av avixet oto NR[A], o mpoPohixde nivoxog ond tny (2.1) elvon

—0.6224 —0.2446 — 0.0470: —0.5346 + 0.4434: —0.1022 4 0.0812:
0.7640 — 0.0663¢ —0.1315+ 0.0122: —0.4588 + 0.3511: —0.0076 + 0.1229:
—0.1416 + 0.06637  0.3762 + 0.03497 —0.3410 — 0.1095¢  0.4040 + 0.1136%

P =
0 0.3201 + 0.3960: —0.1211 + 0.0621¢ —0.5676 + 0.02441
0 —0.5030 + 0.0793¢  0.0067 — 0.1359:  0.4547 4 0.3407:
0 0.1828 — 0.4752: 0.1143 +0.0738:  0.1129 — 0.3651:

To ONR[P*AP] eivow 1 xhewoth xounvhn mou topouctdleton oto Lyfua 2.1, n onola e@d-

TTETAUL TV TAEUPWY TOU TOAUYWVOU < A1, ..., A5 > ota onuela, énwe autd oplotnxay
, V3i 2 —3v/3i 9 —3v3i 15+ 3v/3
amb Ty (2.2), pp1=—, pp=—-", p3=———, pp=——"""— xu
7 3 5 7
34 7V3i
Ps = - .
25r
2r
1
1.51
/ ONR[P*AP]
1+
0.5F
0—‘ .
-0.5} '3_‘
A
15F \

-0.5 0 0.5 1 1.5 2 2.5 3 3.5

Eyfuo 2.1:

Trohoyilovtag v ogdoydvia TeoBol wg Tpog To wovadalo didvucua

14430 1 V3+i
() —X

3 1T gTt 3

Ty
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10 onuelo U*AU avixet oto NR[A] xaw and v (2.7) éyouue

—0.2582 0.0081 — 0.42084
0.1291 — 0.2236:  —0.3647 + 0.04467
0.1291 + 0.2236: —0.5814 — 0.5109¢
0.4245 + 0.2941: 0.1674 + 0.0399¢

—0.4669 + 0.2206¢ —0.1183 4+ 0.1251¢
0.0424 — 0.51477  —0.0492 — 0.16501

pqeds

B 0.8000 — 1.0392: —0.0873 — 0.9575¢
0.5841 — 0.7637i  1.7556 + 0.4619; |

‘Onwg mapoustdletar oto Lyfua 2.2 xou oluguva ue tnv Hapathenon 2.1, to ONR|B]|

epdnteton ota evdlypoupo TuRuata [Ar, Azl . [As, Ad] xou [Ag, Ai] ota onueio

_ 4-3V3i L T—4V3i 34+ V3i

01
5 5
Enouévwe, yio P =[P zy 5] and v (2.8) éyouue

09 xow o3 =

NR[P*AP] = Co{NR[B], A2, As }.
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O pdhog tou nivaxa P tng Ipbdtaong 2.1 Siver Ty agopur, YLol THY XATACKEUT| ULOC UT)
opdoxavovixhc Béone {y1,...,yr—1} T0U Ejjr, ue 600 t0 Suvatdy amholotepn Lopwr. Av
VewprioouUe €1, ... , e, TNV xavovixn Bdon tou C", ¥étovtag

v = free + g € CT,

an6 TNy enfAucT Tou cUCTAUATOS TwY E€lowoewy voy, = 0, t=1,2,... k=1 ; kK < n

Beloxouue 61L, yio TIC TEWTEC b OUVTETAYUEVES TOU v, Loy VEL

ve=(=)""efifor fi1 Geeo Qi

omou t=1,....k xou fo = 1, emouévmg €youvue
g _ U
[t Upy1
Axoun etvan xan ||ye]| = 1, xatd ouvénela tpoxintouy ot oyéaelc
Ve [ |ve|®
il = o el =

o+ e ?

Arg g, — Arg f, = m— Arg v, + Arg vy (2.9)

Egapuélovtag opboxavovixonoinon ot Bdon {y1, ..., Yk—1} e ™ uédodo Gram-
Schmidt, xataoxeudlovue tov n x (k — 1) nivaxa R, yia tov onolo woylver R*R = I;_.

O¢tovtag P = R R*, elvon dueco ot

NR[P diag( My, ..., M) P] C <A, ..., A > = NR[A].
Emniéov, uetd and uepoisg ahyeBplxols unoloyouoig, Yoo 1 < ¢t <k —1, npoximtel
Py = yfpdmg()\l, e )\n)pyt =y, diag( A1, ..., A\) Yy = |ft|2)\t+ |gt|2)\t+1

EV®), YPNOWLOTOLOYTIS TO Sdvuoud

Y = [flfQ fk—l 0...0 (—1)kglgg ces gk—1 0 ... O]T (210)

uE un undevixée cuvteTayuéveg oTny tewtn xou k-oth Véor, unohoyiletar To onueio

R . D g A 1

P = yp Pdiag( N, ..., A\y) Pyp = W (|f1 fk—1|2/\1+|91 gk—1|2/\k)-
Hpogavee, T Py, ..., Pr elvon tor onuelor enagnc Tou 8NR[Z5 diag( A1, ...y An) ]3]
ue 1o O NR[A].
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IMopddetypa 2.2 'Eotww o nivaxag A tou mopadetyuatog 2.1 xou 10 Sidvuoua

0.1427 — 0.0610:
0.7399 4 0.02614
V3 V2 1 1 V2 —0.3053 + 0.0348i

B T L S I

0.0399 + 0.4024:
0.0399 — 0.4024¢

Xenotuonowwvtog ¢ e€lowoels (2.9) opilovue ta Stavbouota :

y1 = [0.9787, —0.1857 — 0.0872i, 0,0,0,0]" y, =[0, 0.3833, 0.9134 — 0.1368i, 0,0, 0]"
ys =10,0,0.2511, —0.9617 — 0.1096i, 0, 0]" 3, =[0, 0,0, 0.9811, 0.0187 +0.1924i, 0]"
xou a6 (2.10), ys = [0.0924, 0, 0, 0, 0.0107 —0.0338i, 0]'.

Enouévwe, o npoffoixde mivaxag P etvon

[ 0.9712 —0.1243 +0.0584¢  0.0546 — 0.0163¢  0.0136 — 0.0058:  0.0227 + 0.0715¢ 0 ]
—0.1243 — 0.05841 0.3449 0.2689 + 0.0403:  0.0705 4 0.0025; —0.0471 +0.3549: 0O
0.0546 4 0.0163¢ 0.2689 — 0.04034¢ 0.8872 —0.0291 + 0.00337 —0.0025 — 0.1486¢ 0
0.00136 + 0.0058:  0.0705 — 0.0025; —0.0291 — 0.0033z  0.9924 0.0037 — 0.0384¢ 0
0.0227 — 0.0715¢  —0.0472 — 0.3549¢ —0.0025 + 0.1486¢  0.0037 + 0.0384: 0.8043 0
0 0 0 0 0 0

1o 8¢ onuela P = 1.5862i, po = 0.8531 —/3i, p3 = 2.8737 —0.1092,
pg = 2.9250 4+ 0.0647: xo  ps = 0.1283 + V3i AVAXOLY OTO

ONR[P diag(V3i, —V/3i,1—+/3i,3,1++/3i, 1) P| n ONR[A].

Tehewnvovtag 10 e34pLo YeetdleTol VoL ONUEWWCOVUE OXOUT) :

o Eivar qavepd mwe otay umohoylleton 1 cucsTtohr Tou apriuntixol mediou dtaywviou
mivaxa ue v uédodo mou mapoucidotnxe otny Ilpdtaon 2.1, ta v, 1 <t < K
tautiCovton ue ta avtiotorya ¢j, 1 < j < k, o mivoxag R elvor autdc mou

avagépetan oty (2.1) xou to onueta P tavtilovron pe o pr e (2.2).

e [ n=~k=3, oB. Mirman [M1] éyet avagepiel atny edixr Lop@n Twy Stavucud-

WY Y1, Y2, Y3-
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2.2 st’.xsuon

‘Onwe elvar @avepd and to eddgro 2.1, YpNoYOTOLOVINS TO SIAVUCUN U WS YEAUUULXO
GLYBLACUOG GYL OAWY, ARG UERXMY IBLOBLAVUGUATWY TOU QVTIGTOLYOUY OTIC XOPUQES TOU
TOANUY®VOU, ETLTUYYAvETAL ETIUUNTY GUOTOAT Tou oEunTNol TEdiou xovovixol mivoxa
XAl ATOUAXEUVGT TOU ATd TIC TAEVPES TOU TOAUYWOVOU. AUTO UTOROUUE YO TO XATAPEPOVUE
TayUTepa, eCoutiag TG UxpoTERNC TAENC Tou Tivaxa TPoBOATC TOU TEOXUTTEL, AV YeNoLUo-
TOLAGOUUE TEPLOGOTEQA BLAVOGUATAL.

Ocwpolue T YpouUxd aveldotnTo uovadtaio dtaviouata

k
UZ‘:ZCZ‘]'.CE]'EW, 7;:1,...,14,'—1,
j=1
Ta onola AvVTLeTOLY0UY GTa ONUEl fi1, ..., flg—1 TOU TOAUYOVOU < Ap, ..., Ay > =
NR[A], dnhadh p; = viAv. T tov yopo E = span{vi, ..., vp_1}, 10 oploydvio

cUUTARpwUd Tou, EL . moapdyetor amd éva didvuoud w. LNUELHYOVTIC
MTATIOWU y Ly, TOEAY M nu

k
w = E Hjxj,
j=1

and e eodoerc wov; =0 (i =1,...,k—1), o topduetpor 0; opilovto TARpwC.

IlIgétaon 2.3 'Eow nivaxoc P = [w Ty ... Tp)], TOTE 0 CUOTOMKGS TvoXag

P*AP € M_j41, elvon xavovixde Ue 8LoTuuég

k
2
Ao = E 105172 N1y ooe s An
j=1
Anédel&n Eivar gavepd 61, P'w = e;. Eredq PP'w = w, t0o ddvuoua e; elvon

Woddvuoua tou P*AP, énwg mpoxinTel and tny 16oTnTaL

k
e}P*APe; = w*PP*APP*w = w'Aw = Y _|0;]*\; = Xo.

=1

Emnméoy, éyovue Pz, = e, (0 = k+1,...,n) xu

e, P*APe, = v, PP*"APP*v, = 2, Ax, = A,.

Enouévwg, o P*AP eivon xavovixdg mivoxog e @douo To TROoAVAUPEROUEVO. [ |
Hpogavde, av v1 = 21, ..., Up—1 = Tj_1, TOTE Ef = span{xp } o and v lpdtaon
2.3, ot apuuol Mg, Aggr,..., Ay elvon dotwuée Tou xavovixol nivoxa P*AP.
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IIpotaon 2.4 ‘Eotww 6t < Ay, ..., Ay > elvon 10 apuduntixd medlo xovovixol mivoxa

A xou tor yovadiador StaviouoTa

k s
U1:chxj , ’UQIZdj.Tj (S<k’>
j=1 j=1

avtototyoly oo onuela g xou po tou NR[A]. Av ot othheg tou P = [wy ... wy_2]

’ 7 7 7 1 7
anoteholy oploxavovixy| Bdon tou yweou span{ v, vs iy, TOTE :

lcil? N1 + i P A
|cil* + [eia?

L cidiy — cipqd; = 0 = pi41 = € ONR[A](|ONR[P*AP],

vy 1 <1 <s—1.
Cy ... Cg

L. rank 21 ) | = 1= NRIPAP] € Co{NRIBJ, Auirs o M)
1 d2 ... dg

Anédeln I. 'Eotww dip1 # 0. Ano v unddeor, to didvuoua
d; Ci
1
W =T — = Tip1 = T — —— Ty € span{ vy, v}y
ditq Cit+1

Enouévwe, obugwva ue v Ipdtacn 2.2, to onueio

Wiiv1 = ——=w Aw = |Ci|2 Aip1 + |ci+1|2>\i
T Tl Gl e P

elvon epantouevo onueio v ouvopwy 0 NR[P*AP] xau O NR[A].

2, 7’ 7 4 7
ITI. Onwe xow otnyv nepintwon I, Smotoveto 61t tar Staviouata

C1 Cs Cst1 C;
1 — — xi—i—l)-‘-,l’s_—, J]i+1,$5+1——7 Tmy ooy Tp — — Ty
Cit+1 Cit+1 Cm Cm

Y ¢ # 0, m > s elvon oployovia Twv vy, ve. Ogdoxavovixomownviog ta, oplletar o

TV OIC
P = [wl...ws_l ws...wk_g] = [Pl PQ]
7 I3 ’ 51 éS

xou e€antiog e oploywVOTNTOS TwV SLvuoUdTtoy { X1 — — 41, ..., Ty — ——Tiy1 }

B 3 Ci+1 Ci+1

CS+1 Ck 7
AU { Tgp1 — —— Ty .., Ty — — Ty | EYOVUE

Cm, Cm

P = [331 T2 ... xs]@l , Py = [$s+1 LTs2 - -- xk]@?-

39



Koatd ouvénewa,

P*
P*AP = Pl* [z1 .. zn]diag( Ay oo An)[zn oo 2 7 [P By
2
_ Pl*[xl xs] Pl*[l'5+1 xn] diag()\la a)\s) O
PZ*[xl -I's] PQ*[strl xn] O diag()\erl» 7)\71)
_ " ” -
P )
Ty Ty
x * *
$s+1 strl
P P
L L % Tn i
@)
e o diag( M\, ...\ As) 9, o 0
0 [@; O] 0 diag(Aer, - M) [ | O |
*diag( M, ..., As @]
_[@idiag(n, e Cher
@] Q5 diag( Asi1, o s A ) Q2
xou omd Ty Wiotnta 1.4 (BAéne oel. 6), npoxinTel
NR[P*AP] = Co{NR[B] |_J NR[TT}. (2.11)
Yougwva ue v undleor, v T SlavdoudTo vy, Uy EYOUUE Uy = U + Uz, OTOU

k
Uy = Z cjxj. Ané v llpbdtaon 2.2, yenowonowdvtog 1o didvuoua v = v, 0 d NR[B]
j=s+1
EQATTETOL OTO TOAOYWVO < Ap, ..., Ay > Xxou Yoo v = Uy = Uy / ||0a]|, T0 ONR[I] egd-

TTETOL TOU TOAUYOVOU < Agi1, ..., Ap > . IIpogavde and tnyv (2.11), ouunepaivouue

NR[P*AP] C Co{NR[B], Ass1, .-, A }-

Av emextelvouue tov mivaxa P xar Yewpricouue Tov mivoxa R = [P zpy1 ... x|, T6T€

NR[R*AR] = Co { NR[B] U NR[I], Ms1, -, An }-
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IMogdbdetypa 2.3 'Eotw xavovixde wivaxag
A= diag(4+5i,2+4i, —1,1—2i,5—14,6+i,6+3i, —0.5)

xan Tar wovadtata Staviouota

V3 .NV2 1 1 V3 V2

V1 = Tel -+ 762 + 563 -+ 264 -+ Te5 + Teﬁ — 267
V3 V2 2
BT At getye

Eivow gavepd mwg, ONR[A] =< 4+5i,24+4i, —1,1—-2i,5—1, 6+, 6437 >, dnhadn,
—0.5¢ € int NR[A]. X0ugwva ue to II - lpbtaon 2.4, uetd v oploxavovixonoinon twv

ENOUEVWY BLUVUOUATWY

61—ﬁ€2 , es—V2ey 64—?65 ) 66_%65 ; €7+?65
XATAGKEVALOUUE TOV Tivaxa
[ —0.6325 —0.5164 : 0 0 0 ]
0.7746 —0.4216 : 0 0 0
0 0.7454 : 0 0 0
p_ 0 0 : —0.8660 —0.2887 —0.1543 _p B
0 0 0.5000 —0.5000 —0.2673
0 0 : 0 0.8165 —0.2182
0 0 0 0 —0.9258
i 0 0 0 0 0 |
Erouévae, i
Q1 =lereaes]" P, Q= [eseseser| Py

Beloxouue o1,

| 2.8000 + 4.4000¢  0.6532 + 0.32661

B = Qidiag(4+5i,2+4i, —1)Q; =
@1 diag( JOU= | 6532+ 0.3266i 0.8667 + 2.044di

I' = Qidiag(1—2i,5—i,6+17,6+3i)Qs
2.0000 — 1.7500i —1.0000 — 0.2500i —0.5345 — 0.1336i
= | —1.0000 —0.2500i  5.3333 +0.2500i —0.3563 — 0.4009i
—0.5345 — 0.1336i —0.3563 — 0.4009;  5.8095 + 2.5000i
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To ONR[B] egdnteton twv mhevpdv [A1, Ao] xou [Aa, A3] ota onueia

14+ 22i 3438
5 y P2 = 3 )

p1 =

10 8¢ ONR[I'] egdntetar otic mheupéc [Aa, As] , [As, A¢] xau [Ag, A7] ota onueio

8T 2841 18+ 7i
Pe = 1 y Ps = 5 y Pe = 3

Enouévwe, énwe galveton xar oto LyAua 2.3,
NR[P*AP] = Co{NR[B] U NR[I'] }

el

ONR[P*AP] N ONRJA] = ONR[A] N {ONR[B] U dNR[I] }.

6
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2.3 Aboco‘co)\v'] ocpuﬂp.nuxot') nedlou

Y€ TEPLTTWOELC TOU EVBLUPEROUACTE VO £YOUUE ATOTEAECUATA Yo To aprdunTtixd nedio
mivaxa G, ywelc va yvwpilouue axp3m To xupTd GUVopd Tou, apxel va uetaoy nuati{ouue
Tov mivaxa oe opdouovadiaia ouoo tou. Me Bdon tny Widtnta 1.5, av o oplouovodiai-
o¢ dev etvan (Sag ddotaong ue tov G, TOTE LUTdEYEL oYEon EYxAEloUOL GTA avTioToLy A
apriuntixd nedia, OTOTE AVUPEROUACTE GTNY O1A0TOAT) TOU aEy X0l Tivaxa. MTC epyaoieg
twv Ando [A] xou Choi-Li [CL], éyouv napouctaciel avoryxaiec xat avéc cuviixes yia
Tov eyxhetou6 tou NR[G], o évav xuxhixd dloxo o mpwtog, ot 8¢ enduevol oe EMETIXG
dtoxo 1) oe tplywvo, ue v mpolnddeon 6Tl o tivaxac G umopel va Ypopel UE xdmota e1dix
Lop®T| SlacTOAAC.

Kavovikny owaotoAn rivaxa G, [HJ, Th. 1.6.10], ovoudleton €vag xovovixdc Tivaxog Tou
€yel oav x0plo unorivaxd tou tov G. H uehétn tou apriuntixol medlou tng xavovixrg
dtaotorfc amotehel axpl3m¢ To avtioTpogo TEOBANUN Tou UoC ardcyOANcE ot eddpLa 2.1
xa 2.2. 'Etou thieton 1o mpoPinua, mwe enextelveton o mivaxag G xavovixd, £ToL WOTE 10
apruntixd tou medlo va Peloxeton evtog xupTod Tohuy®vou. Evdagépovta anoterécuota
Teo¢ auTAY Ty xateluvor uropet xavels va Peetl oty epyaato [M2], 6mou duwc ot nivoxeg

TOU UEAETWVTAL Efvar €8txNC Uop@NC 1} oLUYXEXPLUEVTC DACTAOT.

Ocwpovue nivaxa G € M,, xar v avilotolyr kavoviki OlaoToAl} 1j €Téktaon

G G* — kI
G* — kI G

K = , ue keC. (2.12)

\

Trevduuilovue 61 G = H(G) +15(G), 6tav H(G), S(G) elvon to epurniavd pépn tou

G xaL oNUELOVOLUE

P1 = /\mm(H<G>> y P2 = )\mam(H<G>> y @1 = /\mm(S(G)) y 2 = )‘max(S(G))

Y10 €3dgo autd exdétoupe uta Stadixaota yia Ty dtaotorh tou NR[G] oe éva mepyye-

YEUUUEVO TETEATAEURO, Tplywvo ot eEdywvo.
Ilgétaon 2.5 Av D = diag(2p1—k, 2ps—k, k+2iq1, k+2igy ), t61e NR[G] C NR[D].

i
v ® I, €youue

1
Anéden Av U = & [ .
—1

2H(G) — kI 0
0 kI +2iS(G)

U'KU =
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Enouévwe, ouvdudlovtag tnyv diétrta Tou untonivoaxa Ue Ti¢ Wiotnteg 1.4 - 1.5 TpoxnTeL

NR[G] € NR|K] = Co{NR[2H(G) — kI] U NR[kI + 2iS(G)] }
= Co{(2NR[H(G)|—k) U (k+2iNR[S(G)])} = NR[D]. ®

IMégropa 2.1 Av k = py, t6te NR[G] C NR[D4], 6nouv o nivaxac D; elvar g
Lopgric

Dy = diag(2p2 — p1, p1 + 2qui, p1 + 2qoi)
xow Re (ONR[G] N ONR[D,]) = p1.

Anéderdn Enedh to onueion pr, p1 + 2qit, p1 + 2¢ot elvar ouvevdetaxd, NR[D]
NR[D]. Emnhéov, ané tnv Widtnta 1.11 (i) n evdela © = p; e@dnteton oto 0 NR[G],

OTOTE TO SSUTEPO OLUTEQUOUA ELVAL AUEGO.

‘Ouota, arodexvieton OTL :
Ilogropor 2.2 Av k = py, 161 NR[G] C NR[Ds], énou

D, = diag(2p1 — pa, p2 + 2q17, p2 + 2q2i)

xow Re (ONR[G] N ONR[Dy]) = po.

Ané v Ilpdtacy 2.5 xar ta 800 nopandve Ioplopata eivon goavepd Twe Ue TRV GUYXEXPEL-
uévn xavovixt| Staotoly| (2.12) tou G, 1o NR[G] evtonileton oe tetpdmieupo 1| o€ tplywvo

4 Z 4 4 4 2 4 4
AVTLOTOLY A ETELTC)\EOV, ATO TO EMOUEVO TOPLOUA EYOUUE SLO(GTO)\T] o€ EEO(Y(OVO.

IIégropa 2.3 "Eotw o nivaxog

G G* —p1[

V = diag( & — il G
— D

G G*—pﬂ] )

G* — pz] G

w6te, NR[G] € NR[V] = Co {NR[D:] UNR[Dy]} = NR[Ds],
6rnou D3 = diag(2p; — p1, 2p1 — P2, P2 + 211, p2 + 2q1, p1 + 2qu%, p1 + 2420 ).

Anédeldn Elxoha Swmotdvetar 6T, o mivoxag Vo elvon xavovixr enéxtaon tou G xon

/ 7 7 7’ 7 7
an6 ta Hoplopata 2.1-2.2, TpoxUTTEL 0 EYXAELOUOC XL 1) ONUELOVUEVT) LOOTNTAL. [ |
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Ané 7o Ilbpoua 2.3 PAénouue 6Tl UTOPOVUE VoL EYOUUE EVA TEQLYYEYPUUUEVO ECAYWVO GTO
aprduntied nedio tou mivoxa G, 10 omolo duwe PBeloxeton apxetd uaxptd ond to O NR[G],
i xon dev umdpyet xavéva onuelo exagnc LeTadd Ty 800 GUVORKV.

‘Ouwe adonowwvtac ta Hoplopata 2.1 xou 2.2 anoxtolue 0 oyéorn eYxAeloU00)

~

NR[G] c NR[D] = NR[D;] N NR[D]

D1+ p2 + 3q2t . p1+Dp2+3qut

6mou D = diag( 5 , D1+ @t , p1+qit, 5 , P2t qui, ot qoi).

Ouv yovieg 0;, 1 < j < 4 mou oynuatilel o mpayuatindg dfovag UE TIC TEOCEPLS UM
AATAXOPUYES TAEUPES TOU ECUYWVOU NR[D] , utohoy(Covtan exoha. H mopdhhnhrn uetagpo-
ed AUTAY TV TAEUPGY TEog To 6Uvopo Tou NR[G], xadotd tig eudeieg autéc eantdueveg
(support lines) xow olugwva ue oo avagpépovtor oty [K], o epantoueva onueio (&5, 1;)

oplCovton and Ti¢ e€LOWOELS
& = Mepj)cos (9;) — X (i5)sin(p;)

!

nj = Mgj)sin(p;) + A (@;)cos(g;) (2.13)
6mou () etvar n uéyot pilo Tou TOAUGVHUOU
det[ H (Ge™%) — Xg) 1]

v xde ¢ = ;. H p; elvon 1 ywvia mou dnutouvpyeitar avduecsa 6tov Vetind xataxdpupo
dEova xou oty xatevduvouevn epantduevn eudeio, (Bhéne LyhAua 2.4).

4

Sy 2.4:
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‘Etot, opileton to nepryeypauuévo eZdywvo tou NR[G], ue xopugéc

A= 771—772+51+52
2q2a 2

7 m+772+q22a(€1—52)) , B=(p1, @alpr — &) +n2)

na—n3  &a+8& mt+ns+qaléy — &)
+ , )
2q1a 2 2

E=(p2, qa(és —p2) +n4) , F = (p2, q2a(§& —p2) +m)

C=(p1,qualpr —&)+n3) , D=

émou a = (py —p1)~t.

IMogddetypa 2.4 T'o tov mivaxa

1 3 —1
2 =3 0

G ? ?
4 5 -1 =2
4 =3 =2 1+

€youue pp = —3.6478 , p, =5.0636 , ¢ = —4.9107 , g = 3.5626.
Y10 Yyfua 2.5 oyeddleton 1o NR[G] xou to aprdunuxd nedio tou mivoxo

D= diag (0.7079+5.3439i , —3.6478+3.5626¢ , —3.6478—4.9107: ,

0.7079 — 7.36607, 5.0636 — 4.9107: , 5.0636 + 3.56261 ).

NR[G]
Al
| k
6
-8 B ik 1 1 1 1 1
-6 4 2 0 2 4 6
Eyfuo 2.5:
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Enedy,
01 = 157.7555° = 1 = 01 — 90° = 67.7555° | Oy = 22.2445° = o = Oy + 90° = 112.2445°,
03 = 150.5901° = @3 = 054+ 90° = 240.5901°, 604 = 29.4099° = @4 = 04+ 270° = 299.4099°,

and Tt edowoere (2.13) Peloxouvue to onueio

& +in = 1.3279 + 3.24731 & +iny = —1.3878 + 3.3938i,
&3 +ins = —2.1569 — 3.82661 , & +iny = 2.6149 — 4.63914.

Y10 Yyfua 2.6, oyeddlovian To NR[G] xaddde xon to TEPLYEYPUUUEVO TOU €E8Y®VO TOU

€)Y(EL XOPUQEC :
A= -0.2091 4 3.8759i, B = —3.6478 +2.4695¢, (' = —3.6478 —2.98617,

D = 0.9497 — 5.57784, E =5.0636 — 3.2588:, F =5.0636 + 1.71941 .
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Kscpo’c)\ou.o 3

YTYNOETIKO APIOMHTIKO ITEATO

3.1 Oglouol - IdLotnTEg

Avapépdnxe oty ewoayoyy, 6t o F.Hausforff yevixevoe tv évvora tou NR[A] yio pia

k-&do mvdxwv A, ..., Ap té4€ng n. To olvolo
INR[A1, ..., Ay] = { (2" Az, 2" Ag, ... 2" Ag) » 2 €C", 2z =1}, (3.1)

ovoudletar ovvdetiké apiiunuikdé medlo (joint numerical range) xou ouuBohxd oto e&hg
k

nopotdveton ue JNR[A,,]r ;. Eivow gavepd o1, dtay 6hot ou nivoxeg elvan epputiavol

m=1

INR[A,JF,_, € RF € CF xo y x80e nivoxa A € M,,, woylel n wétnta :

A+ A A— A
2 7 %

JNR [ } = NR[A].

Axéun, av ypddouvue A = M +iN, ue M, N € R,y,, ya 10 cuvdetixd nedio twv

TEOYUATIXWY TIVAXWY CUUTERAUVOUUE

JNR( ) = NRJA. (3.2)

M —N N M
N M| | =M N

Hedrypatt, av nagacticovue 1o uovadialo Sdvucuo cav = = u + v, TOTE TEOXVUTTEL 1|

oyéon




6TOoU
I8

3.1

3.2
3.3
3.4

3.5

3.6

w = € R* xou étol ouurepaivouue Ty (3.2).

v
1€ Tou ouvieTxol apriunTxol nediov mvdxwy A, € M, avagépovue TapaxdTw:

Ye avtideorn ue to apruntixd nedto mivoxa, 1o cuvletixd apruntixd nedio dev etvan
mévta xvptd. H xuptétnra tou JNR[A,, ]m 1 elvon yvwoth uévo yio Ty mepintwon

Gp}ll‘ClaVa)V TCU/(ZKCOV, oty

n=k=2 xau n>3, k<3
To JNR[A,]k _; etvor ouumayéc xan ouvextxd unocivoro tou CF.
INR[pApm + vk _ = p INR[ALE )+ (1,00, ), YW i, v € C.

INR[A)F_, = INR[AT]k _

m=1 —

To IJNR[An(J)]k_, C INR[A,]*

v ue Ap(J) onueidvovton oL UTOTIVAXES TwYV

ml?k

A, and Toug onoloug €youy dtaypapel ot J ypouUES xat OTAHAES.

['o obwietoug Sraywwvioug mivaxeg, 6tav A, € M, xou A € C €youvue :
k _ _ k
A, O 1 A, +MNA,, —i(A,, — \A,,
JNR . — ~JNR M An) (3.3)
0 M, . 2 i(Am — ANA) A, + MA,, -

Anédeldn XuuPolilovtag ue S, = Re A, T, = ImA,,, ywxde uovadiaio didvuoua

rzeC

ES

2 €Y OUUE :
A, 0 1. [1 0][24, o0
_ = =X _ Xz
0 M, 2> o ar|| o 24,
A1 o[ Se+iTm Tp—iS, | [ I il
= =X T
|0 M || ~iSw—Tw —iT+Sn | | il I
dr o[ 1 —ir S T | [ I il
= = x
0 M| | il T Sm || il 1
1 [ 1 - 1+ N —i(1 = NI
= -
il T i(1=XNI (14N
S T | [ 1 il
X
Ty Sw | | il 1
1L An M —i(An - M)
2V | (A = AA,) Am 4 M, ’

49



, 1 I il
oTov §y = — / T, xou Yy = x'r = 1. [

V2 | il

Ynuewdveton 6Tt av oty (3.3) Véoouvue A = 1 xou yenotdonoticouUe Ty oot

, 0 I
w, Omou w = x,
I 0

Sm T
T Sm

S —Tm
T Sm

*

QuECH TPOXUTTEL 1) OYECT, TOU GUVOEEL TO GUVIETIXG aEUNTXXO TES(O TVAXWY UE TO GUYV-

)k
m=1

Vetnd aprduntnd nedlo mpoyuaTiX®my TVEXwWY :

k k
Sm T
JNR = JNR = JNR
m=1 _Tm Sm m=1

3.7 Av A, e M,, (m = 1,...,k) éyovue :

k
| )t
m=1

Anoder&n And tic wodTnTEC

Ap 0
Am

S =T
T, Sm

0 A,

—A,, 0

—i(Am + M) Ap — A,
A — M, i(A, + M)

0 A, | 1[I 0 0 24,
A, 0| 2]0 M || 24, 0
oo i 1| <iSe i | [ il 1
200 M| | T Ty iSm I —il
[ ] i (-1
LAl A=D1 i(A+ )T
—Sm T —il 1
X
m Sm I —il
1|l T | —i(An+AAy) An = M, —il 1
ATl Am =My (A + AAy) I —il
o ) , 1| =il I ,
ytoe To povadiado Sidvuoua = € C*, o didvuoua —= |z elvon uova-
V2 | 1 il
dafo Sidvuoua, xotd cuvéneta Eyouue Ty (3.4). |

20
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Emniéov napatnpodue 6t

—iS,, T
T iSm

I, S
—Sm —i1,

1+l 1+l
(1—9)I —(1—4)I

L A=) (140
A 1= —(1+)I

1+ (1+i)]

xau yto povadiodo Sidvuoua x € C* | 1o Sdvuoua = x elvan emi-
21 (1= —(1—d)I
ong uwovadaio. ‘Etot and v (3.4), yio A = 1 €youue
k k k
0 A, —iS,, Ty Ty S
JNR _ = JNR = JNR .
—A, O - Ty, 1Sm - =Sy —iT,, -

Avéhoyn e Wotntag 1.4 tov tvdxwy (BAéne oeh. 6), oylet Yo To cuvleTnd apriuntind

nedio e¢’ ooy ot mivoxee etvon epurtiavol [BL]. Anhadh, av A, = B, ® C,,, t61€

Co{INR[A,,)F _, } = Co{INR[B,]F _, UINR[C,]5 _, }. (3.5)

Otov k =3 xa n >3, and v Wiotnta 3.1 1o INR[A,JF, _; elvou xvpté, ondre and v

(3.5) ovunepaivouue TV LoHTNTAL

INR[A,, )¢ Co{ INR[B,,Jf._, UINR[C,)E _, }.

m=1 —
3.8 T toug nivaxec A; € M, xaw Bj € M,,,, (j = 1,2) éyouue

A O
B,

Ay 0
0 B,

?

Co{JNR[A;, As]UINR[By, By]} = Co{JNR (

) 1. (3.6)

Anéde&n 'Eotw uovadwio Staviouata x € C™, u € C" xou o avtiotoyyo ornuela
a € INR[A;, As] xou G € INR[By, Bs]. Téte, vy xdde A € (0,1):

Aa+ (1=XN)F = ANz*Ayx, 2*Asz) + (1 — N)(u*Byu, u*Bou) =

A 0 As 0 A 0 As 0
A" ! z, 2" ? z2) 4+ (1 =) (w” ! w, w* ? w)
0 B 0 B, 0 B 0 B
T 0
omou z = [ 0 ] XL W = [ ] elvon uovadiador StaviouaTa TOU Cratnz,
U
Eto,
A 0 As 0
Co{JNR[A;, Ay) U INR[By, B,]} C Co{JNR( ! P 02 . )}. (3.7)
1 2

o1



Ayt Dewpt ’ 3 € JNR A0 Az 0
vtiotpoga, av YewpRoovue ta onuela o, , O
pop proouH Y 0 B 0 B,
x u
Ta avtioTorya wovadtata Staviouata z = [ , W = [ e Cm*™ | qooxdntel :
Y v
Aa+ (1=N)p
A 0 Ay 0 A 0 Ay 0
= Az" ! : ? 2) 4+ (1 =) (w” ! w, w* ? w)
0 B 0 By 0 B 0 By

= MNa"Ajx +y* By, 2" Asx + y* Boy) + (1 — N)(u"Aju + v* By, u* Agu + v* Byv)

*A *A *A *A *B *B
— s (a: A zm) (1 A (u i gu) A (y 1y Y 2y)
T*T T*r uru uru y*y y*y

*B *B
+(1 = Av'w (U 1w QU)

viu T vt

Enedy
A+ Ay'y 4+ (1= Nuu+ (1 — Aoy = 1,

1 teEhevtala ol YRy Exppaom elvort £vac xupToc oLVSLACUOS TwY onueiny Tou JNR[A;, A;]

xou JNR[By, By], dnhad¥, woyler xou v avtiotpogn g (3.7). [

EWdwdtepa, av ot wivoxee A; xou B, elvon eputtiavol, amd tny xuotdTnTtol TOU GUVIETL-
] J J )

7 4 7 /7 z
%200 apriuntixol wediou, 6tav k = 2, €youue :

JNR(

Emuniéov, av B; = A; and tnyv WBiotnta 3.4 mpoxnTeL :

JNR(

Téhoc, ypdpovtac toug nivaxeg otn wopyhy A; = S; +1¢1; (j = 1,2), émou S;, T €

A O
B,

Ay 0
0 By

)

) = Co{JNR[A;, As] UINR|[By, Bs]}

A 0
A

Ay 0
0 A

> - JNR[Al, AQ]

R xn;, ouvdudlovtac tnyv (3.2) xau v (3.6), cuunepaivouue Ul emmiéov oyéon uetall
A 0

aprduntixoy tedlov Tou
pruun 0 A,

] xaL Tou cuvleTixol apriunTxol nedlou :
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A 0
NR(|© D)
0 A
= Co{NR[4;] UNR[As]}
Sy =T S —T: T, S
= Co{JNR bt PPN ) UINR R
5 =51 T > 5y =S5y Ty
Sy =T Sy —T: S T, S
= Co{INR | diag(| 7} ! S I e T e DR B
Ty, 5 T, S -S1 Ty —Sy Ty
Sy =T Sy —T: S T, S
= JNR [ diag( ! ! ? 2 ), diag( oot , 2 ) |-
T1 Sl T2 SQ —Sl T1 —SQ T2
3.9 T xdde onueio a = (aq,...,ax) € INR[A,]F,_; woyle

{Rea : a € INR[A,)F_ Y ={r: r € INR[H(A,)]"_,}
émou H(A,,) eivon 1o epuintavé pépog tou mivoxa A,.

AnéddelEn 'Eotw r € INR[H(A,)]E _; , tote undpyer wovadiado Sidvuoua = € C*, tétowo

m=1>

WOTE :
1
r = ("H(A)z,..., 2" H(Ap)x) = 5(:1:*[141—J—AI]:B,...,:B*[AkjLAZ]x)
1 - -
= §(x*A1x+x*A1x,...,x*Akx—f—x*Akx) = (Reay,...,Rea)) = Rea

émouv a € INR[A,)F ;. |

Fevixebovtog tov opoud (3.1), avtixadiotdvtag 10 EUXAEDD ECWTEPXS YVOUEVO UE

adpoto eowtepikd ywviuevo otov C", €yovue 10 S-ourletikd apiiuntiké medio
INRS[ALE = {(< Az, >g,.. ., Apz,x >g) t 2 €CM ) < 3,0 >g= +1},
omou S € M, eivar adpotog avuoTteéduog eputtiavig mivaxag. Tote,
INRs[A)E _, = INRE[AL)E _ UINRG[AL]E ).

Avdhoyec WiotnTeg ue autéc Tou YeTinol apriuntieold mediou mivoxa, WwyYouy xot Yo To

JNRY , ot onotec dueoa enondedovion. Evdewtind avapépouue uepxéc :
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I. T xdde avtiotpéduuo nivoxa G €youue :
INRE. o[ G ALGYE ) = INRE[AL)E .

IT. T Yetnd opouévo nivoxa S = T™T woylet :

INRs[An)f_, = INRY[A)F_, = INR[TA,,T ') _

III. JNRI[ALE = (a1,00,...,08) & SA, = a,S xS éyer Touldyotov ula
Vetnr| ot .

IV. INRE[eAn + Lad)Ey = ¢ (INRE[A)E ) + (s oy - 1) -

V. Av S mpayuatixde cuUUETEOC Tivaxac TOTE :

m=1 "

a1, ..., 0p) € INRE[AL)E = (Gy,...,a,) € INRE[A,
S m

VI Av Ay, Ay eivar S-autoouluyeic ( Snh. SA; = A%S) tote, o JNRG[A, Ay] C R?

xaL avixel 6to eninedo 2z = 1.

Avtiotoryn oyéon ue vy (1.20) xow v (3.3) elvar n enduevn. Av A, € M, xou yo

k k
T |
m=1 m=1

LyeTd UE TI¢ 6UCTOAES Tou ouWIETX00 apriunTixol nediou, Tapouctdlovue T0 CUVIETXO

xde A € C woyleu

Am 0
0 M,

Am + A —i(Apn — AAp)
i(Am — AAp) A, + M\A,,

JNR@@S (

aprlunTxd medio Twv TVaxwY A, cav Evwor cuvIETIX®Y apriunTixdy TESDY TIVAX®Y

ueoTeEENS ddoTaog, TeoceyYIlovTag auTod ECWTERLXA.

Ilpétaon 3.1 T nivoxeg Ay, Ay, ..., Ay € M,

fikAmfl frAmfr

INR[A.)E = | INR : : (3.8)
bk S
T<n
orou &1, ..., & dtpéyouy dha Ta GOVOra TwV T oploxavovixwy Stavucudtewy tou C".

54



Anéderdn INaxdde uovadiaio didvuoua x, to Sdvuoua y = Pz, énov P = [& ... & ]

ue P*P = I, elvou enfone povodiaio xow

A& - G ARG
I*Amx = y*[£1 ce 57—]*Am [51 .. 57] Yy = y* . : y

dnhadt, emakndeteton dueoa 1 e&lowon (3.8). |

o 7 = 2, elvon npogaviic 1 mpooeyyon nou yivetar and cuvletixd apuiuntixd nedia

>k
m=1

Twdxwy 2 X 2

gi(Amfl éfAméé
f;Amgl ggAm&

3.2 Xuvletixo cpLiuntixd TESLO YTOVLOXOY TLVAXWY

Y10 €ddgro auto, ot wivaxeg A, ..., Ap € M, Jewpoldvion epurtiovol, T0 GUVIETIXG
7 / ’ 7 2 ’ k 2
apriuntixd medlo etvon xoutd cuvénela utoclvoro tou RY, ol de cuvteTaYUEVEC TOU UOVA-

Swdou Sravoopatoc h = (hy, ho, ... hi) € R¥ Do efvor tne popoihc :

hi = cosf;sindsy...sinb;_,

hy = sinfisinbs...sinb;_;

hs = cosblysinbs...sinbj_; (3.9)
hy = cosbzsinly...sinb;_q

hy = cost_4 ;0 0<60;, <2r,5=12,... k-1

Av Yewpricouue Tov gpuLTiovO Tivoxal
M = hiA; + hoAs + ...+ hi Ay (3.10)

%ol OLUPBOMOOUUE UE Apae (M) Ty uéytotn Wotwur tou M xan ue wy To avtiotolyo uo-
vodado odidvuoua tou M, uwa mpocéyyion tou JNR[A,]F | ue xuptd mepryeypouuéva

TONOESPA OQEIAETAL GTO EROUEVO AAUUA
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Afupo 3.1 To urepeninedo
e hizy + howo + ...+ by = Apaz(M)
epdnteton oto ovvopo tou Co{INR[A,.]F,_;} o710 onueio
po = (wiAjwy, wiAswy, ..., wiAgwy ).

To Afuua 3.1 anotehel yevixevon Twv tepntwoewy k = 2 1 k = 3 6w meptypdgovTon
otny epyacia twv [AT] xar enakndedetar ue duoto tpémO.

H uehétn tne xuptédTnTag Tou ouvietinol apriuntixod tediou noapouotdotnxe deodxd
oty epyaoio wwv C.K.Li xou Y. T.Poon [LP], énou éyel anoderyVel ot yia toug n X n
Yoouuwd aveZdptntouc eputtiavole mivaxee A, (m = 1,...,k), av 1o JNR[A,JF_;
elva %xVpTo, TOTE

dim(span{ I, Ay,..., Ax}) < 2n—1.

Yy D epyacia tédnxe 10 mpOBhnua opopol g péyioTns ypauuixd avebdpTntng or-
Koyévewag epputiaveyy mvdkwr, wote to ovvletiké apiiuntiké medio avtnig va elvar kKupto
ovroho.

Ac¢ VewpnoouUE TNV OWOYEVELN €QUITIAVWY YOVIAKOY TVIXWY

Am1  Gm2 Amn
m2 0 0
Spo= | ™ Com=1,.... k (3.11)
: : @)
mn 0

ue n > 3 xu 3 < k < 2n — 1. Ou ERLYERHGOVUE VU ATAVTIAGOUUE GTO TULAUTAV
TeoPhnua.  Xpetdletor Vo GNUELWCOUUE OTL 0 TEPLOPLOUOC Ylot To b mpoépyeton amd Ttnv
ToEATHENOT OTL

Sm € W = span{ Ev1, Evj+ Eji, i(Eyj— Ejn) @ 2 < j < n}, énov {E;} elvar n

xovovixty Baor Tou Stavueuatixol yopoL Tov Tvdxwy M, xou anéd Ty Wiotyta [LP]

JNR[Sm]k elvon xvpté < INR[En, Ey+Ej, i(Eyj—En) ;2 <7 < n] elvou xupto.

m=1

IMpétaon 3.2 'Eotw 6t {S,}h_, elvon ypouud aveZdptntn owoyévela mvdxwy Tou
tOnou (3.11). To olvopo tou Co{INR[S,]% _;} etvor unepehheroedéc otov R¥ éyovrac

7 4 1
*évtpo To onueio 3(air,as, ..., ak).
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Anéderdn T xde povadwio Sidvuouo (hy

4 7
EQPULTIAVO TVOXA

M = hSi + heSo + ..

Ened?) to yopoxtneiotind mrohuwvuuo tou M

A — M| = A" — \"~ 1tham1 A" ZZ

€)OUUE
1
Amax(M) = )\0 = 5(

2

k
Zh’mamj

m=1

Yy

Jj=2

. 2
ue A = (thaml)
m=1

Tou M eivan

0 = )\61/2A—1/4 Ao

Yougwva ue to Afuua 3.1, 1o onuelo (w§Siwo, - . .

XL 1) T-GUVTETAYUEVT, aLTOU Tou onueiou elvon
arl arl j : j :
hmaml +

*
wySrwy = =

©étouue oty (3.13)

(12 -
S,
J=2

—1/2
/ Orl = 0]

m=1

k
> b
m=1

7r -

soooy hi) € RY oty (3.9), Yewpolue tov

.+ hiSk.

elvo

2

Z hmam]

m=1

)

> 0. To avtiotoryo uovadiaio Woddvuoua

j=2

k
> ity + AV

G2 (3.12)

& T
> Dntinn ] .
m=1

, wiSkwo ) avixet oto & Co {INR[S,, ¥ _; }

Z P )y + Z PG ;) aT]” (3.13)

a/rlall

A71/2

Re E ar;ai; +

?

omoTe amd T¢ k €ElOMOES, TOU AVTIGTOLY0UV OTIC Kk CUVTETAYUEVEC TWY ONUElmY TOU

Co{INR[Sp5—1 }
hl’/Tl + h20'12 + ...+ hkalk
h1021 + h27T2 + ...+ hkUQk
hlUkl + th‘kg + ...+ hkﬂ'k

a7

= wySiwo — % = 1
= wyShwy — % = Iy

(3.14)
= wySkwo — % = Tg,



enedq ||h|] = 1, anokelpovroc g nopauétoous by, ..., 0, 1, TEOXUTTEL 1 TETPAYWVIXY

eleleloyy

k—1 k—i
gt + 92223 + ... + gty + 2 Z Zgi(i+j)$z‘$i+j = gp. (3.15)
i=1 j=1
Yy (3.15) éyouue
Imm = Um © Um Gi(i+j) = Ui © Uiy , UE U = [Tml Tm2 - -- ka]T

OTOU Tpps EVOL TO AAYEBPIXO GUUTATROUO TV Ms-GTOLYElWwY Tou Tivaxa

T 012 ... O1k

0921 To . O9k
G =

Ok1 Ok2 ... Tg

x go = det G. O wivaxac

g1 gi12 ... Gik
) 921 G22 ... G2

k1 9k2 .- Gkk

e TeTpaywvixic wopehc (3.15) eivon mpayuatixde avtiotpéduuoc nivaxac Gram. Enedy
oto obotnua (3.15) éyovue rankG = k xou rank(adjG) = rank[vy ... v] = k, elvou
pavepd 6t Q > 0. Emouévwe 1 tetpayovixd uopgr otny (3.15) elvor unepehherpoetdéc

’ k ’ 2 , 4 1
otov yweo R¥, tou omolou 1o xévtpo Poloxetar oto onueio §(a11 L A21y - ey QK1) - [ |

H ypouuw| avelaptnota twv mvdxwy etvor avoryxaia, yia v tpoxiQouy to anoterAéouata

¢ Hpdtaong 3.2 otov R*. Twati oy Vewprioovue 6Tt oL wivaxeg Si, ..., Si Oev elvon ypou-
E—1

uwd avegdptnrot, ywelc BAUST e yevixdtntag, unodétovue Sy = E [;)S;, tote YeTd Amd
i=1
x(dmotoug apluNTX00S UTOAOYLOUOUE CUUTEQUVOLUE OTL, 1 TEAELTALA GTAAY o YPouUT

Tou mivaxa G ebvar 1 UNBEVLXY, CUVETKC 1) TETEAYWVIXT LORYPY) (3.15) efvow ex TAUTOTNTAC
undev.
Emmiéoy, and v Hpdtaon 3.2, awol x&de onueto tou ouvépou tou Co{INR[S, ] _}

elvon péyoto onuelo, alilel Wialtepa va onuetwiet :
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IMopropa 3.1 To cuvoproxd onuela tou Co{IJNR[S,,JF,_;} towtiloviou ue 10 kédvgog

(shell), eZwteptnd olvopo, Tou GUVETIXOU apLuNTXOL TEdlou TwV Tvdxwy Sy, otny (3.11).
[pbogata, anodeiydnxe oty epyacio [PT], 1 wétnta

NR[P(2)] = {z€C: 2*P(z)x=0, x€C"\{0}}
= {2€C: g2+ . ezt =0, (c,c, ..., cx) € Co{INR[A,]"_, }},

nou ouvdéer 1o Co{JNR[A,,JF,_;} ue 7o cpriuntné medlo Tou noAuwvuuXoU Tivoxa
P(z) = ApzFt + ..+ Agz + Ay (BAéme €ddpro 4.1), o onoiog €yet Yo GUVTENEGTES TOUC
mivaxeg Tou cuvietixol apriuntixol nedtou. H nopamdvew oyéorn Borince yia v arodetyvel

1 €€N¢ TpdTOOT

Ipétaon 3.3 Avioonuelo (0,0, ..., 0) devebvon onueio Tou xehbgoug tou JNR[S,,|*

m=1>

161e T0 E0wTEPXS Tou JNR[S,]E | elvou owtstpoouvo)\o

Anéderdn T toug ywviaxole mivoxeg S, Sz ..., Sk oty (3.11), Yewpolue tov avti-

GTOLY0 TOAUWYLUIXO Tivaxa
P(z) = Szt 4+ ... 4 Syz + S

Enedh xdde dtdvuouo = € spanf{es, ..., e, } elvar kovd wotpomikd ddvuoud Twv Sy,
6nwe oplotnxe to xowd un undevixd wotpomxd ddvuoua oty [LR1], z* S,z = 0
v xdde m = 1,2,..., k, ouunepaivoupe 61 NR[P(z)] = C xou udhota 10 ornueio
(0,...,0) avixe oto ecwtepxd tou JNR[S,]Y . SuuPoriloviag ue

L(t)=A(c1,co,...,¢c) at* P ette =0, (¢,..., ) € JNR[Sm]fnzl}

yw xdde t € NR[P(z)], ané [PT], 1o L(t) elvon cuvextxd oOVOLO xal TEOYAVHDS TO
onueio (0, ...,0) € L(t). Etot, y xdde onueio w = (wy, ..., wy), mou Bpeloxeton

oto xéhugog tou JNR[S,]% _; optlouue To mohudvuuo
Gu(2) = w2 4+ L4 ez + wy

xou o utoéoouue 6t undeviletan oo ty. E€artiog g ouvextxdtnrog tou auvéhou L(ty),
umdEyet xou oA K, Tou eviver Ty opy UE To ornueio w. ‘Oha ta onuela Tng xoumOANG
K avixouv entonc oto JNR[S,,]% emeWdn Yo T GUVEYT CLVAETNOT)

m=1>
®:{zeC" : |z| =1} — INR[S.)F_,
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mou optleTan and Tov TUTO
O(z) = (2"Siz,..., 2" Spx)

€)Y OUUE
O [{zxeC" : |z|| =1, x*P(ty)x =0}] = L(to).
[ |

Av oty lpbdtaon 3.3 10 (0,...,0) avixet ato 6lhvopo Tou cuvieTixol apriunTixol Tediou,

tote t0 INR[S,)F,_; unopet va neproptleton uévo 610 xéhugoc, Snhadh vo uny undpyouy

/ 7 ’
dhho ecwTEPLXE ouElaL.

ITopdbdetypa 3.1 'Eotw ot ywvioxol tivoxeg

10 01 0 7
0 0 10 —i 0

xan To povaddo ddvuoua x = [t €1 —2]T, ¢t € [0,1]. Téte

JNR[Sla 827 53] = {<t2, 2tm COSQ, —2]5\/@ Sin@) . tE [O, 1]7 9 c [O’ 27-‘-]}
= {(‘Tayvz) : 4([E—1/2)2—|—y2+z2:1}

Hpogavde o (0,0,0) € OJINR[S:, Sy, Ss], xou udhota 1o JNR[S, Sy, S3] elvou

LOVO 1) ETLPAVELX TOU EMAELPOESOUC.
Ané ¢ [potdoeic 3.2 xan 3.3 cuuTEPAVOUUE :

Ilpbtaon 3.4 Av Si, ..., S, eivar wa k-dda yoouuixd aveldpTnTwy EQULITIOVMY Yw-

k

VIOV TUVEXWY UE Ay =0 (m =1, ..., k) t6te, 10 JNR[S,,]5,_; elvou xuptd chvolo.

A‘JT.(’)SSLE'Y] ETEELST/] Sm eV = SpCLTL{Elj + Ejlu i(Elj — Ej) 2 < j < n}

npogave éyovue  dim(V U {I}) = 2n — 1. Eivow apxetéd v anodeydel 61, tar onueio

k
m=1-

Oétovtac S, = tS,, xow M = hyS;+ ...+ RSk, €youue and v (3.12)

t(wiSiwo, ..., wiSkwy) émou t € [0, 1] avAxouv oto JNRI[S,,]

~

Amaz(M) = t Amaa(M) = tho, A = 2A

ue wo To avtioToryo uwovadiato Wodidvuoua Tng WoTyung Amaz(M). Enouéveng, to

(wgtSiwg , ..., witSkw ) etvor eowteped onuelo Tou JNR[S,JF ;. [
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Telxd, éyovtac vnddn dim(V U {I}) = 2n — 1, xotakfyouue oTov oyuptoud Ot ot mi-
vake§ {Sp,} otnr (3.11) pe apmy =0 elvar ua péyotn ypappukd aveEdptnen oikoyéveaa

mwvdkwv jie Tov péyioto apiud ororyetwr, tétoa dote to INR[S,)E _; efvar kuptd odvolo.

Téhoc, av { Sy} eivan oucoyévera epuitiovdy mvdxwy 6nwe oty (3.11) xau S, eivou ot
UTOTEVOXES TTOU TPOXUTITOUY AT TOUS Sy, OV AVTIXATAGTHOOVUE TA @ OTOLYElN TNC TEWTNG
YeouUYC xo GTHANG UE UNBEY, EYOUUE :

ITégropa 3.2 'Eotww {S,} owoyévewr ypauuxd aveZdotntowv mvéxov g (3.11) ue
am = 0. To JNR[S,, @ 0,]%_, C IJNR[S,Jk_,, 10 8 JNR[S,.J5,_, eivor umepehherpoet-
déc otov yopo R¥) étav k < 2(n—p) — 1.

m=1»

A

Anodel&n Ao Ty UopgY| TV TIVIXWY TUPATNEOVUE OTL XU OL TVOXES Sy, IXAYOTOLOUY
Tic mpolnodéoelg tne Hpdtaone 3.4, xatd cuvérela To JNR[S ] _, ebvar xuptd Glvolo xan
udMoTa UTEPEAEL)OEWES GTOY R*, ané Ilpbtoom 3.2. Enedy) S, = Smea 0,, ouvdudlo-

vtag xou Ty (3.5), éyovue

INR[S, @ 0,)f,; = Cof{INR[S,, @ 0,]5_,} = Co{ INR[S,]t_; [ J{0}}
= Co{JNR[S,])F_,} = INR[S,.]F_, € JNR[S.]F_,.
[ |
AloomnuelwTto etvon otL yior va Statnendet 1 ypauu| avelaptnola twy S'm TWVAXWY TEETEL
2n—~k—1 , , , , ,
0 0 < {f] , omou [ ] ouuPorilel to axépato uépoc Tou aprduol.

H pelétn tou ouvietixod aprduntixod nediov twv tedtaywvimwy xou (2p — 1)-Strywvieny
EQULTIOVMY TIVAXWY GTNEIleTal OTA TOPATAVG ATOTEAECUATL.
010
Me Tov mivaxo 1 0 0], évac 3 x 3 yovaxde wivaxac uetacynuatiCeton opdouova-

0 01
dafar oe Tpdarywvio wivaxa xon and tig [potdoeic 3.2 xan 3.4, £youue :

IMpétaon 3.5 T 3 <k <5, 10 QINR[T,)F_; 10V ypouuxd aveZdptntey epuitiovmy

pqods TPLBLO(Y(OVLG)V TWVEX WY

fm am O
Tm = G, bm Cm ) (316)
0 Cm fm
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k

p_q Elvow

elvon unepehheroedéc otov ywpo R°. Av f, = b, = 0, t61€ 10 INR[T,)]

/ ’
2€VPTO GUYOAO.

Meketdvtog 10 ouvdetind apriunuxéd nedio (2u — 1)-Surywviwy epurtioviy Tvdxwy e
uoppric (1.27), unopolUe vou  GUUTERAVOUUE TO EMOUEVO TOPLOUA, YENOULOTOOVTAS To

anotehéopota twy [potdoewy 3.1 xau 3.5.

IMopropa 3.3 Tyt k-&da ypouuxd aveZdotntwy nxn epulttavedy (2pu—1)-Staywmviwy
Twdxwy, to cuvleTnd aprunuxé nedio twv {1} m =1, ..., k elvar évoworn unepehhet-
Joewddyv otov R°, 6mou 3<k<n*—(n—p)(n—p+1).

YuuPoiilovue Re—INR[T),)F_, to mpaypatiké ovrletikd apiuntixd medio oxoyévelos
mpayuotixwy mvéxwy T, ..., T, Yy xdde mporyuatind wovadiaio didvuoua o € R™. Ay
ou wivaxes T, oty (3.16) efvon mparyuortixol xou un ouuuetowol, v xdde = € R* ue

lz]] = 1, éxouvue

m=1 —

T +T17"
Re—JNR[T,.]"_, = Re—JNR [%] .
m=1

Enouévwe, and tny Ipdtaon 3.5 npoxintel :

Méetopa 3.4 To Re—INR|T,,]* v 3 X 3 yoouuxd avedotnToug TELSLOY WVLOUC
pLolL poAH e P

m=1

nivoxec Ton, = [tij] e tin = tg3, elvar unepedherhoedéc otov R.
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Kscpo’c)\ou.o 4

APIOMHTIKO IIEAIO
ITAPAMETPIKQN TTINAKQN

4.1 Euo‘co)\‘r’] ocpnﬂp.v]‘cmot') Tedlov no)\uwvuy.mot') AAYe #ide

H 3¢a tou aprduntxold nediou nivoxa €yer emextadel xar oty mepinTworn ToAuwvvuL-
AWV TUVAXWY, UL X0t To TEOBAAUATO QAGUATIXAC AVAAUCTC XAl TAEAYOVTOToNGYC Toug
TopouatdlovTal o€ TOMAES Teployés Twv Monuatix®y, 6Twe Yo Tapddetyua oTig dlopopt-
*(€¢ ELOWOELC XL OTO TPOBAAUATA GUVORLAXGY TWIWY, 6T Yewplol EAEYYOU, TOAAVTWOEWY,
xuudTwY, oty ehaotr Yewplo xar otny udgournyavied. Me tov bpo moAvwruuikds tivakag

[LR1], [MKk] evvoolue tov mivoxo
P(Z) = Aqu + Aq,lzq_l + ... —|—A1,Z -+ Ao, (41)

omou z etvan utyadr ueTtaBAnth, ot 8e ouvieheotéc Ay, A1, ..., Ay € M, ApiOuntiké

medlo tov moAvwruuikoU mivaka P(z) opiletor to olvolo
NR[P(z)] = {#€C: 2"P(z)r =0, ywwunundevixé xe€C"}. (4.2)

To apriuntind medio ToAuwyLULXOU Tivaxa EYEL ONUAVTIXES XL TAUTOY POV WOLALOUCES Ye-
OUETEIXES BLOTNTES, OL OTOLES €YOUV OYEDT) UE TN CUVEXTIXOTNTO XL UE TO OV TO GUVOAO
elvar gporyuévo, evdetind avagépovue tic epyooiec [HL|, [LMZ], [LR1], [MMP], [MP2],
[IMP3, MP4, MP5] xou avolutixt| hoypapia diveton ota [GLR1], [MKk].

Avalntavroag xdnow npoogyyior Tou apulunTtxol tediou ToAuwvuuwol mivaxa P(z),

ue oprunTed Tedlo TOAVOYLULXGY TVAXWY UxpOTERTS SIAOTACNC, AVUPEQOUUE !
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Ilpotaon 4.1 Av k <n,

NR[P(2)] = ] NR[M(2)] (4.3)
SIS
OTOU
M¢(2) = G*(E ® P(2))G

ue

1 ... 1

E=|: : , G =diag(&1, ... &k )nkxk
1 ... 1
kxk

xou &1, ..., & elvon opdoxavovind Staviouota tou C*. Xtnv (4.3) 1 évwon unopel vo dwa-

TEéyEL o To alvola Twy k oploxavovixdy Svuoudtwy tou C".

Ano6deln  'Eotw 6t ta Staviouota &,...,& € C" elvon opdoxavovixy| Bdon evog

unoyweou E C C" xav o € E. Tore,
r=1[& ... &y, 6mou yeCF
o

r*P(z)r = y*l& ... &P P(2)[&. .. &y
P& ... §P(2)&
=y S : y =y Me(2)y.

GP(2)6 ... §P(2)&
Katd ouvénela, datpéyovtag dha 1o cUvola Twv k 0pdoxavovixwmy Slavuoudtwy, GUUTE-
catveton 1 (4.3). [ |
pogavae 1 egiowon (4.3) v k = 2, elvar oty O omhy LOP@TH TNS, ULOL XOL OL TVOXES
ouvteheotée tou (4.1) elvan dtdotaong 2 x 2.
Ynuetvovtog

F(Z) = quq + /_lq_lzq_l + ...+ /_10,

xat enextelvovtag T oyéon (1.4) vy TOALWYLUIXOUE TEVOXES, €YOVUE :

Ilpotaon 4.2

P(2) +e*P(z) —i(P(z) — ¥ P(z))

np(| P& 0 | - L
O i(P(2) — e P(2)) P(z) 4+ e*P(z

1
2P (2) )= NR<§

~—
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Anédeln 'Eotw uovaddo didvuoua ¢ € C*. Tére, dnwe xou otny [pdraon 1.2,

¢ P(z) @) ‘= 1.1 P+ ¥ P(z)  —i(P(z) — e P(z))
0 P(z) |~ 20 |iP(z)—P(z))  P(z)+P(z) |
omou W = = I ¢. Enuewdvetan o1, [Jw|| = ||¢]|. [
T ’

Téhog, ypdyovtac P(z) = Pi(z) +iPa(%), ue toug ouvteheotés tou Pi(z) xon tou Pa(2)

va elvon mparyuatixol tivaxeg, oty eZlowon (4.4) av Véoovue 0 = 0, npoxinTel :
IIégropa 4.1

Pi(z) Py(z)

—P(2) Pi(2) )

4.2 Apuduntixo nedlo pnty|g cuvdptnorng nlvaxa,

‘Eotww 6tt Clz] (R[z]) elvon n dhyefoa twv noluwviuwy uloc UetoAntic 2 UE ouvTe-

Aeotéc and to C(R) xou

v 25, 43

elvar n x n wivaxog pe otouyeloa pntéc ouvapthoec. Tov tetpaywvixd autév Tivoxa
Vo ovoudlovue pnery owvdptnon nivaxa (rational matrix function), émou to ototyeia
pij(2), ¢ij(2) € Clz] xon ¢;;(2) Sev eivon ex tawtomrac oo ue undév. L Jewplo wwy
YEUUULXWY CUCTNUATWY, Uta pNTH cuvdpTnon ntivoxa divel Tnv anewdvior input-output xon

onwe [LaR], emdéyetar v avdluon oe ol SAAT popeY
W(z)=D+C(zI — A)~'B (4.6)

axpBade otav  deg{p;;j(z)} < deg{qij(2)}, 4,7 =1,...,n, cvuBoiilovue ue deg Tov
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Padud tou Tohuwviuou. Sty (4.6), av éyouue D = W), BT =[]0 0 ... 0 ],
C=[Hy ... H_1] »u

0 T 0 |
A—
0 0 I
| Ay AL A |
AATOTLY ATAWY UTOAOYLOUWY EYOVUE
W(z) = H(z)L(z)™" (4.7)

-1
H(z)= szHj , L(z) =21+ szAj.
=0
YuuPorilovtac ue m(z) = ex.m{q;(z): 4,7 =1,...,n}, t6t€c and v (4.5)
W(z) =m(z) " P(2), (4.8)

61OV Yo Tov TohuvLUXd Tivoxo P(z) woyver deg{m(z)} > deg{P(z)}. Avouuforicouue
ue mi(z) = ex.n {qui(2),. .., ¢i(2)}, tot€ N pNTh ouvdptnon W(z) g (4.5) unopel vo
Yeapet xon

W(z) = M(2)D(2)"", (4.9)

émou €30 D(z) = diag(my(z), ..., my(2)) eivon Srrydwiog ivaxag Ue ototyeio ta ehdytoto
xowd tohhamhdoto xar M (z) mohuwvouxde nivoxoc. Enedh det D(z) = m(z)d(z), énou

m(z) elvon 0 moAuGVUUO Tou oplotnxe oty (4.8), €youue TNy Wodlvoun €xppac
M(z)adjD(z) = d(z)P(2). (4.10)

‘Olec ot napamdve uoppéc (4.6), (4.7), (4.8) xou (4.9) elvar wwodlvouec. ‘Eotw o(m) va
elvon to @doua tou m(z). Tty W(z) ot (4.5), 10 apduntiké nedio pnerig ovvdpTnong

mivaka oplletar va elvar To aOvolo

NR[W(z)] ={z € C\o(m) : «*W(2)x =0, yunundevixé6 =z € C"}.  (4.11)
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Hpogavie and v (4.8) éyouue 6L

NR[W (z)] = NR[P(2)]\o(m) (4.12)
xatd ouvénet to NR[IW(2)] Sev eivon ndvtote xhetotéd ohvolo.
‘Eotww 6t o[W] = {z € C: detW(z) = 0} elvar 10 gdoua tng pnris ourdptnong

nivaka W(z) xou éotw 2y € o[W], téte undpyet un undevixd didvuoua xo € C", tétoto
wote W(zp)zo = 0. Enouévwe, 2o € NR[W (2)], dnhadr

o[W] © NR[W (2)].

Mo dAAn napoustaon tou NR[W (2)] avdhoyn ue exeivn tov mvdxwy etvar av Yewprioouue

10 Tedio ovvaptrioewr (field of functions)
FEW ()] ={9(2) : g9(2) = ™W(z)z, z € R", |zf| =1}

Tote
NRW(z)]={z€C : g(z) =0 onov g(z) € FF[W(z)] }.

Yuvenwe, av x eivon povadiado dtodtdvuoua, oo dote *W(2)r = p(z) xou p(z) 1
avtiototyn Woouvdptnon, téte ot pilec Tou u(z) avixouv oto o[W].
Amo v (4.8) xou TiC WiotnTeg apriuntixod nediouv Toluwvuuixol wivaxa, enahniedovue

€0X0AO TIG EMOUEVES WOLOTNTES YLt TO apdunTind medlo Tng entig ouvdpTnong Tivaxa :
4.1 NR[W (z + a)] = NR[W(2)] — a, v x&de a € C.
4.2 NR[W (az)] = %NR[W(Z)] , Yo xdde un undevixd o € C.
4.3 I tov m X n ouakd nivaxa S ue (m < n) wylet,
NR[S*W (z)S] € NR[W (z)]

XAl 1 LooTNTA oY UEL 0TV TEp(nTwon Tou cuuPaivelt m = n, dnhadr, 1o apriunTNd

Tedlo TapauEveLl aVaALOIWTO O UETACY NUATIOUOUE tooTuloC.

4.4 Av 6hot ot cuvteheotéc A; Ttou mohuwvuuol Tivaxo P(z) oty (4.8) éyouv xowo

un undevixd wotponxd ddvuoua, dnhadr x*A;x =0, téte

NR[W (z)] = C\o(m).

4.5 Av n pnth ouvdptnon nivaxa W(z) oty (4.5) eivon mpayuatxd, dnhady, pi;(2),

¢ij(z) € R[z], téte to NR[W (2)] éyer dZova ovuuetpioc Tov nparyuatxd dZova.
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4.6 Ané6 ) uopoy| (4.8), éyouue
NR[W (2)] eivon gpayuévo axpBoe 6tav 0 ¢ NR[P(0)],
omouv P(z) = 2°P(27°), s=deg{P(z)}.

Eivow gavepd g NR[W (2)] elvon gpayuévo axpBig étav  NR[P(z)] elvon gpoyuévo.
‘Onwe [LR1], avoryxaior xow tbeov) ouvdixn yio var elvon gparyuévo to aprduntixd medio tou
Tohuwvuuxol mivoxo P(z) eivaw 1o 0 € NR[P(0)]. Av to NR[W(2)] eivon un gpoyuévo

emhéyouvue € € R, étot dote 1o NR[W.(2)] va eivar gpayuévo, émou
Wo(z) = m(2) 'P.(z) , P.z) = P(2) +e2°l.
‘Etot, xoadde 10 € avldveton, o NR[W.(2)] nepropiletar.
4.7 NR[W(2)71] = NR[W (2)]\o[W].
Anéderdn Av zy € NR[W(2)\e[W], téte to 0 NR[W (z)]. And tnv wwdtna
W (20)[W (20)*] "W (20)*x = 0

éxouvue (W(zo)*x)" W(z0) ™t (W(z0)*x) = 0, ar’ énou ouunepatvouue 6t 0 € NR[W (29) '],
xatd ouvérel 29 € NR[W (2)™1].

Avtiotpoga, av zg € NR[W(2)7!], t6t€ 20 & o[W] xou 0 € NR[W(z)"!]. "Etoy, 7o
0 € NR[W(z)] [MP4], dnhadh to zy € NR[W (2)]\o[W].

IMogddetypa 4.1 Eotw 1 ent cuvdptnon rivaxa
z

-1 0 Z2(2+1) 0 )
W) = - 2(z2—=1)
1 1 22—-1 22—z
z z+1
1 1o], [to], [o o 0 0
= GRS z° 4+ z° 4+ zZ+ .
z2(z2=1) \ | 0 0 11 0 —1 ~1 0

1
Enedf o 0 € NR(

0
0 ]), 0 NR[W(2)] elvar un gpoyuévo, 6mewg @aiveton xow 6o

Yo 4.1.
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2F

-12 -10 -8 -6 -4 -2 0 2

Yyfua 4.1: Mn gpoayuévo NR[W (2)]

To NR[W.(2)] napouvotdletar oto Lyhua 4.2, 6mou

1 3422 0
We.(z) = (L+e)+2 , ¢=0.1

22 -1 e+ 22— 2

-3 L 1 1 1 1 1 1

-12 -10 -8 -6 -4 -2 0 2

Eyfua 4.2: Poayuévo NR[W.(z)] vy € = 0.1
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4.3 Evtoniouog apriuntixol nedilou

‘Eotw 1 pnth ouvdptnon nivaxa W(z) oty (4.8) xar o avtiotoryoc mohuwvuuxoe
Tivooc
P(Z) = Amznl 4+ ... +A12’ + Ao.

YuuBoiilovue A (c : 7, R) tov daxtiho Ue x€VTpo ¢, cowteptx axtival r ot eEwTe-
ey axtivae R. Ag unodéoovue 6tL yioo xde povadaio ddvucua € C", o pileg tou

TOA®YOUOU
fo(2) = 2" P(2)x

avixouy otov Saxtiho Ay (0 : ry, Ry) , ot pilec tou m(z) elvon ecwtepnd onueio Tou
daxtuhiov Ag(0 @ 79, Ry) xou ng = deg{m(z)} > ny = deg{P(2)}. Onwc avapépinxe
oty Wibtnta 4.6, n axtiva Ry eivon nenepacuévn axpBde 6tav o 0 & NR[A,,]. Tw tov

eviomiou6 tou NR[W'(2)] éyouue tnv enduevn mpdtoor,.

MMpétaon 4.3 Av 10 NR[W(2)] eivor gpayuévo, téte to NR[W'(2)] avixer otov da-

%xTOALO . .
Di={z:min{ry,m — R} < |2| < 7121——'—7112},
Ng — N
otav 11 > Ry, M elvar untocUvolo tou SaxTtuhiou
R R
Dy={z:min{r,ro— R} < |z] < max{Rs, 712711—-1-:;12}}’
2 — N

otav Ry < re.

Anédelin Eotww z € NR[W (2)], téte yior peptd un undevixd Siaviouata z € C*, ané
v (4.8), éyovue

W (2)x = 2P (2)x m(z) — 2" P(z)x m (z) = 0. (4.13)

Enewd ohec ot pilec tou fio(2) = 2*P(z)x, avixouv oty nepoyf 1 < |2| < Ry, ue
Bdon v Ilpbtaon A1, vndpyouv aq(z) € Ay xar as € Ay (napothpnoe 6Tt 10 Qs
elvon ave&dptnTo Tou ), tétota Hote xdle pilo 2 Tou TOAUWVIUOU ZE*WI(Z)QZ elvon lon ue

ai(z) 1 ag 1 éxer T popen

L nooy () — n1a2‘

4.14
p— (4.14)
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Ondte

No |041($)| “+ nq |042| < n2R1 + ang

2] < <
Nng — Ny Ng — M

(4.15)

Yy nepintwon tou 11 > Ra, emedf nolog(x)] > nory > nyry > niRy > nylag| and

v (4.14) npoxintel

‘Z| Z |n2]041(x)| — n1|a2|| _ 7’LQ|O[1(Z‘)| — TL1|042‘ Z NaT1 — ang Z NaoTry — anQ >y — RQ_
Mo — N No — N N9y — N N9
Av eldixdtepa 2 = g, loyVeEL 2] > 7o, LUVETMC amd TIC 3U0 TEAEUTAUES AVIGOTELS EYOUUE
R R
|z| > min{ry, ry — Ry }. Ouota, av z = ay(x), t0t€ [2| < Ry < n21—+nlz, xoTd
No — Ny

ouvvérew z € Dy.

Yy nepintwon Ry < rp, and v (4.14) éyouue

2| = ~
ng — 1My no
> Nlea(z)| = |aol| = |ag| = |ar(z)] > re — Ry

Iz (@) = mas| - Ineau() = mag| _ 'm(x)—ﬂag > Jau () — ol

No

Ewwotepa, av 2 = aq(x) € Ay 2 = as € Ay = |2] > 11, [2] < Ry. Zuvdudlo-

vtog g tehevtaleg aviowoels pe (4.15), ouvunepalvouue 6t 2z € Da. [

Ta ovunepdopata ¢ [pdtaong 4.3 otnpilovioar 6Tov YVAGIO EYXAEIOUS TWV SaxTUALWY

Ay, Ay, oe onowdrimote SN mepintwon and tny (4.15) €youue :

Ilégropa 4.2 Av 79 < 1y < Ry, 11 <19 < Ry xuu 13 < Ry < Ry, 161€ 10
NR[W'(2)] avixer 610y xuxhixé dioxo

N9 R1 + anQ

ng — 1My

S(0; max{ Ry, )

IMogathAenon 4.1 Ané [MP2], o daxtdhog Ay eivon edxoha urtoloylowog, av ot eivou
AEETA UEYAAOC xan UTopEl var €yel Yo EowTERLXT xou eEwTeEPUY| axTivar avTtioToya Tig

min |z* Agx|
[|=]|=1

r =
max |z* Agz| + max{ max|z*A, x|}
[[=]|=1 T#0 " |z]|=1
*
x*Arx
Ry =1+ max max |———| }
7=0,1,..,m—1 * [|z]|=1 | x* A, x

xod¢ eniong o Ay unopet var optotel 6nwe oty (A1), M awtdy tov tpémo unohoylouoy,
emedr) r; <1 < R;j, j=1,2, ovaxtiveg Pploxovron ndvta o uta and 1ig oyéoeig ddtaing

Tou Teptypdpovtar oto [lopoua 4.2.
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IMogddevypa 4.2 'Eotww oty (4.8) 0 mohuwvuuixde mivonog

-5 2 9 4 0 3 0
25+ z+
0 -5 6 4 4 6

xat 0 Baduwtd tohudvuuo m(z) = (z + 1)(z — 2)(2% + 5). Enedf o apduntmd nedio

P(z) = I +

— 4.5 2 2
Ty ouvtereotoy elvar NR[Ag] = {u+iv : u,v € R, % + 12}—2 =1},
NR[A;] = S(4;3), NR[Ay] = S(—=5;1) éyouue : ’
min |z*Apz
S i Ao 1
YT omax|ztAgz| + max [¢FA.x] 7
|z =1 =123
1

xou Ry = 14+ max{7,7,6} = 8, dnhadr o doxthwog eivar Ay (0 : 7 8).

2
N m(z) = 22— 2% 4+ 322 — 52 — 10, oVugeva ue v (A1), éyouue Az (0 : 3 11).
Emniéov

fo(z)m(2) = folz)m(2) =

(10 —4 20 2 14 0
= {-2°T + ]z5+[ ],24—1—[ ]z?’—l—

-25 0
—40 —10
NR[W'(2)] € S(0;55).

xow 0 € NR(

] ), mpogavae t0 0 € NR[W'(2)] xou étot

IMpétaon 4.4 'Eotww to NR[W(2)] C A1 (0 : 7, Ry) xou ot pilec tou m(z) avrixouv
670 doxtiho Ag (¢ @ 1o, Ra). Av |c|[+Ry < 71, t61€ To NR[W'(2)] Boloxeton eEwtepind

an6 Ny EMAeL)T), 1 ool el E0TlEC OTNY APy Y| XU GTO ¢, TO O€ UHXOS TOU UEYAAOU dEova
TLQRl + TLlRQ + n1|c| )

ng — 1Ny

elvon 71 — Ry xan tautdypova ecwTeptd Tou xuxhixol dioxou S(0;

AnédelEn T xdde 2 € NR[W'(2)], 6noc xon oty Tlpbtacn 4.3, undpyouv xatddhnha

ai(z) € Ay xaw ay € Ay, ol @0t 10 2= () hz=p | 2 = n20u (z) —nlon‘

nNg — 1Ny
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2] < nalaq ()| 4+ nylag — ¢ + nyc - ne Ry + ny Ry + nylc|
N ng — My ng — M1 '

7

Av z = aq(x) (| 2 = ag), mpogavee woyvet |z| < Ry A

z—c| < Ry. Xe Swpopetxy
nepintwon, and ty (4.14) €yovue ueTd and UTOAOYLGUOUC

P Y Y XOVUE U {
ny |z — s |z — | + g — ¢ |z —c| + Ry

T Ema@l S Rma@] S -l

(4.16)

Emméoy, eivon |2] < |oq(x)] < Ry, yotl av ouvéBatve to avtideto, Snhady |z] > |oq(x)] >

r1 TOTE

|z —c|+ Ry |z —c| + Ry
<
2] = laa(2)] 2| = By

dnhadt, o tedeutaiog hoyog eivon apvntidg, dtomo. Enouévme, and ty (4.16) éyouue

1<

1 S ’Z — C‘ + RQ
jon ()] = 2]

®OTd GUVETELN

|z —c|+|z] > |aa(z)| = Ry > 11 — Ry > 0.
H mponyotuevn éxherhn eivon 1 {ntoduevn, enedr| [c| /(r1 — Rs) < 1. [
Snuewvouye 6ty ¢ = 0, 10 NR[W'(2)], evtoniletor 670 Soxthho
(T1 — Rg)/Q S |Z| S (ngRl + anz) / (TLQ — 7’L1).

IMogatienon 4.2 Eotw ov n-otob Baduol noluwvuuxol nivaxes Pi(z) xau Po(z) ovti-
OTOLYOL TV ENTWV oLVIPTHCEWY Tvdxwy Wi(z) xar Wa(z). Av
NR[P;(z)] C{z: r; < |z2| < R;} j=12
Tote and v Ipdtaon A2 xou Ti¢ mapatneroeic Tng, Yo xde
S NR[)\lpl(Z) + /\2P2(Z>],
nf/_ A2
A1

AU UE w = <1, Yo elvor :
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Tl—wRQ < < Rl +WR2
l+w —

oty r1 > why
’1 — wk\

W’I“Q—Rl < < R1+WR2

) R, <
Tt = |z| < 1o bTay 1 < wry
R R
|z| < ﬁ SLopopeTXd (4.17)
Edwd, yio w = 1, éyouue :
—R Ri+ R
n 2 < |z| < At iz otav 11 > Ry
2 |1 — wk|
- R Ri+ R
2 L |z| < ot HTOY ro > Ry
2 ‘1 — wk|
Ri+ R
|z] < ﬁ SLopope TN (4.18)

Efvor yopaxtnpiotind and ti¢ oyéoewg (4.17) xon (4.18) 61 yia xdde A1, A2, w0 pdoua
Tov moAvwruuikoU mivaka A Py(z) + Ao Ps(2) evtoniletar péoa oe daktidio 1j o€ kukAiko

dlorko, katd ovvérela éyouue kal €vTomod Tov pdouatos Tng pnTrHs ourdpTnong tov tivaka
)\1W1(Z) + AQWQ(Z).
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Hocpo’cp‘cnpoc A’

A’ Bocﬂptco'cdc Ho)\uo’wupoc

‘Eotw 10 n-6100 Baduot Badumtd rohudvuuo  f(2) = aptaz+...+o,2", o € C.

‘Onwg elvon Yvwoto, [Md, oek. 123, 126] ohec ot pilec tou f(2), avixouv otov SaxtUAo

OTou :

(A1)

) Q
rr = min — xu R =1+ max
T=1,..,n |040‘ -+ |O[7_’ 7=0,1,....n—1

On

/7 / / / 7 ’ 4 7 ’
Kurhikn mepioyry C' ovoudletan xdie neptoyr| Tou utyadixol emnédou, 1 onolo anoteleiton

and évay xhetotd xuxhxd dloxo f 10 xheotéd cuumAfiowud tou, (BAéne [Md, oek. 48]).

ITpbtaon A’.1 Av 6hec ot pilec tou ny-0100 Baduol mtohuwviuou fi(z) xat ng-0T00
Baduol ToAuwviuou fa(2) Betoxovton otic xuxhixég mepoyée C xou Oy avtiotowya, téTe

xde pilo 2y TOU TOALWVOUOU

9(2) = fi(2) fa(2) = fi(2) fo(2) (A%2)
elvar fom e
L, M2~ mas (A"3)
N9 — Ny

Yo xotdddnia ap € Ch, as € Cy 1 1 ptla €yl TNy Wopgt 20 = aq f 2y = Q.

Anédeldn Ernedy 1o g(z) elvow YEUUUIXO X0l GUUUETEXO WS TEog TIC Pllec TwY Tohuw-

vouwv fi(2), fa(z), obugwva ue to dedpnua 15.4 [Md, oek. 62], undpyouv xatdhhnia
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onueior a; € Cy xou ay € Cy, tétota wote xde pila 2p tTou Tohuwviuou g(z) g (A'.2)

undevilet xou 10 TOALWVLUO
Tll(Z — ogl)mfl (Z . aQ)ng o 712(2 o Oél)m (Z o Oé2>n271'

Onéte av elvor 2z # oy, aa, 1 (A”.3) TRPOXVUTTEL QUECH UE GTOLYELOE uToloyiouols. M

ES& ypeedleton va tovicouue 6TL, oOUQ®YA UE TOV 0ploUs TNC XUxhixrc Tepoyhc, 1 Tlpd-
taon A1 wyver axdun kar av ov pilec v mohuwviuwy fi(2) xo fo(z) Beloxovton ota
nedia C\ Oy xar C\ Oy, ouvende wylber yevixd xou yror doxtuhiove Ay xon Ay, ot onoiot

Teptéyouv OAec g pilec Twv moAvwviuey fi(z), fo(z), avtiotoiywe.

ITpbtaon A'.2 Ocewpolue ta n-6t00 Baduol tohudvuue fi(z) (7 = 1,2) étol dote
VoL Loy DEL
O'(fj)CDj:{ZZTjSlZ—Cj‘SRj} j:1,2

Téte ot pilec tou ypouuwxod cuvduacuol

J(2) = Mfi(z) + Aafa(2) 5 M # A #0

AVAXOLY GTOV TOUEX

0 < leo|l=p<|zl<leol+p ; |Arg 2z — Arg co| < arc sin (ﬁ)
Co

6Tov
¢ — w?cy _wleg— e Ri+wRy
l—w?2 7 71— w? l1—w

Cop =

Av |eg| < p, tétE 0L pilec Tou f(z) Peloxoviar otov xuxhxd dioxo |z —co| < p.

Anéderdn Lougova ue 1o Yedpnua 15.4 [Md, oek. 62] xou axohoudmvtog tor fAuata g
anddetgne tou Yewpriuoatog 17.1 [Md, oek. 74], nopatneolue ot ot pilec T0U TOAUKVOUOU

f(2) avixouv otov 610 I' 100y pulldv ¢ ediowong

>\1 (Z — Oél)n + )\2(2 - Oég)n = 0, (A/4)

LAV buwc elvan w > 1, t6te dewpolue 6 = |/ —4L| < L.
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6mou ta onueia a; emAéyovton amd Toug avtiototyoug doxtuhioue D; (j = 1,2). Me

ototyetddn enthuon tne (A”.4) éyouue :
- ap —wipa [ ag — aqlby
N 1— WEk n 1-— Gk ’

1/n
A2 C1 — WgC2
omov wi = | —— , (Qk = wk_l) , k= 1,2,...,n. Ynuewvovtag Ue d = ——

1— Wi
xou v [Ag/Aq| < 1, éyouvue:

e —wpay o —wieo lag — 1| + |wil|ag — ca| Ry 4+ wRs
|Z—dk| = - ~
1—wk 1—wk |1—wk| |1—wk|
R1+WR2 . Rl +wR2
11— |wgl| 1—w
xaL emmpdoieTa
dp — co| Wi — w? el w
co—c| |(1—wp)(l—w?)| [1—-w?| 1-—w?

Erouévec and tic nopandve oyEcEC TEOXUTTEL OTL

W|Cl — Cg| Rl +CUR2
— | < =p. A’
oo g T IR (45)

Av |co| > p, mpogavde 1 apyh Twv aldvwy Beloxetor exTdC TOU XUXAOU TOU ovapépETOL

oty (A”.5), o de tomog I' avixel evtog tou doxtuhiou

lcol = p < 2] < eof +p. (A6)

f = arc sin (L) ,
ol

n ¥éon tou tomou I' Bploxeton otov Touéa, mou opileton otny (A".6) xou udhota toylet

Emuniéov, av ndpouue

Arg ¢y — 0 < Arg z < 0+ Arg .

Av buc wylel |co| < p, mpogavee 1o gdoua o(f) evtoniletor otov xuxhxd dioxo, o

omofog meprypdpetan and v (A”5). |
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IMogatienon A'.1 Ilopatneolue 6t, 10 I' unopel va elvon €var ToOAMATAL cuVEXTIXS GU-

VoMo,

o credn Yoo 7 > whRy €youue

|lar —aif = |wpllae —ca| | 11 —why
|Z—dk| > ,
- 1+ |wgl T 14w
o evo Yo Ry < wry elvon
2 —dy| > wre — Ry
14w

HogatAenon A'2 Ta A\ = Ay = 1, t6t€ wp = V-1 xu w = |wg] = 1. Etor,

€)Y OUUE

Ri+R
2 —dy < 1t he
|1—wk|
r— R
e xau 0Ty nEpinTwon 6mou 11 > Ry, woyler |z —dy| > ! 5 2

’ . ro — Ry
o Vo Yoo Ry < 1y éyouue, |z —di| > 5
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A’.2 MATLAB

A’.2.1  Alyodpuduog cucTolrg apLtdunTLXoL nedlou

H ecwtep| mpoaéyyion tou NR[A], énwe auth neprypdgpetar and v Hpdtacn 2.1 npoy-

uotonoteital UE TOV TapaxdTte ahydprduo xou epapuoletar and o mpdypauua MATLAB.

ANyébpuiuog

Brjua 1. Ewdyeton o nivocag A.

Brpa 2. Ta éva npoxadoptopévo aprud k < n, ewodyovion k avdaipeta ypouuixd
avedptnTa Staviouata Ty, ..., 1 € C"

Brjua 3. Opdoxavovixormoinon 1wy Slavuoudtwy o1, ... , £ odnyel ota daviouata &, . . ., k-

BrAua 4. Trohoyileton o nivaxag B = [(FAE] 4,5 =1,2,... k.

BrAua 5. Eyedidletar to NR[B], ue tn uédodo twv mohuydvwy [HI].

Brpa 6. EnavohauBdveton 1 Swdixacio yia xde dhho chvoho Stavuoudtoy.

Iebypappa e to onolo unohoyiletor 1o NR[A] v k = 3.
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A’.2.2

AAyopuduog mpocEyyiong aprduntixod nedlov xavovixol

Ttivoeal

O ahyodprluog avagépetar oty XATAoXELY, Tou mivaxa P Tng (2.1), étoL wote TO

NR[P*AP] va elvar eyyeypauuévo 610 nohlywvo mou tautileton Ue 1o aprduntixd me-

dto xavovixol mivoxa, 6mwe anodelydnxe oto eddglo 2.1.

Brua 1.

Brua 2.

Brua 3.

Brua 4.

Brjua 5.

Brjua 6.

BAua 7.

Brua 8.

Ewdyetor évac xavovixog nivaxac A € M,,.

Yyeddletar to NR[A].

TroloyiCovton to Wodavbouata z;, ¢ = 1,...,n tou nivaxa A xat emAEyo-
vTon exelval Tou avTIoToL 00V OTIC K XOPUPEC TOU TOAUYKVOL.

Ewdryeton évo uovadto Sidvuoua u = [cy ¢z ... ck]T ue k <n o6mouv ¢; elvon
Ol GUVTEAECTEC TNG YRUUUXS €XPEACTC TOU U Ao ToL BOSLVOCUATA ;.

[ xdmowo ¢; #0, 1 <5<k xouyaxdde t =1, ...,k optlovton 1o dravi-

Ct .
ouota & = 1y — —xj, t# ]
Gj
Ogtoxavovixonoovvton ta Stavdouata &1, &o,y ooy Spmte
O nivaxac P =[w; wy ... wi_1] opileton and ta opYoxavovixomotnuéva

Stavbouata.

Trohoyileton o nivoxag P*AP xou oyedidletar 1o NR[P*AP).
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Numerical Range of Matrices of Special Form
by
Maria Adam

Let M,, be the algebra of all n x n complex matrices. For a matrix A € M,, the set
NR[A] = {z"Az : 2€C", 2"z =1} (A.1)

is called numerical range or field of values of A, R.Horn-C.Johnson, see ”Topics in
Matrix Analysis”, pp. 1-88.
In Chapter 1 of the thesis, the NR[A] is expressed as the union of the numerical ranges

of matrices of dimensions k x k, for 2 < k < n, and it is proved that

§AG ... §TAG
NR[A] = [ NR(| : S E

€1y EAE ... EAG,

where &1, ... & run over all sets of k orthonormal vectors of C”. In this way, each set
in the union can be considered as an inner approximation or compression of NR[A].
Since NR[A] and NR[e?*?A] are symmetric with respect to the straight line y =
(tan @) z, we have proved that

A+ A —i(A—e¥A)

Co{NR[A] U NR[e*?A]} = NR ,_ .
{NRl4) Al Glia_ ) Ar i

: ) (A2)

where 0 < 6 < 7. Therefore, NR[A] is presented as the intersection of numerical
ranges of 2n X 2n matrices on the left side in (A.2) as the line y rotates around the

origin. Moreover, for § = 0 (A.2) leads to the equality

Co{NRJA] U NR[A]} = NR

M N
-N M ]

where M, N € R,, are defined by A = M + iN, and NR[A] lies inside the numerical
range of a real matrix.

These results can be generalized if we replace in (A.1) the euclidean inner product with
the indefinite scalar product on C", since there exists an invertible hermitian matrix .S,
such that <z, y >¢= y*Sz. The S-numerical range of A is defined through

< Aw,z >5

WslA] = { <z, >g

r€C" <za>s# 0} = WJI[A UWT[A]
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where

WilAl ={< Az,2 >5 : 2€C", <z,x>g5= 1}

We present some new properties of W [A], and we show that for any indefinite hermitian

matrix 9,

NR[A]NWZ[A] # 0.
Moreover, if the hermitian matrix S has at least one positive eigenvalue then
WitoslA® B = Co{ W[4 UW{[B]). (A3)
By (A.3) we lead to equality

Co{W3TA] U WS A]} = Wias(;

A+e?A  —i(A—e¥A)
i(A—e¥A) A+ e A

where 0 < 6 < 7. The two last equalities yield

N M N
):W12®s([ N M]

where 0 =0 and A=M+iN, M, N € R, «,.

+(AQ
LoSH o A

),

In Chapter 2 the approximation of numerical range of normal matrix A is investiga-
ted. Let A1, Aa, ..., \x (k < n) beeigenvalues of a normal matrix A € M,, such that

NR[A] = Co{ A1, ..., Ny} and z1, 22, ..., 2 be the corresponding orthonormal eige-
k

nvectors of A. For a given unit vector v = chxj , |¢jl # 0 the point v*Av belongs
j=1
to int NR[A]. Denoting £ = span{v } assubspace of W = span{zy, x2, ..., zx }, we

consider the n x (k — 1) matrix P = [w; wy ... wg_1] where wy, wy, ..., w1 is an
orthonormal basis of Ej,. Evidently, P*P = I;_; and PP* is an orthogonal projector

onto Ejy. It is proved that

NR[P*AP]C</\1,)\2,...,>\k>

and ONR[P*AP] is tangent to all the edges of the polygon at the points

_ [ R
i |crial® + ler?

len) Ak + Jer]® A
T=1,....k—1) ; = .
( e P N PR

84



Further, we structure a matrix P;, such that O NR[PjAP;] is supported by some edges
of ONR[A].
The inverse problem, where NR[G] is approximated outside a polygon, is investigated

further. Indeed, let

A . + py + 31 i . + poy + 3t
D = dlag(Wapl‘i‘Z%;pl*-Wu w

where H(G), S(G) are the hermitian parts of G = H(G) +1i5(G), and we denote
b1 = /\mm(H<G)) y D2 = /\ma:v(H(G)) y 41 = )‘mzn(S(G)) y 42 = )‘max(S(G))
Then we show how the NR|G] is dilated to a circumscribed hexagon defined by D.

, P2+ 1q1, pa+1qa ),

In Chapter 3 we consider the matrices A, As, ..., Ax € M,, and the joint numerical

range defined by the set
INR[Ay, ... Ay = {(2" Ay, 2" Ao ..., 2" Agz) - 2 €C” ) z'x = 1}

This is also called k-dimensional field of k matrices and, clearly, for k = 1 the joint
numerical range is identified with the numerical range of the matrix A;. In the sequel,
it will be denoted by JNR[A,,]*,_;. The joint numerical range is always a compact and
connected set, but it is not always convex. The convexity of the joint numerical range is

known for hermitian matrices when n = k = 2 and n > 3, k < 3. Here, we refer

k

to some new properties of JNR[A,,]7 _;,

and it is proved that for a family of linearly

independent hermitian bordered matrices of the form

Am1  Am2 s Amn
amz 0 ... 0
Sy = _ _ ;o om =1, ...,k
O
O

for n > 3 and 3 < k < 2n—1, JNR[S,]F_, is an hyperellipsoid in R* with ce-
nter %(an , ..., ag) and nonempty interior. Analogue results are formulated for special
3 x 3 tridiagonal matrices or (21 — 1)-diagonal hermitian matrices, since such matrices
are presented in Graph Theory.

In the last chapter, let C[z] be the algebra of polynomials in one variable z with coeffi-

cients in C, and let

W(z) = {Pz‘j(z)

M” (44

ij=1
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be a n x n rational matrix function, where the elements p;;(2), ¢;;(z) € C[z] and ¢;;(2)

are not identically zero. Denoting m(z) = lLcm.{¢;;(2): ¢,j=1,...,n} we have,
W(z) =m(z)~" P(2), (A.5)

where P(z) = A, 2"+ A 12™ 4. . +A12+ Ay is a matrix polynomial and deg{m(z)} >
deg{P(z)}. For W(z) in (A.4), the set

NR[W(2)] = {z € C\o(m) : "W (z)x =0, for some nonzero = € C"},

is known as the numerical range of W (z), where o(m) is the spectrum of m(z). By
(A.5) we obtain
NR[W(z)] = NR[P(z)]\o(m)

where
NR[P(z)] = {z€C : 2"P(z)r = 0, for some nonzero z € C" }.

The bounds of NR[P(\)] are known, and thus we obtain a location for the rational matrix
function. Furthermore, denoting (W) = {z : det W(z) = 0} the spectrum of W (z),
and for zy € o(W), there exists a nonzero vector z, € C", such that W(zy)xy = 0.
Hence, zp € NR[W (z)], i.e. o(W) C NR[W(z)]. Moreover, NR[W(z)] is not always
closed. Finally, a location of the derivative of the numerical range of a rational matrix
function is investigated, and we see that if the roots of m(z) are interior points of the
ring Ay(0 : r, Ry), and NR[P(\)] belongs to the ring A; (0 : r, R), then NR[W'(2)]
lies in the ring

%) R + TLlRl

Dy={z:min{(r,r— R} < |2] < P

},  when r > Ry,

or it is subset of the ring

o R + anl

Dy={z: min{r,r; — R} < |z| < max{ Ry,
Ng — N

Hh

when R < 7. Then, these results are applied on the connectedness of NR[W (z)] .
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Yuufoiouol
R T0 GUVOAO TWV TEAYUATIXDY ARIUGY

C T0 GUVOLAO TV ULYadX®Y apdumy

C* /4 R" 0 YWEOS TWY N-BIOTATWY SLAVUOUTWY

(othkn) ue otoyetla oand 1o C A R

M., N GAYELRA TV 1 X N TVAXWY UE Utyadixd oTotyela
Clz] 1 R[] 1 GAyEBpa TwV TOAUWVOUWY utag UETOBANTAS 2
ue ouvieheotéc oto C {4 R
Rez = (2+2)/2 TO TEAYUATIXO UEpog Tou utyadixol apriuol z
Imz =(z2—2)/2i T0 QAVTAGTIXG UEpog Tou Utyadxol apriuod z
[a, b] eudlypoupo Tufua ue dxpa ta a, b€ C f R
roy =y'xw E0WTEPXO YIVOUEVO TWV SLAVUOULTWY T, Y
<z, y>s= y*Sx AGPLOTO ECWTEPXO YWOUEVO WS TEOC S
lz|| = (z*x)'/? 1 Euxheldio vépua tou Staviouatoc x
Co{ A} xueTH Mixn Tou cuvolou A
int A E0WTEPLXO TOU GuVOLoU A
0A T0 6UYOPO TOU GUVOLoU A
A(c:r,R) S TOMOS *EVTPOU ¢ EOWTEPAC oxTivac 7 xou eEEwTepnic IR
proj,, A TeoPol; Tou A otov dlova ox
spanf{zy,..., T} 0 YWEOS OV TUPAYETAL AN TA Ty, ..., Ty
At 10 oploy®VIo cuuTAfipwud Tou A
dim(A) 1 didotaon tou A
AT 0 avdoTeogog Tou wivaxa A
AL 0 avtioTpo®og Tou Tivoxa A
A o ouluytc Tou Tivoxa A
A* 0 avooTpo@oouluyhc Tou Tivaxa A
diag(ayy, ..., Qpp ) Starywviog mivaxag Ue Stoayovia oToyEld @iy, - .., Gpy

A& B = diag(A, B) eud¥ dipoloua Ty Tvdxwy A, B
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det A
adj A
trA
rank(A)
H(A)=(A+A")/2
S(A) = (A— A%)/(2i)
of ]
R[A
A

A
r(A)
JNR[A,,]*

INRG[Amlh -
Re—JINR[An ]k _,
P(2)

deg{m(z)} # deg{P(z)}
NR[P(2)]

W(z)

NR[W ()]

FF[W(2)]

2,

5 &

1 optlovoa tou mivaxa A

0 CLUTANEWUATXOS TOu Tivaxa A

T0 {yvoc Tou Tivaxa A

Bodude tou mivaxa A

eputTiovd U€pog Tou Tivonor A

eputtlavo ugpog tou mivaxar A

pdoua (oOvoho WoTGY)

aprdunTixd medio Tou mivoxar A

S-aprduntxd medio tou mivonar A

Yetwd S-aprdunuxd nedio tou mivoxa A

aprdunTe oxtiva Tou mivoscar A

ouvleTd apriuntixd medlo mvdxwy A, m=1,...,k
S-ouvlieTind apuntind Tedlo Twv Tvdxwy A,
TEAYUATIXG cUVIETIXG apriunTixd Tedio Ty Tvdxwy A,
TOAUWYLULXOC Tivaxag

Baduog TohuwviUoL 1 TOALWVLULXOD Tiivoxa
aprduntxd medio tou mohuwvuuxol nivaxa P(z)

enth ouvdptnom wivaxa

aprdunTixd nedlo pnthc ouvdptnong tou mivaxa W(z)

medlo cuvapTHcEWY
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EUPS‘C‘f]pLO

S- apriuntxd nedto mivoxa, 15

S- ouwdeTind apriuntind wedio , 53

p-xwpT6d cUvolo, 15

ivaxag tpdlarywviog, 22

Adbploto ecwTepNd YvoUEYO, 15, 53

Aprduntued axtiva, 7, 11, 24

AprdunTtnd medio pntic ouvdptnong miva-
%o, 66

Apruntxd nedlo mivoxa, 5

Aprduntixd edio toluwvuutxo Tivaxa, 63

Awctohy| apriuntixol mediou, 7

AwacTtohy| Tivoxa, 43

Enéxtaon nivonca, 43

Eputtavd uéen nivoxa, 7, 43, 53

ddoua mivoxa , 5, 38
ddoua Toluwyduou, 66

Pdoua pnthc cuvdptnong Tivaxa, 67, 74

ISwodidvuoua, 27, 38, 57, 67
ISwocuvdptnor, 67

ISy, 27, 38, 57
Ioouetpux TpoPolt, , 6

Oetixd S- apriuntixd nedio mivaxa, 15, 20

Kéhugog, 59
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Koavovixy| diaotoly|, 44
Koavovixy| dtactold| nivaxa, 43

Kowd wotponind ddvuoua, 59, 67
Optoywvia mpoBohy, 28, 30

[Tivaxac Householder, 23

[Mivaxoe (20 — 1)-Swxywviog, 25, 61, 62

[Tivaxac Householder, 24

[Tivaxoc permutation, 22, 61

[Tivaxaoc quaternionic, 13

[Mivaxac ywviaxog, 22, 56

[ivaxac xavovixoce, 6, 27, 29, 38

[Tivocae tpwdaywviog, 61, 62

[Tohvwvuuxog wivaxag, 59, 63, 66

Moayuotixd ocuvdetind apriuntixd nedio,
48, 62

Pt ouvdptnon wivaxa, 65

Yuvletnd apriuntixd medio, 48
YuoTtohr) aprduntixol nedlovu, 9, 31



