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1. Introduction

Let M, (C) (M,(R)) be the algebra of all n x n complex (real) matrices, and let A € M, (C). The numerical range of A,
also known as the field of values [1], is the set
NR[A] = {x*Ax € C:x € C"withx*x = 1}.

The numerical range NR[A] is a compact and convex subset of C, that contains the spectrum o (A) of A.If A € o (A) NINR[A]
with multiplicity m, then X is a normal eigenvalue, i.e., A is unitarily similar to Al,, @ B, with & ¢ o (B). Clearly, when A
is normal, then its eigenvalues are normal and NR[A] = Co{o (A)}, where Co{-} denotes the convex hull of the set. For any
A € My(C), if we write A = Hy + S4, where
A+ A* A — A*
= and S4 =
A 2 A 2

are the Hermitian and the skew-Hermitian parts of A respectively, then
Re NR[A] = NR[H4] and ilm NR[A] = NR[S4].

Moreover, if P is any n x m matrix withn > m and P*P = I;, then
NR[P*AP] C NR[A],

and the equality holds only for m = n.

)
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Fig. 1. Numerical range of the generalized Levinger transformation.
Given a matrix A € M, (C), we define the generalized Levinger transformation of A as the double parametrized family of
matrices

+ o — .
LA, o, B) =aHy + BSs = %A—l— TﬁA*, witha, 8 € R. (1)

In(1),fore =1 and B =2t — 1,t € R, we have
LA, 1,2t — 1) =tA+ (1 — t)A",

i.e, L(A, 1,2t — 1) isjust the standard Levinger transformation, which has been studied in [2-5].
Clearly, for every «, B € R, we have from (1)

Hi@a,p) = aHy, Sca,p) = BSa.
Hence,

Re NR[L(A, a, B)] = NR[H,(a.«.5)] = ¢NR[Ha] = o Re NR[A]
iImNR[L(A, o, B)] = NR[S,@4.«.p] = iB IMNR[A],

and consequently
NR[L(A, o, B)] = {ax +iBy : x,y € R, withx + iy € NR[A]}. (2)
Moreover, the boundary of NR[L(A, «, B8)] is given by
ONR[L(A, @, B)] = {ax +iBy : x,y € R, with x+ iy € INR[A]}. (3)
ForA € M,(R), since NR[A] = NR[A"], NR[£L(A, «, B)] is symmetric with respect to the real axis,
NR[L(A, &, B)] = NR[L(A", o, —B)],

and thus, the domain of 8 can be reduced to [0, +00). Additionally, if 0 < 8; < B, then due to (2), (3) and the symmetry
of the numerical ranges with respect to the real axis, we have (in some sense) a vertical dilation, namely,

NR[L(A, o, B1)] C NR[L(A, a, B2)].

1 3 4
Example 1. ForA=| 2 7 —6/|, the numerical ranges of A and .£(A, «, 8) are illustrated in Fig. 1. When « is constant
-1 3 5

(here@ = 0.4)and B is altered (0.5 < < 1.2), the vertical dilation is presented on the right, reminding that, this property
holds also for the standard Levinger transformation. Otherwise, NR[L(A, «, 8)] is moved as it is shown on the left figure,
for the valuesoe = —0.9,8 =08, ¢ =13, =06 ando = 1.4, = 1.3.
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The paper is devoted to the study of the generalized Levinger transformation of a matrix. Specifically, we establish a
relationship between the numerical range of a matrix A and its generalized Levinger transformation. This relationship is
then used to obtain results on the eigenvalues and eigenvectors of the perturbed matrix of the form A + L(E, «, 8), where
E is fixed and «, and 8 are small parameters.

Our motivation for such study comes from the fact that a great deal of effort has been made in the literature to establish
bounds on the eigenvalues of a perturbed matrix. For results on this topic, see [6] and the well-known books on linear and
numerical linear algebra in [7-11].

This paper is divided in two parts. The first part contains geometric properties of numerical range of L(A, «, 8). Also
bounds are given for real and imaginary parts of eigenvalues of £ (A, «, ). This provides us a framework to study variation
of the spectrum of L (A, «, B). In the second part, we use the Levinger transformation for a fixed matrix E as a perturbation
matrix, whose activity on a matrix A depends only on the parameters « and g. First, we formulate a necessary and sufficient
condition for a normal matrix to remain normal, under a perturbation by a symmetric and rank one matrix. Next, we present
an approximation of a perturbed eigenpair of a diagonalizable matrix A using two parameters, which generalizes a known
result in [8, p. 183], where the eigenvector of perturbed eigenvalue is not mentioned and even the perturbed eigenvector is
investigated in [7, p. 431], without giving further details for the perturbation of the corresponding eigenvalue. Further we
simplify these formulae using the notion of generalized inverse extending the corresponding result in [2]. As an application,
we present a sufficient condition such that the perturbed eigenpair is first-order approximation of the corresponding simple
eigenpair of initial matrix A, and we give two numerical examples to illustrate our results.

2. Numerical range and eigenvalues

Proposition 1. a. Let A € M,(C). The image of a line segment €4 € NR[A] by the Levinger transformation, is a line segment
er € NRILA, a, B)].
b. If A € M,(R) and NR[A] is an ellipse, then NR[L(A, «, B)], for o # 0, is also an ellipse.

Proof. a. For any x; + iyq, X, + iy, € NR[A], and t € [0, 1], we observe that
af(1—0)x1 + txo] + BI(1 — O)iy1 + tiy,] = (1 — ) (axq +iBy1) + t(axz +iBYy2),
where ax; + iBy; and ax; + iBy, lie in the convex set NR[.L(A, «, B8)]. Hence, the proof of a follows readily.
b. Consider that NR[A] = {x + iy : ’C% + % < 1, withc > k > 0}.Fora # 0, and 8 > 0, changing the variables
x =a"'X,y = B7'Y, by (2) we have that the boundary dNR[.L(A, «, B)] is the ellipse % + > _ 1. The foci are on

ﬁZkZ -

the real axis, wheno € R\ [—%, %], otherwise, they lie on the imaginary axis. O

Proposition 2. Let A € M,(C), and o, B € R — {0}.

a. If A is a normal matrix, then ONR[L (A, a, B)] is a k-polygon, as INR[A].
b. NR[L(A, @, B)] NR = R N NR[«A].

Proof. a. The proof of this part follows readily by Proposition 1a and from the observation that A is unitarily similar to
diag{x1+iy1, xo+iya, . . ., Xy +iy,} ifand only if L(A, v, B) is unitarily similar to diag{ax,+ify1, axa+iBya, ..., ax,+
iByn}.

b. Clearly, if @x*Ax € NR[eA] N R, then x*.L(A, «, B)x = # X*Ax + % X*A*x = ax*Ax, concluding that NR[¢A] "R C
NR[L(A, o, B)] N R. Moreover, for «, 8 € R\ {0}, because

a+p oa—p
A= —— LA a, ) — —— LA, o, B),
o 25 A, a,B) 25 A, a,B)
in an analogous way, we obtain NR[.L(A, «, B)] "R C NR[¢A]NR. O

Remark 1. The eigenvalue A € o (A) is normal if and only if A, is a normal eigenvalue of L(A, «, B).
In fact, from (1) and the relationship U*AU = Al, & B, where . ¢ o (B), it follows that U*.L(A, o, B)U = Aply &
L(B, a, B).

In the following proposition we present a compression of NR[.L(A, «, $)], when A is a normal matrix, based on our
results in [12].

Proposition 3. Let A € M,(C) be a normal matrix and let the polygon (A),, Ay, , - - - » Aa),) be the numerical range of A. If
x; is a corresponding eigenvector of Ay, j=1,2,...,k andv = Z]kzl vjX; is a unit vector, denoting by E = span{v } and
EVLV the orthogonal complement of E with respect of W = span{xy, X2, ..., X }, then

NR[P*Ji(A,oz,ﬂ)P] =NR[£(P*AP,Q,/3)] C <)‘(£)1’)‘(£)2""’)‘(=5)k>’
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where P = [wiw; ... wi_1], and wy, wy, ..., Wx_q is an orthonormal basis of E‘*,. Moreover, INR[P*L(A, «, B)P] is
tangential to the edges of the polygon (A(e),, A£),, - - - » A(s),) at the points

Hor = aRe @y +ifImug., (T=1,...,k) (4)
where

[vea > 2y + vz Ay, ol Ay + ol Ay,

Haye = (t=1....k=1), pa,=
i [Vr 4112 + | |2 ¢ [ur ]2 + il

Proof. By the Eq. (1) we have £L(P*AP, o, B) = P*L(A, o, )P, and it is evident the equality of the numerical ranges. More-
over, £(A, o, f) is normal, and it is known in [12] that, INR[P*.L(A, &, B)P] tangents to the edges of the polygon (A(,),,
A(£)ys - - > Aoy, at the points

2 2
[vr1l® Aoye + Vel Ay, ol ray + o A,

(t =1,...,k—1); Moy, =
(O [o12 + [uel?

Since, the eigenvalues of A and L(A, «, B) arerelated by A(¢)r = o Re An), + ifIm A),, the Eq. (4) is verified. O

MLyt =
[Uea[? + v, 2

Finally, applying the resultsin[13] to £ (A, «, ), we obtain bounds for the real and the imaginary parts of the eigenvalues
of L(A, «, B).

Theorem 1. Let the matrix A € M,(R) and Aj € o (L(A, a, B)). Then for each A; we have

1/2

NSTRLC S LR Y (YT BlISaHa — HaSallz  [er(Ho)P 5)
n a“||H, + n
! = M3 (@2 Hall2 + B21Sal2) ’
and
1/2
n—1 a?||SpHp — HaSal|?
may| < 181 | —— (18412 = = : (6)
n 3 (2[Hall + B21Sa112)

where || - ||r denotes the Frobenius norm.
Proof. Observe that tr(L(A, «, B)) = tr(aeHy 4+ BSs) = atr(Hy), and
LA, @, B)L (A, &, B) — LT(A, a, B)LA, @, B)|F = || (aHa + BSa)(aHy + BS,) — (aHy + BSy) (@Ha + BSH) F

= 2|aB|lISaHa — HaSallr- (7)
Since
Tyea _ AT
tT(HASZ) = —fT(HASA) = —tr (W)
= —% (tr(A®) —tr [(A)?]) =0
we have
LA, o, B = tr[LA, o, B)LTA, a, )] = tr [(@Ha + BSp) (@H] + BSD)]
= o ||Hall} + B*IISall} (8)
and
tr[L%(A, o, B)] = tr [(@Hy + BSa) (aHa + BSa)] = o[ Hall7 — B[1Sall7. 9)

and consequently by (8) and (9)

LA, o, B)IIZ + tr(£L2(A, a, B)) = 20*||HallZ,
LA, o, B)lIf — tr(L*A, a, B)) = 2B[ISall7-

Therefore, if we substitute (7), (8) and (10) in the relationships of Theorem 7 in [13], we have

Redi — tr(oC(A,a,ﬂ))’ < [n—1 (III(A,a,ﬂ)II% +ir(L2A o ) V(LA ) [tr(oC(A,a,ﬂ))P)
! n ~\ n 2 12 LA, «, B2 n
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and

V(LA a, ﬂ))2>

1o i1 Pty -
!Imkjyf\/ o (1ea iz - e ) 61 LA a. P)I?

where v(£L(A, o, B)) = |L(A, a, BLTA, o, B) — LT (A, &, B)L(A, , B)||F, thus we obtain the bounds for the real and the
imaginary part for each eigenvalue of L(A, «, 8) in(5)and (6). O

3. Application to perturbation theory

The question “how close is a matrix M to being normal”, it is known that it can be evaluated by the normality distance
|AAT — ATA|| for some matrix norm || - ||. Since matrix norms are equivalent, we may use the Frobenius norm || - ||5.

Proposition 4. Let N € M, (R) be a normal matrix and for a nonzero vector x € R", let E = xx". If x is not eigenvector of N
corresponding to a real eigenvalue, then the matrix M = N + E is normal if and only if N is symmetric.
Proof. For the symmetric matrix E = xx', clearly E? = ||x||2E, and the normality distance of M is equal to

IMM" — M™M||p = [[(N +E)(N" +E) — (N +E)(N + E)||F

= [INE+EN" —N'E —EN|r = [R+R"[|F,

where R = NE — EN. Since

tr(R*) = 2 [tr(NENE) — tr(EN’E)] = 2[(x"Nx)* — [|x]|*(x"N?X)]

tr(RR") = 2[ Ix|*tr(NEN") — tr(ENEN")]
2 [IIx]I° (x"N"Nx) — (x"Nx)?]

and tr [(R")?] = tr(R?), we have:
IR+R'; = tr [R+R)*] = orR*) + tr [(R")* ] + 2tr(RR")
= 4)x||2x"(N'"N — N)x.
Hence, the matrix M is normal if and only if NTN = N2. This equation is equivalent to
DD = D?, (11)

where D is diagonal and unitary similar to N, i.e., N = UDU*. Thus, by (11), D is real and N is symmetric, since it is unitary
similar to a real diagonal matrix. O

It is worth noticing that the result in Proposition 4 is based on the special form of E, and it is of interest to look at more
general perturbations, investigating how main properties of N are influenced. For this, we consider E € M, (R), since

IMM™ — M"M||r = ||2Hy g1, + EE" — E"E|lF,

where [N, ET] = NET — EN, we conclude that, the normality distance of M is related to the normality distance of E. Hence,
an outlet is to investigate if some properties of perturbed normal matrices remain.

Let the matrix A € M, (C) be diagonalizable (i.e., we retain this property of N ) and E € M, (R) be fixed, without giving
any attention to ||E||. Consider the matrix

My g =A+ L(E, o, B) =A+ aHg + BSE, (12)

where @, 8 € R are small enough varying parameters. Clearly in (12), M, g is continuous differentiable and the Hermitian
and the skew-Hermitian parts of E influence independently the matrix A. Especially, when A is normal, Hr and Sg alter Hy
and S, separately.

Denote by A, g an eigenvalue of M, g in (12) and by v, s and w, g, the corresponding right and left eigenvectors,
ie, Myp — Ao pDva g = 0, a)zﬂﬂ (Ma,p — Aa,pl) = 0. The coefficients of characteristic polynomial det(Al — M, g) are
polynomials of two variables «, 8 and A, g is continuous function of these coefficients. For @ = 8 = 0 the perturbed
eigenvalue A, g is equal to a semisimple eigenvalue A; of A, and the eigenvectors are: v, g = vj, we,g = w;, Where v;
and w; are the right and left eigenvectors of ; for the matrix A. We recall that an eigenvalue is called semisimple, when
it is a simple root of the minimal polynomial of matrix. Moreover, A, g and v, g, wy,g are continuous functions of o, B
and partial differentiable, but might have rather singularities on total differentiability [9, p. 116]. For further details we refer
to[9] and [10, Ch. 11]. We will now give a result on the sensitivity of eigenvalues and eigenvectors of perturbed matrix M, g
in (12) in the neighborhood of A; in relation with the remaining eigenvalues and eigenvectors.
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Theorem 2. Let the matrix A € M,(C) be diagonalizable and let v; and w; be the right and left eigenvectors of A corresponding

to A;j € o(A). If the eigenpair (Aa,ﬂ, uo,.f;) has continuous second-order partial derivatives in the neighborhood of A; and v;,
then:

O LE @ pui |~ (0f LE @ p) ve) (@] LE @ f) vi) L
fop =TT o (e, 13
7 " Si * kz#l ()»,- — )\.k) SiSk + (Ol 'B ) ( )
— U vy LE, @, B) v (] LE. o, B) v () LE. o, Bui)
er =T kz?f; (A = A St i ; ; (A — M) (A — Ap) ks Y
(wf LE, &, B) vi) (@] L(E, a, B) Vi) . -
) ; (i = 4))? sis; U+ o F), (14)

where sy = )} vy.

Proof. The partial derivatives of the equation (Ma,/g — )La,,gl) vy,p = 0, withrespect to o, B, are

a)\,aﬂ 81}0(/3
He — L1 ) v, My g —hopl) —L =0
(E P )U,ﬂ+( o.p ) S

(15)
5 = s (Mg — hapl) 2228 g
- Uy o, — N =
E 3B B B B 9
Multiplying these by w;ﬁ, since w;qﬁMa,ﬁ = Aa,ﬁw(’;qﬁ, we have
oA oA
“)Z,ﬁ (HE — 82ﬂ ]> Ug,p = O, a);yﬂ <SE — 3;’3 I) Vg, = 0.
For (a, 8) — (0, 0) the expressions given above imply
3)»(0“}):0 _ lim 3)\0,,5 _ wi*HEUi’
Ja (@,8)—(0,00 OJo ] v; (16)
ap=0 drap  OFSEy;
9B (@p)—0,0) 3B v

and then, the first differential dA, g is equal to

o 3)\.(0,,/3):0 4 ﬂ 8)\(0(’;3):0 — a);kHE’U,‘ + a);kSEU,‘ _ a);koC(E, o, ,B)U,‘

diy g = = =
p o ap ] v; ] v; ] v;

Moreover, the first equality in (15) for («, 8) — (0, 0) gives

ey Vi g
He — @A) a4 — ) Z2@P=0 _ g,
oa Ja

. . . . . v, — . .
Since A is diagonalizable, we can write —%2= = Y | c,uy, and so the last equality can be written as

OA (. B)=
(HE - %1>U1‘+ch0\k—)\i)vk:0~
o P

Furthermore, multiplying the above equality by the left eigenvector w, of A, and using the orthogonality of w, and v;
(k # i), we have
*
H .
o= — N fork i,
(A — A @i Uk

and consequently,

31)(‘1,/3):0 Lt);:HEU,‘

= = Yoy (17)

oz (i = M) oy vk

Similarly, by the second equality in (15), we obtain (A; — Ax)wj M’g% = w};Sgvj, and thus

V(. g)= “SEU;
AR S S (18)
8ﬂ ki ()‘l - )"k) ), Uk
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Hence, the differential dv, g can be computed as

aU(a, )=0 aU(a, )=0
Qo = a —5 0=+ B aﬂﬂ
wpHpv; a)kSEU,
= T ——— ﬂ Uk
; (A — Ag) a);: ; (Ai — k) (,()k Uk

_ Z v wip LE, o, B) vi
ket ()\'l - )"k) (,0;: Uk ’

Now, the partial derivatives of the equations in (15) with respect to «, 8, are

EY AU, 82Uy 0%
2 (HE _ b 1) P (Mo = hapl) A _ L Vs =0

da da da? da?
a)»a‘/g Bua_ﬂ Bzva B 82)»0[ B
2(s — I : My g — Ag sl b _ ’ -0
( Y. ) ap + (Map = hapl) T = g v
9%u, 0y Uy oA Uy RENY
(Ma,ﬂ - )\'a,fj I) L + HE - L I L + SE — *.p I ’B o.p Ot,ﬂ =0.
da 9B da ap B da  dadp

Multiplying these expressions by w} , and substituting BU“’;% av(‘;% from (17) and (18), for («, 8) —

noting that w; vy = 0, we obtain

rwp=0 _ 2 ' Hy — 3)~<a p=0\ V@ p=0
do? v do du
2 Z (wiHg Ui)(w;kHE k)
ofvi i (= M) wpuk
M@, pr=0 _ 2 'S — « 0 @.p)=0 | V(@.p)=0
32 pa Py 9B
2 (i Sg vi ) (@} S vk )
] = i) o
2\ (o g)— 1 AUy B)— OV(a.B)=
(o, f)=0 — a);kHE (o, f)=0 +w;ksE (o, )=0
da df v ap du
1 (] Hg vk )( @i Sp vi) + (i He vi ) (0] Sg vy )
;i 4 (Ai — M) ok

Therefore, the second differential d*A, g is equal to

9 A, py=0 82X (q.8)=0 A p1—0
2, 5 = o? ZL@P=0 4 oy @p=0 | g2 0 Mep=
B ) B PEY. B 252
. 202 Z (a);:HE (v )(a);kHE Uk )
a);k Ui ke (A — ) a)]tvk
4 228 5 e v (@S v) + (0 Hs )8 v) | 28 - (0 u) (0] S5 v)
a) e (i = A) @ U wivi iz (i = M) o
20~ (0f Hev) @) LE @, Hu) | 26 < (0] Sev) (@] LE o, ) vi)
G (i = h) @l v W Vi (A — i) Wik
2 (of LE, o, B) v) (@ LE, o, B) vi)
S (A — h) v ’
and by

1
)\‘3‘«/3 = A+ d)»a“g + Edz)\a,ﬂ + 0 (063, ,33)

we receive (13), whereas we have declared s, = wjvy.

(19)

(0, 0), and

(20)
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Multiplying the first of (19) by a)f, due to a);‘vi =0 (j #1), for (o, B) — (0, 0), we obtain

. a)‘(a,ﬂ)=0> V(0 p)=0

9° Ve, p)=0
e = 2| w'H — o
JTE J oo da

i — A)) o] 2

Substituting the formulae of M(‘g‘%, 31)«;% from (16) and (17), since @fvx = 0 (j # k), we take

< PVep=0 _ (@iHg vi)(@fHg v\ 2 Hg vi) (@] Hg v) oy
j do? o A = M) (A — &) wpug wiv (i — A2
and then
P va.p)=0 2 Z Z (wiHe v) (@] HE vi) 5 Z (o HE vi) (@} H vy) o1
el Ui~ Uj.
e S\ Gi— 004 =) (oo @fu) |7 7 G = A2 (@] v) (@)

Similarly, the last two expressions of (19) lead to

8%U(a,p)=0 _5 Z Z (@ySe vi) (@] SE vk) o, (f'Sg vi) (@] Sg i) o
0p? S\ = i = M pu) @fv) |77 (= A2 (0f v (@ vy

0%U(e,p)=0 _ Z Z (i Sg vi) (@] Hg vi) + (wZ*HE Uf)(:“fsE Up) , 22)
dadp ‘T \'=z (A = Ai) (A — Ap) (@ ug) (@] vy)
Z [(@}S v (@ HE i) + (@] HE i) (0] Sg v1) ]
- ;.
“ (i — A2 (@] v) (@ V) !
Thus, by (21) and (22) we take
32U =0 32U =0 32U =0
o o = g2 LVep=0 @p) 2 907V@.p)
Ver =00 2P0 Y g
(o] He i) (wy LE, &, B) i) (@} Sg vg) (W), L(E, o, B) vi)
rranr k) (A j) (@) Uk (0)]‘ Yj T kA (Ai 1) (A i) (@ vk) (wj vj)
2a (of Hg vi) (0] L(E, a, B) vi) 2B Z (of Sg v (0] L(E, o, B) vi)
_ U — U
a)f‘ Ui [T ()\,‘ — )\,j)z (a);‘vj) J a)l* Ui [T ()\.j — )\j)z(a)fvj) !
(@F L(E, o, B) ) (@ L(E, e, B) vi) 2 (] L(E, o, B) vi) (] L(E, a, B) i)
B 3 B T v TS T T e R D D ey Ty o
Pl i = M) (M — A (@pvp) (@ vy ol v 4= i — A2 (@] y;

and by

1
Uy g = Vi +dug g + Edzva,ﬁ +0 (a3, ,63)
we obtain the claimed equality (14). O

The simplified presentation of partial differential formulae (16) and (20) of A, g and (17), (18), (21) and (22) of v, g for
o = B = 0 areresults independent of those obtained earlier in [ 14]. Chu has follow different methodology considering that
Ai is simple eigenvalue and an additional normalized condition that wfv; = 1, and even Chu’s formulations of the partial
derivatives depend on the invertibility of a matrix and the eigenvectors v;, w;. Furthermore, no results on the perturbation
of the eigenpairs A, g, and v, g are given in [14].

In the following we present a lemma, which will contribute in the approximation formulae (13) and (14).

Lemma 1. Let the matrix A € M,(C) be diagonalizable and Y;, W; be matrices whose columns v; and rows ;" respectively are
the corresponding right and left eigenvectors of A, for A; € o (A). A generalized inverse of (A — MI)*, u € N, is defined by

A=yt =3 — 22 g, (23)
iz (e — A si
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Uk @,

Proof. It is evident that (A — A; I) = yy wj, and then

* *
(A— u)ﬂiw A—MDPT (A = al) —K Dk
(A — ADH (A — ADH
_ U wj;
= (A—xDH! m = =y

. v o .
Since ) % =1, ofA = ) and fork # i, w} v; = 0, we have:

— ADH W@ W Y. Uk 0 DM
(A= i) (Z G Ws’{)m hil) —(é‘ . )(A Ail)

ki
=1 - YiW) (A — D" = (A — LMD" — YWi(A — MD*
= (A—MD" = Y; (WA — LW (A— LD = (A= nD*

and
Uk Uk} vk 0 Uk 0}
D o B e [T p
oz (e = Ak sk o (e — A si = (e — A si oz (e = Ai)k sk

In Lemma 1,if A is normal, then vy = wy, and [(A — A;1)#]" is Hermitian. In this case, we confirm that [(A — A;))*]" in
(23) is the Moore—Penrose inverse of (A — A;1)*.

Combining Egs. (23), (13) and (14), Theorem 2 leads to a generalization of a corresponding result for simple eigenvalues
of a Hermitian matrix, which was presented in [2].

Theorem 3. Let the matrix A € M,(C) be diagonalizable and X; be a semisimple eigenvalue of A with v;, w; corresponding
right and left eigenvectors. If the assumptions for the Egs. (13) and (14) hold, then the following expressions for A g and vy g
hold:

1 1
Map =Ai+ —wfLE, a, v — —of LE, a, B)A— LDTLE, o, B v+ 0O (o, B7), (24)
Si Si

Vep = Ui — A= Dt LE @ v+ [A— DT LE o, H] v
1 +
- [A—AD?]" LE, o, B)viw) LE, o, fvi+ 0 (, B7). (25)

Proof. From (13) and (23) with «© = 1, we immediately have

1 1 Uk o), 3 .3
Aap=ri+ — o LE, a, Bui— — o L, a, B) E —— =) LE,a,B v +0 (>, B),
P g b iz (k= i) St ! ( )

proving (24).
Also, from (14) and (23) with u = 1, 2, we have

Uk Vj Uy
g = Ui — 2 k) £k, ; E E 7£E ——— L(E, a, i
ey (k;ﬁi e = )‘) ) Ee v i (j;ez (A = i) sj (E o) (e = 2i) St (e IB)U)

<§<A;—x,-)zsj>£(5“ﬂ> L E @ put o (o)

—(A=nD" LE. o, B) v+ (A— DT L. a, %% g g By,
¢ )T LE, o, B) v + ( )T LE, a, B) (;(M-M)Sk ( 06,3)11)

S U ) b U L ot o (o B
— o, o, Vi
[ ()\.j — )u,')ZSj Si

= v — (A= DT LE, @, B) v+ [(A =MD" LE, , B)] v

— [A=u?]" £ o p) ””S‘f’f LE o, pui+ 0 (a® B7)

proving (25). O
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In (24) and (25), if we consider the first-order approximation, then we simply have

~ 1
Xap = hi+ ;w;"oC(E, a, Bui+ 0 (e, B%),
i
and (26)
Vap =i — (A= MDTLE, o, B v + O (o?, B7) .,

for a simple eigenvalue ;. In these cases,

~ ~ o 1.,
My pTap — dapUup = —(A— MDA — LD TLE, a, B) vi + LE, a, B) vi — : [0f L(E, a, B) vi]v;
1

+ %(w;‘ L(E, a, B)v)l — L(E, a, ,B):| A—=1DYLE, a, B u;

= —[(A ADA — uDT + } LE,a, B)vi+ L, a, B) v;

i

1
+ ;(wf‘ LE, o, B)v)l — L(E, o, ﬂ)] (A—MDVLE, o, B v+ O (o, B7).

Since,
i (O ini*
A— DA =D + 290 = a— )
; (A — A)Sk Si
-y
k Sk
we have
~ ~ - 1
My 00 — hapUup = [&wf LE, o, B vl — LE, a, ﬁ)] A—MDYLE, o, v+ 0O (o?, 7). (27)

1

Proposition 5. Let ; be a simple eigenvalue of diagonalizable matrix A € M,(C) with right and left eigenvectors v; and w;.
If there exist «, B such that L(E, o, B) v; € ker(A — AT, then ko and Ty g in (26) is an approximation of an eigenpair of
Myp =A+ L(E, a, p).

Corollary 1. Let A; be a simple eigenvalue of normal matrix A € M,(C) with eigenvector v;. If there exist a, 8 such that
£L(E, o, B) vi = U;, then Ay g and Uy, g in (26) is an approximation of an eigenpair of My p = A+ £L(E, a, B).
Proof. It is well known that
ker(A — At = ker(A — xDT.
Also, since A is normal, w; = v;. Thus by (27), it is implied that

A—rDTLE o, fui=A-auDT T =[vyA-nD] =0. O

In this case, (26) is simplified to

“'5”" +0 (% BY), Tup=uvi+0( ) (28)
1

hap = hi+
of by p = (hi+ 1)+ 0 (o, B%) . Ta.p = vi + O (o, B?) for real symmetric matrix A.

4. Two illustrative examples

1

Example 2. Let A = |:0

0 1
2 O] . Then o (A) = {A1 = 1, A3 = 2}, and the corresponding right and left eigenvectors are
0 0 2

given by:
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1 0 1
Let the perturbation matrix E = [ 0 1 0:| . We obtain
-1 0 0
a 0 B 1+a 0 1+8
LE,a,)=| 0 o O and M, = 0 24+« 0 .
-8 0 O —-B 0 2

—@—12—app+1)
Then, o (My,g) = {A 1,08 = 3ta—a/(@ 21> 4B(B+1)

right eigenvectors are:

[1+8 0 hap—1-0a]', [148 0 rs—1-a]', [0 1 0].

Clearly, the eigenvalues and the corresponding eigenvectors of M, g are real functions of two variables, with continuous
partial derivatives for all permissible values of «, 8.
Fora = 0.1, 8 = 0.01, we have o (M, g) = {1.1114, 1.9886, 2.1}, and the corresponding unit eigenvectors are given

by

3taty/(@—1)2-4B(B+1)
— o 0(2 ﬁﬁ ,)\'3,0[,/3:2_’_0{}

, A2 , and the corresponding

[0.9999 0 0.0113]', [0.7508 0 0.6606]', [0 1 0] .
Moreover by (23),

0 0 1
(A—I)*:[(A—I)2]+:|:0 1 o].
0 0 1

Hence, a first-order approximations of the eigenvalue and unit eigenvector of M, g by (26) are:
A=1+011=111, o'=[1 0 0.0099]".
Also, by (24) and (25), the corresponding second-order approximations are equal to

a=11112, o7 =[09999 0 0.0111]".

-1 0 1 10 -1
By (23),(A—-2D" = |: 0 o 0] , [A=2D21F = |:0 0 o0 ] , and substituting these expressions in (24) and (25), using
0 0 0 0 0 0

the eigenvectors v,, w,, the second-order approximations of the eigenpair of M, g are

% =19888, o =[0.7505 0 0.6609]".
Similarly, using the eigenvectors vs, w3, the second-order approximations of the third eigenpair of M,, g are
m=21, =[0 1 0].

Notice that we estimate all the eigenpairs of M, g with preciseness 1073,

2 -2 0
Example 3. Consider the symmetric matrix A = |:—2 6 —1] , with
0o -1 2

1 2 2
oA)={rA =2, =143 =7}, and [v1 Uy U3] = [ 0o 1 75:| the corresponding right and left eigenvectors.
11

-8 0

0.84 0.16 —-0.08 284 —-1.84 —-0.08
L(E, 0.04,0.08) = 0 0.04 0 and Myp=| —2 6.04 -1 1.

—-04 O 0.8 —0.4 —1 2.8

21 3 —4
For @ = 0.04, 8 = 0.08, and non-symmetric E = [ 1 1 0 } , then
20

We have o (M, g) = {3, 1.5886, 7.0914}, with corresponding eigenvectors

[T 0o -2]', [06814 04379 05865, [0.3883 —0.9048 0.1747]'.
Since £(E, 0.04, 0.08)v; = v, by Corollary 1 and (28), an eigenpair of M, g is

*
U] U1

=AM+ =2+1=3, U =v].

$1
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Moreover, £L(E, 0.04, 0.08)v, # v,, and by (23),

0.222 —0.0556 —0.3889
(A-D*t=1|-0.0556 0.1389 —0.0278
—0.3889 —0.0278 0.8056

. [02037 —0.0093 —0.3981
[(A—D?]" =|—-0.0093 0.0231 —0.0046
—0.3981 —0.0046  0.8009

Then, (24) and (25) lead to the second-order approximations

% =15890, U] =[0.7031 0.4409 0.5579]",

in contrast to the first-order approximations of the eigenpair of M, g, which are equal to

% =15933, T =[0.6257 0.4242 0.6546] .
Moreover, £(E, 0.04, 0.08)v; # vs, and by (23),

—0.1511  0.0556 0.0244
(A—7D*t =1|-0.0556 —0.0278 —0.0278
0.0244 —0.0278 —0.1878

. [0.0265 0.0093 —0.0067
[(A—7D)?]" =| 0.0093 0.0046 0.0046
—0.0067 0.0046 0.0366

Also, by (24) and (25), the second-order approximations are given by

% =7.0910, o7 =[0.3878 —0.9049 0.1754]",

and the first-order approximations are

%3 =7.0867, Ul =[0.3851 —0.9056 0.1779] .
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