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Abstract. Let Am (m =1,...,k) be n X n matrices, the joint numerical
range is defined by

JNR[Al,..-,Ak] = {(m‘A;m,...,m’Akx) : zeCh , H:L'l% = 1}.

In this paper, some geometbric properties of JNR are presented, when the
hermitian A.. are bordered or {2p—1)— diagonal matrices and the convexity
of JNR. is investigated.

1. Introduction

Let M, be the algebra of nxn complex matrices. For the matrices Ay,..., A €
M., the joint numerical range, is the set

INR[Ay,. .., Ap] = {(z* Ay, ..., 2" Agx) : € C", fizf=1}. (L.1)
It is also called k-dimensional field of k matrices [HJ, p.85] and it will be denoted
by
INRIA i -

Clearly, for k = 1 the joint numerical range is identified with the numerical range
of the matrix A;. Also, for any matrix A € M,
A+ A A-A*

JNR — T

The joint numerical range is not necessarily convex, but the convexity of joint
numerical range is known for hermitian matrices when

n=kFk=2 and n>3, k<3

] = NRIA].

The convex hull of joint numerical range will be denoted by Co{JNR[A.]%_,}.

The size of JNR[A,,}¥,_, is measured by the smallest sphere centered at the
origin that contains it, Clearly, the radivs of the sphere, known as the numerical
radius, is defined by:

e = sup{lz| : z e Co{INR[A.IE,_ 1}
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Reeeutly a connection of Co{JNIR[A, 1% |} with the numerical range of matrix
polynomial

P) = ANl AN+ Ay
has been presented in [P'T]. Precisely, it is noticed that
NR[P(A)]

I

{AeC:z'PXz =0, zcC"\ {0}}
{AeC X b deAte =0,
(Cl =, N Ck) [ CO{JNR[Am]:fn=1 }}

In this paper, we investigate geometric properties of joint numerical range of
special matrices which occur in graph theory, In the next section the first statement
is that the numerical range of nxn bordered matrix is an elliptic disk. Afterwards,
this idea is undertaken for the joint numerical range of a family of hermitian
bordered matrices to be hyperellipsoid with nonempty interior.

The last section is devoted to the same problem for 3x3 tridiagonal hermitian
mairices and the according results are presented.

2. The NR of bordered matrices

Using the term “bordered matriz” we consider the matrices of the form

ayy aiz 4diyg ... Qin
o1 0 0 e 0
G=1 o O (2.1
. . 0
QAnt 0

which correspond to “star” graphs [BR). Clearly, for n = 3 interchanging fivst and
second rows and columns, the resulting matrix PSPT is the tridiagonal matrix,

0 @2 \]
Q12 G131 @13
(0 a31 0

where P is permutation matrix. Generalizing the result in [C] on the numerical
range of tridiagonal matrices with zero diagonals, we say:

Lemma 2.1. The numerical range of matric

a Q12 0
A = 321 Qaz Qo3 (2.2)
] 2% 1] [+

is an elliptical disk, centered at the point %(a + ags) of the complez plane.
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Proof. Tt is ecnough to consider the matrix

0 a2 0O
Ap=1| an @82z o, ; foy = ap—a
0 asp O

since NR[A] = NRjAo}+o. For the matrix Ay, after algebraic manipulations, we
verify that

P AI/Z Ao A1/2
o(4g)={0, 22— 2T

L g = tr(A§do) — X5y 17 2 (laz| — lasal)? + (lazs| — lasa])® > ©
IL girdo+ Yoy 1% —tr(A343) = 0
L (o] + s — 22 = A € ¢
Therefore, by [KRS], the NR[Ag] is an ellipse with center s m|

} with A = ﬁ.gg + 4((1.21@;2 + 0.23(132) and

Following using Lemma 2.1 and 2 result in KRS} we say:

Proposition 2.2. The numerical range of S in (2.1} is an elliptic disk centered af
the point E—;—l— with azes of length (o £ 18] )1/2 , where

0[:]a11|2+ g a2 ﬁ:a_%lwngial—a-l. (2.3)
—2 . i 2 YA ]

=2

id=

2y

*

Proof. Denoting by & = {e21a31 ... 2n; P and Q = 1 -2 % the Houscholder
J‘ -

matrix, for y = & — kyey, then
&
Q6 = kiey ; k= uﬂ«zz
Jazi]
and
211 by ... bia
ki ¢ ... ©
RSR* = | ©
: 8]
0

where R = diog(1,Q). If Ry = dieg{1, 1, (1), with Q; the Honscholder
matrix such that

bis
b [N ] b n 7.
Q| P | =hker 5 k= UNIREEL Y byy
5 (13
In
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then
) . a1 bz k2
(RIRYS(RRY = 800un ; §=14k 0 0
0 g 0

Cleatly 0 € NR[S], NR[S} = NR[S] and by Lemma 2.1, the NR[3] is an ellipse
centered at the point ay; /2.

To calculate the axes of ellipse, by the elements of S in (2.1), consider its focii

Mg = Eu:{;—\/z with A = a3, + 4k b2 and the quantity
§ = tr(§*8) = Y Al = [kal? + ko + 1B ;uiﬁiﬂi*'ﬂ
3 1 2 12 5 5
Clearly,

|a 2 k2 n 1
) =,——121—| + Zl&jﬂE -+ Zlbljlz e 5 |a,%1 +4[blg RPN bln] klel |
7=2 j=2

_leul

= * 1 £ ~
5 2 lenf ez ) QI — 5 ok + dlasz .. @12} Q°Q4|

j=2
_ |f111‘2 o 2 2 Ly P
= —2— +Z(|G’,j1| + |a1j| ) - :9: |0.'.11 +4[CL12 U,]_n]a‘
=
=a— ||
and |Az — A1% = |A| = 2|8|. Therefore, the axes of the ellipse are

87 and (4 Pa—- M) = (@+18)Y2 o

1/2
Since for any z € NR[S], |z— 521—1—| < —(E—Hf—i) , we obtain:

Cerollary 2.3. The numerical radius of the bordered matriz S in (2.1} is equal to

jast| + e+ 10)2.

2
Evidently
an ]
0 O
. Gn—g+1,1
S§= | 0tn ... OG1n_sti agy 12 ... Gln-s
aay
0 0
L On—s,1 i
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is similar to & by a permutation matrix and is the sub-direct sum of two bordered
. . . a .
matrices Sy, 2. The ellipses E; = NR}S;] have the point ——; as their common

center and Lheir axea are equal to (g 2 13:5)2, where
_ a1 |? = 2 _ afy Zn_s
o = o+ Zl%‘l , A=t Zaljajl
‘;Zs;é—;'l =2
2 2
e a
=|—~1—1J—+0t—051 y Pa=—=2+3-p
2 2
Since
0 8]
§= PRl NS TV R
- N an/z ) =0+
0] 8] o

we remark that:

Co{NR[S$1] U NR[S:]} © NR[S] C NRiSi] + NRIS,).

3. The JNR of bordered matrices

Given the n x n hermitian matrices Ay, As, ..., Ar, we consider Lhe matrix
M = A+ hadp .. heAg {3.1)

for any unit vector b = (hy, ha,..., ;) € R*.
The approximation of INR{A,,]E,_; by convex polyhedra is owsd by the next
lemma.

Lemma 3.1. The support plane
£ hizy +hoza + ..+ hexi = Apaa (M)
of the surface BCo{JNR[AnE,_\} is tangent at the point
po = (wydAywy, wydawy, ..., wydsuy)
where wy 48 the corresponding unit eigenvector of Mg (M) .

This statement is a generalization of the cases k=2 or k=3 in [AT] and it
is confirmed in a similar way. If the JNR[A,,}%,_, is not convex then there exists
a support plane ¢ having more than one common points with Co{JNR[A,,J%,_;}
and evidently all curves of 8 Co{JNR[Am]% _,} are not differentiable at any point.

The investigation of convexity of JNR has been treated by Li-Poon and
there the problem to characterize and determine the maximal linearly independent
convex family, for the JNR of hermitian matrices, has been put forward. It has
been proved in [LP, Th.2.3] that, for a linearly independent k-tuple of n x n

hermitian matrices Apm, if the JNR[A,}E,., is convex then
dim{span{I, Ay,...,4:}) < 2n— L
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Following we consider a family of hermitian bordered matrices

Il Gm2 v Gmn
Gma O 0 :
Sm= . . : m=1,...,k (32)
: : 0]
8mn U

forn > 3and 3 < k < 2n~1. The restriction of & comes from the observations
that S, € W = span{Bv, B+ Ej, i{(EBy;—En) @ 2 <7 < nl, where
{Fi;} is the standard basis of M,, and [LP]

INR[S,]E_; is convex <>
& INR[Eyy, Fy; +Eqn, By — En); 2 < § < nj is convex.

Proposition 3.2, Let {S,}5,, e a lincerly independent family of matrices in
(8.2). The boundary of Co{JNR{S,,)%,_1} is an hyperellipsoid in R* with center
Har,e01,...,an).

Proof. For any unit vector (hy,..., hy) € R* we consider as in (3.1), the her-
mitian matrix .

M = 51+ haSs + ...+ Sk,
Since

k
M=M= A" = A3 g —

we have

k
1
/\ma.m{M) = )\ﬂ = 5 (Z hmaml +A1/2)

me=]

2 ' 2.
where A = (Efn:l hmaml) +430, lzfnzi hmamj1 > 0. The corresponding
unit eigenvector of M is

) k T
0:,\51/2A—1/4[A0 N b - tha,,m] . (3.3)
m=1

m=1

Hence, by the lemma 3.1, the point (w{Siwe, ..., wSewe) belongs to
8 Co {INRIS ey )

and the r-coordinate of this point is equal to

wgSrwy = % —1-

Qr
R ! Z o1+ (3.4)

=1

n k
+ [ Z PGy }Brs + (Z BB )0rs | | - (3.5)
i=2 m=

1
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Setting in (3.5)

Qrt + iai"jlz A—l/?

n
_ Q1 G, —
Ol =0 = 2 RB(Zarjazj} + r14 ) A2

=2
hy, = bosﬂl sinfsy ... sinfk_1
he = sinfisinfy...sinfy_y
"hy = costasinfz...sinf_; ; 0<6, <2r,i=12,...,k-1
sy = cosfasinfy... ginfr_;
hy = cosbr_q,

by the & equations

a
himy +heo + ... F oy = wiS wp — % =
ag1
hiogr + hame + ..o+ hpoae = wySawp — - = %
(3.6)
21
Raggy +haope + ...+ hpmy = wiSpwy — 5 = = T,
due to ||h]] == 1, the parameters 61,...,0._1 are eliminated and we obtain the
quadratic form '
k1 kemi
91173 + goo®h + ... + grry + 2 Zzgi(i+j)mimi+j = g (3.7
i=1 j=1
In (3.7} gmm = Um©Um , fiitj) = Vi®¥i+j ; Um = [Tml Tm2 - Tonk]
where 7y, 18 the cofactor of ms-element of matrix
K3 T2 ... Tk T
[24°3] M2 . T
G =
Oy Og2 .. Tg |
and gg = det G. The matrix
g1 912 ... ik |
Gar G --- G2k
Q= . .
ax1 k2 - Okk
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of quadratic form (3.7) is a real nonsingular Gram matrix. Since for the system

equations in (9) rankG = k, we have rank{(edj@) = rank{v, ... v] = k and

hence ¢} > 0. Therefore the form in (3.7) is an hyperellipsoid in R* centered at

the point %(au yOBLy vy Ok O

Furlhormore, by Proposition 3.2, since every point on the boundary of
Co{INR[Sm]5,_ 1}

is an extreme point, it is worth noting:

Corollary 3.3. The boundary points of Co[JNR[Sm|E,_1} are identified with the
shell (outer boundary) of JNR[S,,}k

m=1"

Note that, if 51,..., 5, are not linearly independent matrices and let
Sk = Y07} 1:S;, then after some algebraic manipulation we have that the last
column and row of G is equal to zero and consequently the quadratic form (3.7)
degenerates to zero.

Proposition 3.4. If the origin is not an outer boundery point of JNR[S.]F _,,
then the interior of JNR[Sm|5_, is nonempty.

Proof. By the bordered matrices Sy, Sg, ..., S we consider the matrix polyno-
mial

P\ = SpaF Y 4+ SA + 8.

Since any vector = € span{es,...,e,} is common isotropic of i, i.e. 2* S x = 0,
then NR[P(})] = C and cspecially (0,...,0) is inside INR[S,,.])%,_; . Denoting by

L(t) =
{(01,02,...,@“) : thkg1+...+C2t+Cl =0, (cl,...,ck) EJNR[Sm]k =1}
for any ¢ € NR{P(M\)], L£(I) is a connected set in [PT] and (0, ..., 0) € L(L}).

Thus, for an outer boundary point w = (w1, ..., wx) of INR[S,,]5,_; we define
the polynomial

Ful(A) = wpX* "+ L+ wd + oy
which is annihilating at ¢y and due to connectivity of £(ty) there exists a curve K
joining the origin and w. All points of the curve X belong also to JNR[Sn,}5,_;,
since by the continuous function
:{zeC : |z| =1} — INR[SLIE_,
defined by
Bz} = (2*Siz,..., 2" 5%z2)
we have
P{zcC : |af=1, 2" P(lg)z=0}] = L(te) O

If we don’t use the hypothesis for the origin, then the JNR[S,]% _, might

be a shell without interior, as we see in the next example.
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Example 3.5. Let the bordered matrices

10 01 0 il
s=loo] w= (Vo] we] 5]

and z =L, VI-12]", t € [0,1]. Then

JNR[S].)SZ': SS] = {(tz, Qt\fl_mﬂ COSG? —9t flﬁt'z sinﬂ}
0<t<1,0<60< 20}
= {(ﬁ,y,z) . 4('1‘1-'1/2)2+y2+z2=1}

Clearly, (0,0, 0) € 8INR[S;, Sz, S3] and the JNR[S;, Sa, §4] is the surface
of ellipsoid.

Following the Propositions 3.2 and 3.4 we conclude that:

Proposition 3.6. If 51, ..., 5S¢ be an k-tuple of linearly independent hermitian
bordered matrices with Gm1 =0 (m=1,..., k), then the JNR[S,)5_, isa
convex set.

Proof. Cleatly, S, € V = span{Ey; + Ej,i{E; — Fjy) @ 2 < 7 < n} and
dim(V U {I}) = 2n—1. It is enough to see that the points ¢ (wi Sy, .. ., wiSpwa),
t € [0,1] belong to INR[S,n]E _;. Setting Sm = 1S, and M = B8 +.. .+he Sk,
we have

Amaz(M) = t Amax(M) = tho, A =1?A

and wp in (3.3) is the corresponding unit eigenvector of )\,,,,M(ATI). Henee
(witS1wg, ... , witSpwy) is interior point of JNR[S,,[E ]

m=1-

Finally, since dim(V U{I}) =2n—1, we confirm that the matrices {5,,) in
(3.2) with a,,3 =0 form a maximal linearly independent family with maximum
number of elements, such that the JNR[S,,J5,_, is convex.

4. The NR of (2i1 — 1)-diagonal matrices

Compared with serial systems, parallel systems permit more freedom of expression
in problem analysis and programming. A foundation in the skills of thinking in
parallel is basic to the understanding of such systems. Computations within each
level are performed in parallel and this simple idea is the basis of recursion, where
the total computation is repeatedly divided into separate computalions of cqual
complexity that can be executed in parallel. The natural means of carrying out
these operations is to use a p-tree inter connection of processors. These trees
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correspond to the (2p — 1)-diagonal matrix T € M, {M]:

a ara .. Ql,n 0
a1 e e a2 ag 41 0
T =1 Qut Rp2 ce Dpepe On—ptt,n
0 aug12
An—1,n-1 Op—1,n
L O Tnp—pett -0 Onn-1 @ ]

Clea.rly, for any unit vector £ = x1ey 4+ (3;262 + ... +$nm13n—1)+$n3ﬂ = z1€1+
§+mnen = zier+ €I+ anen = [ ¢ en]lzy €] @], where ¢ = ﬁ
we obtain

g’;Tel EITC ETTerL

a e =8 | Tey CTC CTey |8 56 = [y lEf =7, =1 (4.1
exTer ¢ erTe, |

and consequently

eiTe; efT¢ ejTe,
NR{I) = | NR(| ¢Tey ¢T¢C (*Ten |).
1 ‘<' “n C:;'T(H F:;Tg e;TGn

In {4.1), note ihat,
eyTe; = epTe, = o, eiTe, =e;Tep =0

i.e. the matrix is tridiagonal with diagonal entries a, (*T¢, a. Hence, by Lemma
2.1 we have:

Corollary 4.1. The numericael range of (2p — 1)-dicgonal matrices is union of el-
. lipses, which arise from 3 x 3 compression matriz in ({.1).

The above tridiagonal matrix is more appropriate than the 2 x 2 matrix for
the approximation of NR[T] and this is illustrated in the following example.

Example 4.2. Let the matrix

31 2 0 0
2 0 3 5 0
=111 1 00
00 1 -3 2
0 0 -3 3 3

In the next figure, NR[T] on the left is approximated by 6 ellipses { NR of
3% 3 tridiagonal matrices ) and on the right the namber of cllipses is double { NI@
of 2 x 2 matrices ). The MATLAB procedure is presented before the references.

Moreover, due to the transformation of & 3 x 3 bordered matrix to a tridi-
agonal matrix and by Propositions 3.2 and 3.6, we have:
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D

FiaUre 1. Approzimation of NR[T].

Proposition 4.3. For 3 < k < 5, the JINR[TwIE_, of the linearly independend
hermitian and tridiagonal matrices

fm m O -l
‘Tm = Om .b'r n  Cm ) (4 2 )
0 T f n

is an hyperellipsoid in RS, If fp, = by =0, then the JNR[T,,,‘}f‘;,:I is conper sol.

The presentation of JNI. as a union of joint numerical ranges of matrices of
dimension less than n is a convenient way to approach the problom, as noled for
the numerical range of matrices in [MA]. In fact:

Lemma 4.4. For the matrices Ay, Aa,..., A € M,

g;Amgl .- ngm‘gf

I
INRAm)eos = | ) JNR : :
Elrl <:1€T f:AmEl . ‘5: Amgr

where £1,...,& run over oll sels by v orthonormal vectors of C™.

(4.3)

m=1

Proof. For any unit vector x, the vector ¢ = ™z, where P = [£ & ... & ],
P*P = I,, is also unit and

fIAmEI ‘gi‘Amfr

" A =y .

E:Amfl v g:Am,Er

Therefore, the {4.3) is obvious. L

One easily deduces the following corollary by the Lemnma 4.4 and Proposition 4.3:
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Corollary 4.5. For o k-tuple lineorly independent n x n hermitian (2p — 1)-
diagonal matrices the JNRIT,|%._, is union of hyperellipsoids in RE, where
3<k<n?—(n—p)(n—p+1).

If the matrices T, in (4.2) are real and not symmetric, denoting by
Re—INRIT)%, 4

the joiut numerieal range of the funily Ty, ..., Tk, for real unit vectors = € T3,
then [HJ, p.85]

Tk
Re—INR[T,]%,_, = Re—JNR [M]

m=]
Therefore, by Proposition 4.3 we have;

Corollary 4.6. The Re—JNR[Ti%_, for 3 x 3 linearly independent tridiagonal
matrices Ton = [fij] with 411 = t33, is on hyperellipsoid in RS.

MATLAB procedure:

Step 1. Introduce the n x n matrix T.

Step 2. Introduce the arbitrary linearly independent vectors =y, zo € C™.

Step 3. Orthonormalize this set to £1,£s.

Step 4. Calculate the matrix A =i¢iT&], 4,7=1,2

Step 5. llhustrate the numerical range of matrix A.

Step 6. Repeat this procedure for some other set of vectors.
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