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LIMITED APPROXIMATION OF
NUMERICAL RANGE OF NORMAL MATRIX

MARIA ADAM AND JOHN MAROULAS

(Communicated by C.-K. Li)

Abstract. Let A be an n x n normal matrix, whose numerical range NR[A] is a k-polygon.
If a unit vector v € W C C", with dimW =k and the point v*Av € IntNR[A], then NR[A]
is circumscribed to NR[P*AP], where P is an nx (k—1) isometry of {span{v}}y; — C",
[1]. In this paper, we investigate an internal approximation of NR[A] by an increasing sequence
of NR|[Cs| of compressed matrices Cs = RiARy, with RiRy = L1, s=1,2,...,n—k and
additionally NR[A] is expressed as limit of numerical ranges of k-compressions of A.

1. Introduction and preliminaries

Let ./, denote the algebra of all n xn complex matrices. The numerical range
of A € ., is the well known set

NR[A] = {x"Axe C: xeC" with |x|]2=1},

which is a nonempty compact and convex subset of C that contains the spectrum o(A)
of A (see [5, Chapter 1]). We recall that the numerical ranges of unitarily similar
matrices are identified and if A = MDM™*; D = diag(A1,4,,...,A,) is the unitary
diagonalising form of a normal matrix A, then NR[A] = Co{c(A)}, where Co{-}
denotes the convex hull of the set.

Given two matrices A € .#, and C € .4 with 1 <k < n, the matrix C is a
k-compression of A, if there exists an n X k orthonormal matrix P (i.e., P*P =1I;)
such that C = P*AP. Clearly,

NR[C] = NR[P*AP] C NRIA], (1)

and the equality holds only for k =n.
Moreover, we have
NR[C] C NR[PCP"],

since NR[C] = NR[P*(PCP*)P| C NR[PCP*].
The numerical range of compressions of normal matrices have attracted attention
and several results have been published in [1, 2, 3, 4]. The inclusion relation of NR[A]
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in (1) has been presented in details in [1], where the investigation leads to a structure
of P such that the boundary of NR[P*AP] is supported by the edges of the boundary
of NRIA].

To explain, consider for a normal matrix A € .#, the convex polygon & =
(A1,A2,..., /) = Co{o(D)} = NR|A], where the eigenvalues A;,i=1,...,k, are sim-
ple. If W =span{ey,...,e;} and e;, i=1,...,k, are vectors of the standard basis of
C", then for every unit vector

k
v=YuveeW ; ueC\{0}, i=12,... .k, 2)
i=1

the point v*Dv lies inside of the polygon 2. Denoting by Ej;(v) the orthogonal
complement of span{v} with respect to the subspace W, clearly for the vector y =
Yier+ -+ Yrex € EV{, (v), we have yov= Ef-;l ;% = 0 and further we take:

D Uy Vi
Y=n (61—5—j€j>+7/2<62—5—j€j)+"'+Yk<€k—6—j€j>7 3)

for an index j. Therefore, by the vectors

51 Uj—l

bi=e1——e; bi_i1=e_1——e;
— €jy ..oy Uj—1 j—1 — VR
vj U
Vjt1 Uy,
bi=e; 1— _j €i, ... bk_lzek—re-
J J+ UJ' 7 ) UJ' Jo
an orthonormal basis {wy,wa,...,w_1} of Ej;(v) is constructed. Defining the
nx (k—1) matrix
P=[w wy - w1, “)

and C = P*DP the corresponding (k — 1)-compression of D = diag(A1,A2,...,4,),

we conclude

NRIC] = {(P2)"'D(P2) : z€ €, [|z]a = 1} = {x"Dx: x = Pz € Eg(v), ||xl|l = 1}
C{x'Dx:xeW, |xll2=1} = (A1, A2, ..., Ak).

Moreover, the following unit vectors of C" N Ej; (v)

Vit1 Vi

Vi = et~ ——————Ciy1 ;
VIuP+oal " Vv o

where in (5) e is substituted by e; and gy by v;, correspond to the points

i=1,2,...k (5)

U; 1|27Li+|Ui\27Li+1 .
¢ = viDy; = [V s i=12,..k s A=A 6

which belong to the line segment (A;,A;11) C dNR[D]. Obviously, the points ¢; de-
pend on the unit vector v and by Theorem 1 in [1] we have dNR[D]NJNR|C] =

{cl,...,ck}.
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In the next section, we construct a sequence C;, s=1,2,...,n—k of compres-
sions of a normal matrix A such that the area of NR[C;] is increasing and is close
enough to the polygon <. Also, for i =1,2,...,k, a sequence of points #;,, €
NRI[Cy ] N (A, Ar) is constructed, where the matrix Cj,, is a k-compression of A,
depending on a vector §,,, with ||§,||2 — e and A, is an interior eigenvalue of the
polygon, finding out that ,,111120 ti m = A;. By this statement we are led to n%l_r)rgo NRI[Cy ] =

NRJ[A]. Analogue results are obtained for subpolygons of .

2. An interior approximation of NR[A]

The interior approximation of the boundary of NR[A] can be further elaborated,
using a compression of a normal matrix A by a sequence of numerical ranges of suitable
matrices.

PROPOSITION 1. Let A be an n X n normal matrix, where its numerical range
is a k-polygon &. Then there exists a finite sequence of compressions Cs = R;DRy,
with RiRy = li1s—1, s=1,2,....n—k, such that

NR[C] C NR|C}] € NR|G5] C -+~ C NR[C,_i] € NR[A], %
and for every s, we have {cy,...,ct} C NR[Cs|N P, with c; in (6).
Proof. Consider the unit vector v € W in (2) and let

k

Sl = v+ myrers1 = zvi€i+nk+lek+l~
=1

If Wy =span{W, e;1} and y=(¥1,...,% Ves1) € Eqy, (&1), then, yo&i =31, Diyi+
Tk+1Yk+1 = 0 and for the same index j as in (3), we have:

y:y e —Ee. _|_+y e _EE‘ +Y e —ﬁk+1e»
1| el T, k| €k 3, Y et | exst > ¢):

Thus, the orthonormal basis {wy,...,wx_1,r} is constructed by the vectors
U Vg
blzel—?e./,..., bj_lzej_l—?ej,
J J
v; 0, Fi
Jj+1 k k+1
bj:ej_;_l—Tej,..., bkflzek_jej, bkzek+1— —€j.
Uj Uj Uj

Denoting by Ry = [P ry|, where P is the matrix in (4), clearly R{R; = I; and the
equation

®)

* *
C = RIDR, = [P DP P Drl}

riDP  riDry
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yields the inclusion
NR[C] = NR[P*DP] C NR[C,].

If Wy =span{Wy, ex12} =span{W, exy1, exy2} and & = & + mioepin, similarly we
define the orthonormal basis {wy,...,wg_1,r1,r2} of E‘%,z(ég) and the matrix R, =
[P 71 rz] = [Rl }”2]. Thus,

* *
C, = RiDR, = [RIDRI RIDU} ,

r3DRy 15D

concluding that NR[Ci] = NR[R{DR;] C NR[C,]. Continuing in the same way, we
consider the vector

Sk =V+ M 1€41 + Mig2€r2+ -+ Meey

of subspace W, = span{W, ¢;1,...,e,} and for the same index j as in (3), we
receive the orthonormal basis {wy,...,wx_1,71,72,...,Tn_x} Of Ev%f,l,k(én—k) If

Cok= Rj,kaRn—ka
where Ry = [Ry—k—1 rpi|=-=[P r r - r"*k]nx(n—w clearly
NR[Cy_t_1] C NR[C,_i] C NRIAJ.

Furthermore, by the inclusions in (7), we have that the tangential points ¢; in (6)
of NR[C] and the polygon & = NR[A], belong also to NR[C], for s =1,....n—
k. Note that the vectors y; in (5) belong to the subspaces Ev%,v(éy), with & = v+
Ty 1€pt1 + Mpyo€pin+ -+ Mgy, S=1,2,...,n—k and for the unit vectors 8is>
i=1,...,k, defined by the equation R,g; s =y;, we have:

_ [0 A1 + Vi1 [P
|0i? + [Vi1]?

Ci =yiDyi = ng(RjDR.\')gi,s = g;:sCYgi7-\'a

with [lgisl2=1. O

If, instead of v in (2), we consider the vector

n
u = 2 ujej,

j=k+1
where e 1,...,e, are the remaining vectors of the standard basis of C" and simul-
taneously the eigenvectors of D corresponding to the eigenvalues in the interior of
~ I
polygon 2, then Ey;(u) =W. Thus for P=[e; ey -+ e, , = [@k } , we
n—k

obtain:

NR[P*DP] = {(P2)"D(Pz) : z€ C*, ||z]» = 1}
= {Z"diag (A1,..., M)z:2€Ck |lz], =1} = 2.
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Regarding a vector,
T
Bix =u+Y pjej; for 1 <i< 1<k, )
J=i
along similar lines as in Proposition 1, we conclude the following proposition.

PROPOSITION 2. Let A be an n x n normal matrix, whose the numerical range
is a k-polygon &. Let also a vector PBir as in (9). Then there exists a (n—1)-com-

pression C~’,-7T of D such that
NR[é,T] = C0{<A'l PR 7li71> U <A’T+l7 cee 7/1k> UNR[Bi,T]}7 (10)
where Bir isan (n—k+ 17— i)-compression of D.

Proof. Let a vector Y= (Y1,Y2,---,Ya) € span{Bic}*+, then

n

YoBic= D, um+Zp vi =0.
Jj=k+1 Jj=i

Thus, for an index ¢ with k+ 1 < ¢ < n, we have:

P P
Y=Y1€1+"'+%'<€z—u—l€€ +ot Y er_ﬁ_:eé +Yer1erpr + o A Yeek
¢ 4
Uk+1 Up
+Yk+1< = €£>+-“+Yn<en—_—eé)
Uy Uy
By th t - ._E (j=i ) and — _ Tt =
y the vectors w; =¢; er (j=1,...,7) and @] =eps T Gl 01 =
ep_ O = ‘“ ey Ot :en—%eg an orthonormal basis
{elwuyeiflad)iw”vd)fae‘L’+17'”7ek7¢k+17"'7¢n71}

is constructed and the n x (n— 1) matrix
P.=[01 0 Q o], (1D

where Q1= [e1 e+ €i_1], Q2= [erq1 €142 "'ek]nx(k,f), Q=[d;-- d\)r]nx(rfﬂrl)’
D= [Pps1 - Gui ]nx(n_k_l), is an isometry. Hence by the (n — 1)-compression of
D

[0iDO; O o) 0
B 0 03D0; O o)
C”_P DPz = o) 0O Q*DQ QDD (12)

(@) 0O O*DQ O*DD

_diag()tl,...,)ti_l) @) O O
o (O] diag()LTH,...,)Lk) @) O
n @) (@) Q*DQ Q*DD

@) (@) D*DQ *DD




144 MARIA ADAM AND JOHN MAROULAS

we are led to the relation

NR[Ciﬂ.'] = CO{<A'17' .. 7li71> U <A"L'+l7'” 7)Lk> UNR[Bi7T]}7

Q*DQ Q*DO

where B; = {cD*DQ O DD

} isan (n—k-+17—1i)-compressionof D. [
Considering the vector
Bi=u+piei; ic{1,2,... k},
as in (9), by (12) we may construct the corresponding compression
C) = diag (diag (A1, ..., Ai_1), diag (Ai1,-.., ), B1), (13)
gzggi gzgg} is (n—k)-compression of D. Due to the construction of
the orthonormal basis {®;,®}, dNR[Bj] is inscribed to the polygon (A;, Agi1,. .., ).

where B = [

PROPOSITION 3. Let A be an n x n normal matrix and the polygon Z=(Ay,..., )
= NRIA].

I. Ifwe consider a sequence of vectors ( =v + qmej, where e is eigenvector
of D corresponding to the interior eigenvalue A; of &, such that ,,%‘EL 1&nll2 = oo,

and the matrices Cy,, € My are the k-compressions of D in (8) defined by {,,, then
there exists a sequence of points ti,, € NR[Cy ] N (Ai, Aj), suchthat lim t;,, = A;, for
m—oo
ie{1,2,....k}.
n
II. Let B, = 2 ujmej+pje; beasequence of vectors, with i € {1,2,...,k}.
j=k+1
If im |uj | = oo holds for a prefixed j, and Ci,, is the corresponding (n—1)-com-
m—soo *

pression of D in (13), then there exists a sequence of points ¢;, € NR[&L,,,] N(Ai,Aj),
such that lim c¢;,; = A;.

m-—oo

Proof. 1. Consider the unit vectors of C”

Zim = G e Ui e i
im — i Jo =L, 4.
VIV +lgnl? VI + lgml?
and the vectors f;,, € C* defined by the equations R1,m Sfim = Zim, where the nxk

matrix Ry, is constructed by ., as R; in Proposition 1. Obviously, |fim|2=1
and the points

2 2
. ~ Vi|"Aj + |qm|“Ai
lim = fifmcl,mfi,m = fz*m T,mDRmel)m = Z;'k,mDZﬁm = ‘ lv.;+ |qm|2 l
1 m
i

:l.+7
Lo + gl

Aj—A), i=1,2,....k (14)
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belong to NR[Cy ) N (A;,Aj). Moreover, due to lim || {2 = oo by (14) we have
m—oo
lim ¢, = lim (A + ————
m—oo m~>oo( |vi|2+‘qm‘2
II. Consider the unit vectors of C"
P, uj m

Vim =
vV |“/,m| + |,01‘2 3V, |u/,m|2+ |.01‘2

and the vectors £, € C"! defined by the equations }N’lmh jm = Wjm, Where 131,,,1 is
constructed as in (11). Then, the point

|utjm] i+ |0i|* 2.
|t4jm|* 4 | 0i]

* o~ * Pk D, *
Cim = hj.rmcl,mhj,m = hj’mPLmDPI,mhjm = Wj,;nDWj.,m =

15)

belongs to NR[Cy x| N (A, A;), and due to lim [u;,,| = o, the equality in (15) yields
m—soo

lim ¢ = lim (A + B
o = i i T

Aj—A)) = A O
Clearly, by Proposition 31, lim |#; | = |A;|. If the point ;,, lies on dNR[Cy | N

(Ai,Aj), we have
[tim| < Vlim| < |Ail,

ie.,
lim ‘gi,m‘ = |A,l|
m-—oo

Therefore, there exist an index mg(i) € N and small enough € > 0, such that for
m > mg(i), the distance d(t;n, INR[C| »]) < €.

Numerically, we may assume that the equality |t,-7m0(,-)| R \éiﬁmo(,-)\ holds and the
equality in (14) leads to

‘ 2

2
’l).
] = 1Y oA,

i+
o +lal 1 ToP + lan
whereby we derive

[Cimo(i)| — 1Al
i 0

‘el o (i ‘

Moreover, for m; < myp, dueto lim ||§,||2 =< by (14) we have
m—soo

fom Al = —0ml 3 ae daml = =,
’ o+ lam T o + gt P~ il = Vs = 4
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yielding

NR[C} ;] € NR[Cym,). (16)
Since the sequence |gy,| is increasing, by (16) for m = my(i), we conclude

oif ltim| — 144 € mo (| — 141

2 _
ml 171 . 7,
= 1ol T ] = 1m0 24— Vimto)

‘2_

=y

|v;

\gm

i.e., t;» hasto be nearly a boundary point of NR[C} ,,]. Hence, for m =myg(i) we can
write

ti,mo(i) ~ fifmo(i)chmo(i)fi,mo(i)a

where f; ;) 1s the eigenvector of H (e’iefCLmo(i)) corresponding to the largest eigen-
value, Amax(H (e719%C, mo(,))), of hermitian part of matrix e*iefCLmO(i), and 0; € [0,2)
is the argument of 7, ;), (see [5, p. 35, Theorem 1.5.11]).

THEOREM 4. For any normal matrix A, whose NRIA] is a k-polygon, there
exists a sequence of k-compressions Cy,, of D in(8)suchthat NR[C) ] is inscribed
to the polygon for every m and lim NR[C\ ,] = NR[A].

m—o0

Proof. Let 2, = Co{tl,m(l)a . 7tk7m(k)}~ If mp= max{mo(l),mO(Z), . ,mo(k)},
then by Proposition 3 I, for m > mg and small enough & > 0, we estimate that

| Zn| <INR[CLal| < |2,

where |-| denotes the area of a convex set. Since lim 2, = &2, obviously we have

m—oo

the convergence of area of NR[C} ,,| to the area contained in NR[A]. O

COROLLARY 5. For any normal matrix A, whose NR[A] is a k-polygon, there
n

exists a sequence of vectors P = 2 Ujmej+piei; i € {1,2,...,k}, and the asso-
j=k+1
ciated sequence Cy,, of (n—1)-compressionsof D in (13), such that

lim NR[C} ] = NR[A],

when 1im |uj | = oo.
n—oo
Proof. Since, by (13) the compression matrix
Cy = diag(diag(A1,..., Ai—1),diag(Air1, .., A%), Bim),
clearly

NR[BLm] - CO{)L,‘,)LkJrl, . ,)Ln},
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and due to lim ¢;,, = A;, we obtain
m-—oo

lim NR[BLm] = <li,kk+17...,ln>.

m-—oo

Hence, by (10) we have

i1>

Ai <)Ll'+17...,)tk>U lim NR[BLm]}
Ai-1)

U
m—oo
U

lim NR[C} ] = Co{(A1,...,
: <)‘i+1a"'7)‘k>u <Al’7)‘k+l7"'aln>} = <Al7"'alk>'

= Co{(Ar,...,

O
The next example illustrates Proposition 3 I and indirectly Theorem 4.

EXAMPLE. Letthe 6 X 6 normal matrix A = diag (4i,—2,—3i,5,0,1+1i), where

NR[A] = Co{4i,—2,—3i,5}, i.e., 0 and 1+1i belongto IntNRJA]. For the unit vector

= \/% e+ \/LI—S er+ \/% e3+ \/il—s e4, we have the matrix in (4),

—0.8944 —0.1826 —0.3162
0.4472 —0.3651 —0.6325
0 0.9129 —0.3162

P = 0 0 0.6325
0 0 0
0 0 0

and the tangent points in (6) of dNR[A]NINR[P*AP]

—24 16i —2—12i 5—-27i 5+ 36i
Cl=———, pp=——"" 3= . = )
! 5 : 5 T 710 ‘T 10
—0.8944 —0.1826 —0.3162 —0.1855
0.4472 —0.3651 —0.6325 —0.3710
. o= 0 0.9129 —0.3162 —0.1855
If {i=v+ \/%657 we obtain Ry | = 0 0 0.6325 05565 | and
0 0 0 0.6956
0 0 0 0

the matrix Cy; = R} |AR; as in (8). By (14), for As =0, we take: 1) = $ =

3.7647i € (A1, As). Also, 0; =m/2 and |t; 1| =3.7647 # 3.8691 = Apax(H (e 7101CY 1)),
i.e., 111 is interior point of NR[C) ;].

—0.8944 —0.1826 —0.3162 —0.2535

0.4472 —0.3651 —0.6325 —0.5070

Similarly, if { =v+ % es, wehave Ry, = 0 0.9129 —0.3162 =0.2535

0 0 0.6325 —0.7605

0 0 0 0.1901

0 0 0 0
and the matrix Cj5 = R} AR, ; as in (8). By (14) we take: 11, = 180 =3.9900i

(A1,245) and [t; 2] = 3.9900 # 3.9904 = Amax (H(e7191C1 1)), i.e., 11, is interior point
of NR[CLﬂ.
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—0.8944 —0.1826 —0.3162 —0.2580
0.4472 —0.3651 —0.6325 —0.5160
0 0.9129 —0.3162 —0.2580

_ o 100 5.
If G =v+ 3¢5, wehave Ri3= 0 0 006325 —07740 | 2nd
0 0 0  0.0387
0 0 0 0
Ci3 =R} AR, 3. By (14) we take: 1,3 = 35000 = 3.99960004i € (4;,4s) and

|1 3] = 3.99960004 22 Amax (H (e 191C) 3)) = 3.9996006. The point #; 3 almost lies on
the INR[C) 3], i.e., 113~ f13C1 313 = 0.00000036896091 + 3.999600582008 10i

€ dNR[C, 3], where fi3 = [0.8945 0.18250.3163 0.2580]T is the eigenvector of
H(e719C) 3) corresponding to Amax (H (e 19Cy 3)).

—0.8944 —0.1826 —0.3162 —0.2581
0.4472 —0.3651 —0.6325 —0.5161
0 0.9129 —0.3162 —0.2581

4120 o
If G =v+ f5es, wehave Rig = 0 0 06325 07742 | 2nd
0 0 0 00323
0 0 0 0
Cia = R{4AR 4. By (14) we take: 14 = 37690 — 3.9997i € (A1,As) and |ty4] =
3.9997222 ~ Amax(H (e 191Cy 4)) = 3.9997225. Since gq3 = %ﬂs < %25 = q4, then

NRI[C 3] € NR[C 4] and we expect t;4 to approximate dNR[Cj4]. In fact, fi4 =
[0.8945 0.1826 0.3162 0.2581 ] is eigenvectorof H(e "1Cy 4) and 114 ~ f7 ,C14f1 4
= 0.00000017808543 4 3.99972250302240i.

In the next figure the numerical ranges of the compressions P*AP, C; | and Cj»
are illustrated.

Imaginary Axis

Real Axis
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Let Q= (A1,42,...,Ay) besubpolygonof &2, with 3 < v <k and the sequence
of vectors of C”

v
Nu= Y, Viei+ Quej; je{k+1,...,n}
=1

and suppose furthermore that the eigenvalue A; may not belong to Q. Denoting by

Giu =T, DTy the v-compression of D, then NR[Gy,] is tangent to the poly-

gon (A1,A2,...,Av,Aj). Thus, when lim ||ny||2 = e, by Theorem 4 we conclude the
U—00

equality
lim NR[G ] = 0.

U—oo

P
Therefore, the separation of polygon & = U Qs into p-subpolygons leads to
o=1

p

U (Jim NRIGY,]) = NR[A],
o=1

where G‘IS_ u is a compression of associated Qg, according to Theorem 4.
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