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In this paper we investigate bounds of the numerical range of the derivative of a rational matrix function.
Moreover, some results on connectedness are presented.
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1 INTRODUCTION

Let C½z� ðR½z�Þ be the algebra of polynomials in one variable z with coefficients in CðRÞ

and let

WðzÞ ¼
pijðzÞ

qijðzÞ

� �n
i, j¼1

ð1Þ

be an n� n rational matrix function (r.m.f.), where the elements pijðzÞ, qijðzÞ 2 C½z�
and qijðzÞ are not identically zero. In linear system theory, a rational matrix function
gives the input–output map and admits a representation

WðzÞ ¼ Dþ CðzI 	 AÞ	1B ð2Þ
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if and only if degf pijðzÞg � degfqijðzÞg, i, j ¼ 1, . . . , n (see for example [3]). For D ¼

Wð1Þ,BT ¼ ½0 0 � � � 0 I �, C ¼ ½H0 � � � Hl	1� and

A ¼

0 I . . . 0
..
. ..

. . .
. ..

.

0 0 � � � I
	A0 	A1 . . . 	Al	1

2
664

3
775,

the r.m.f. WðzÞ in (2) is written as

WðzÞ ¼ HðzÞLðzÞ	1, ð3Þ

where

HðzÞ ¼
Xl	1

j¼0

z jHj , LðzÞ ¼ zlI þ
Xl	1

j¼0

z jAj

are n� n matrix polynomials.
Denoting by mðzÞ the least common multiplier of qijðzÞ ði, j ¼ 1, . . . , n Þ, it is clear that

WðzÞ ¼ mðzÞ	1KðzÞ, ð4Þ

where KðzÞ is a matrix polynomial and degfmðzÞ g � degfKðzÞ g: For the remainder of
this paper, the degrees of KðzÞ and mðzÞ are denoted by n1 and n2, respectively. Let
�ðmÞ be the set of the roots of mðzÞ: The numerical range of the r.m.f. WðzÞ in (4) is
defined by

NR½WðzÞ� ¼ f� 2 C n�ðmÞ : x�Wð�Þx ¼ 0, for some nonzero x 2 C
n
g:

Notice that by (4),

NR½WðzÞ� ¼ NR½KðzÞ� n �ðmÞ, ð5Þ

and thus NR½WðzÞ� is not always closed since in general, NR½KðzÞ� \ �ðmÞ 6¼ 6 0:
When WðzÞ ¼ Iz	 A , NR½WðzÞ� coincides with the classical numerical range (or

field of values) of the matrix A,

NR½A� ¼ f x�Ax : x 2 C
n , x�x ¼ 1g:

Let �ðWÞ ¼ fz : detWðzÞ ¼ 0g be the spectrum of WðzÞ and let z0 2 �ðWÞ: Then there
exists a nonzero vector x0 2 C

n such that Wðz0Þ � x0 ¼ 0: Hence, z0 2 NR½WðzÞ�, i.e.,

�ðWÞ � NR½WðzÞ�:

In the last few years, the numerical range of matrix polynomials has been studied sys-
tematically, and a number of interesting results have been obtained (see e.g. [1,2,6–10]).
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In general, the numerical range of a matrix polynomial KðzÞ is not connected or convex.
The distribution of the bounded connected components of NR½KðzÞ� plays an impor-
tant role in the factorization of KðzÞ (see e.g. [5], [10] and [9]). Bounds for the number
of the connected components of NR½KðzÞ� are established in [2] and [6], and the location
of NR½KðzÞ� in a circular annulus centred at the origin is considered in [7].

In Section 2, motivated by the work of M. Marden [4] on scalar polynomials and
their derivatives, and the results of [7], we locate the numerical range of the derivative
of a r.m.f. WðzÞ in circular/elliptic annuli. In Section 3, we study the relationship
between the numerical range of a matrix polynomial KðzÞ and the numerical range
of its derivative K 0ðzÞ: Moreover, the connectedness of the numerical range of quadratic
matrix polynomials is investigated. We remark that this class of matrix polynomials
is one of the most important classes for applications (see [5] and the references
therein). Finally, two necessary propositions on scalar polynomials are provided in the
Appendix.

2 LOCATION OF NUMERICAL RANGES

Consider the r.m.f. WðzÞ in (4), with

KðzÞ ¼ Kn1
zn1 þ � � � þ K1zþ K0:

Readily one can verify the following properties:

I. NR½Wðzþ �Þ� ¼ NR½WðzÞ� 	 � for any � 2 C:
II. NR½Wð�zÞ� ¼ �	1 NR½WðzÞ� for any nonzero � 2 C.
III. If the m� n matrix S m � nð Þ has full rank, then

NR½S�WðzÞS� � NR½WðzÞ�,

and equality holds if m ¼ n.
IV. If all the coefficients Kj ð j ¼ 1, . . . , n1Þ of the matrix polynomial KðzÞ have

a common nonzero isotropic vector x0 2 C
n, i.e., x�0Kjx0 ¼ 0, then

NR½WðzÞ� ¼ Cn�ðmÞ:

V. If the r.m.f. WðzÞ in (1) is real (i.e., pijðzÞ, qijðzÞ 2 R½z�), then NR½WðzÞ� is sym-
metric with respect to the real axis.

VI. NR½WðzÞ� is bounded if and only if 0 62 NR½Kn1
�:

VII. NR½WðzÞ	1
� ¼ NR½WðzÞ�n�ðWÞ.

The expression of WðzÞ in (4) yields the properties I–V through the matrix polynomial
KðzÞ, and for VI, it is clear that NR½WðzÞ� is bounded if and only if NR½KðzÞ� is
bounded. A necessary and sufficient condition for the boundedness of NR½KðzÞ� is
that 0 62 NR½Kn1

� (see [2]). For VII (see also Theorem 2.2 in [6]), observe that
z0 2 NR½WðzÞ� n�ðWÞ if and only if 0 2 NR½Wðz0Þ�: Therefore by

x�Wðz0Þ½Wðz0Þ
�
�
	1Wðz0Þ

�x ¼ 0
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we obtain ðWðz0Þ
�xÞ�Wðz0Þ

	1
ðWðz0Þ

�xÞ ¼ 0, which implies 0 2 NR½Wðz0Þ
	1
� and z0 2

NR½WðzÞ	1
�: Conversely, if z0 2 NR½WðzÞ	1

�, then z0 62 �ðWÞ and 0 2 NR½Wðz0Þ
	1
�:

Thus, 0 2 NR½Wðz0Þ�, [7] and z0 2 NR½WðzÞ�n�ðWÞ.

Example 1 Let

WðzÞ ¼
z=ðz	 1Þ 0

1=z 1=ðzþ 1Þ

� �
¼

z2 zþ 1ð Þ 0

z2 	 1 z2 	 z

� �
1

zðz2 	 1Þ

¼
1

zðz2 	 1Þ

1 0

0 0

� �
z3 þ

1 0

1 1

� �
z2 þ

0 0

0 	1

� �
zþ

0 0

	1 0

� �
 �
:

Since 0 2 NR
�

1 0
0 0

��
, NR½WðzÞ� is unbounded (Fig. 1). For

WhðzÞ ¼
ð1 þ hÞz3 þ z2 0

z2 	 1 hz3 þ z2 	 z

� �
, h ¼ 0:1, 0:2

the origin does not belong to the numerical range of the leading coefficient


1þh 0
0 h

i
,

and thus NR½WhðzÞ� is bounded (Fig. 2).
Denote by �ðc : r,RÞ the circular annulus centred at the point c, with inner radius r

and outer radius R, and recall the set of the roots of mðzÞ of degree n2 , �ðmÞ: A
proposition on the location of NR½W 0ðzÞ� is the following.

FIGURE 1 The unbounded NR½WðzÞ�:

FIGURE 2 Two bounded numerical ranges.
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PROPOSITION 1 Suppose that NR½WðzÞ� and �ðmÞ lie inside two circular annuli,
�ð0 : r0,R0Þ and �ð0 : r1,R1Þ, respectively. Then NR½W

0

ðzÞ� lies in the circular annulus

D1 ¼ � 0 : minf r1 , r0 	 R1 g ,
n2 R0 þ n1R1

n2 	 n1


 �

when r0 > R1, or in the circular annulus

D2 ¼ � 0 : minf r0 , r1 	 R0 g, max R1,
n2 R0 þ n1R1

n2 	 n1

� �
 �

when R0 < r1:

Proof By (4), it follows that for every nonzero x 2 C
n,

x�W 0ðzÞx ¼
x�K 0ðzÞx mðzÞ 	 x�KðzÞx m0ðzÞ

m2ðzÞ
: ð6Þ

Since all the roots of fxðzÞ ¼ x
�KðzÞx belong to the region r0 � jzj < R0, by Proposition

I in the Appendix, there exist �1ðxÞ 2 �ð0 : r0,R0Þ, and �2 2 �ð0 : r1 ,R1 Þ, (notice
that mðzÞ does not depend on x), such that every root � of the polynomial x�W 0ðzÞx
is equal to �1ðxÞ, or �2, or

� ¼
n2�1ðxÞ 	 n1�2

n2 	 n1
: ð7Þ

In the latter case,

j�j �
n2 �1ðxÞ
�� ��þ n1 �2j j

n2 	 n1
�
n2R0 þ n1R1

n2 	 n1
:

Next we consider two cases.
Case (i), suppose r0 > R1: Then we have n2j�1ðxÞj � n2r0 > n1r0 > n1R1 � n1j�2j, and
(7) implies

j�j �
n2j�1ðxÞj 	 n1j�2j
�� ��

n2 	 n1
¼
n2j�1ðxÞj 	 n1j�2j

n2 	 n1

�
n2r0 	 n1R1

n2 	 n1
�
n2r0 	 n1R1

n2
> r0 	 R1:

If � ¼ �2, then j�j � r1 and consequently j�j > minf r1, r0 	 R1 g: Similarly, if � ¼

�1ðxÞ, then j�j < R0 and since R0 < ðn2R0 þ n1R1Þ=ðn2 	 n1Þ, clearly � 2 D1:
Case (ii), suppose R0 < r1: Then by (7), we obtain

j�j ¼
jn2�1ðxÞ 	 n1�2j

n2 	 n1
>

jn2�1ðxÞ 	 n1�2j

n2

¼ �1ðxÞ 	
n1

n2
�2

����
���� > j�1ðxÞ 	 �2j

� j�1ðxÞj 	 j�2j
�� �� ¼ j�2j 	 j�1ðxÞj > r1 	 R0:
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Since either � ¼ �1ðxÞ 2 �ð0 : r0,R0Þ, or � ¼ �2 2 �ð0 : r1,R1Þ, or r1 	 R0 < j�j �
ðn2R0 þ n1R1Þ=ðn2 	 n1Þ, we conclude that � 2 D2: g

COROLLARY 1 If �ð0 : r0,R0Þ and �ð0 : r1,R1Þ in the above proposition have nonempty
intersection, then NR½W 0ðzÞ� lies in the disc

S 0, max R1,
n2R0 þ n1R1

n2 	 n1

� �
 �
:

Remark 1 If NR½WðzÞ� is bounded, then by [7], we can choose �ð0 : r0 ,R0 Þ with

r0 ¼

min
kxk¼1

jx�K0xj

max
kxk¼1

jx�K0xj þ max
� 6¼0

fmax
kxk¼1

jx�K�xj g
,

R0 ¼ 1 þ max
�¼0, 1,..., n1	1

max
kxk¼1

x�K�x

x�Kn1
x

����
����

� �
:

Furthermore, for mðzÞ, we can always consider the circular annulus �ð0 : r1,R1Þ

in (A.1).

Example 2 Let WðzÞ be a r.m.f. as in (4), with

KðzÞ ¼ Iz3 þ K2z
2 þ K1zþ K0

¼ Iz3 þ
	5 2

0 	5

" #
z2 þ

4 0

6 4

" #
zþ

3 0

4 6

" #

and mðzÞ ¼ ðzþ 1Þðz	 2Þðz2 þ 5Þ: One can verify that NR½K2� ¼ Sð	5, 1Þ, NR½K1� ¼

Sð4, 3Þ, and NR½K0� ¼ fuþ iv : u, v 2 R, ðu	 4:5Þ2=ð2:52Þ þ v2=22 ¼ 1g, and thus,

r0 ¼

min
kxk¼1

jx�K0xj

max
kxk¼1

jx�K0xj þ max
�¼1, 2, 3

jx�K�xj
¼

1

7

and R0 ¼ 1 þ maxf7, 7, 6g ¼ 8, i.e., NR½KðzÞ� � �ð0 : 1
7, 8Þ: For the scalar polynomial

mðzÞ ¼ z4 	 z3 þ 3z2 	 5z	 10, (A.1) implies r1 ¼
2
3 and R1 ¼ 11: Since

f 0xðzÞmðzÞ 	 fxðzÞm
0ðzÞ ¼ x� 	z6I þ

10 	4

0 10

" #
z5 þ

	20 2

	18 	20

" #
z4 þ

	14 0

	4 	26

" #
z3

(

þ
	8 	10

	6 1

" #
z2 þ

82 	40

	24 64

" #
zþ

	25 0

	40 	10

" #)
x
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and 0 2 NR
�

	25 0
	40 	10

��
, it follows that 0 2 NR½W 0ðzÞ� and NR½W 0ðzÞ� � Sð0, 55Þ:

PROPOSITION 2 Suppose that NR½WðzÞ� and �ðmÞ lie inside two circular annuli
�ð0 : r0,R0Þ and �ðc : r1,R1Þ, respectively. If jcj þ R1 < r0, then NR½W 0ðzÞ� lies
outside of the ellipse with foci at the origin and c and with major axis r0 	 R1, and inside
the circle Sð 0 , ðn2R0 þ n1R1 þ n1jcjÞ=ðn2 	 n1ÞÞ:

Proof For every � 2 NR½W 0ðzÞ�, as in Proposition 1, there are �1ðxÞ 2 �ð0 : r0,R0Þ

and �2 2 �ðc : r1,R1Þ such that � coincides with one of these numbers, or by (7),
� ¼ ðn2�1ðxÞ 	 n1�2Þ=ðn2 	 n1Þ:

Then

j�j �
n2j�1ðxÞj þ n1j�2 	 cj þ n1jcj

n2 	 n1
<
n2R0 þ n1R1 þ n1jcj

n2 	 n1
:

If � ¼ �1ðxÞ (or � ¼ �2), clearly j�j < R0 or j�	 cj < R0: Otherwise, by (7), we obtain

1 <
n2

n1
¼

j�	 �2j

j�	 �1ðxÞj
�

j�	 cj þ j�2 	 cj

j�	 �1ðxÞj
�

j�	 cj þ R1

j�j 	 j�1ðxÞj
�� �� : ð8Þ

Moreover, we have j�j < j�1ðxÞj < R0, because j�j > j�1ðxÞj � r0 implies

1 <
j�	 cj þ R1

j�j 	 j�1ðxÞj
<

j�	 cj þ R1

j�j 	 R0
< 0,

a contradiction. Thus, by (8),

1 �
j�	 cj þ R1

j�1ðxÞj 	 j�j

and consequently

j�	 cj þ j�j � j�1ðxÞj 	 R1 � r0 	 R1 > 0:

This curve is the prescribed ellipse, since jcj=ðr0 	 R1Þ < 1: g

Notice that for c ¼ 0, the above proposition implies

ðr0 	 R1Þ=2 � j�j � ðn2R0 þ n1R1Þ=ðn2 	 n1Þ:

Remark 2 Let the matrix polynomials K1ðzÞ and K2ðzÞ of degree n correspond to the
r.m.f. W1ðzÞ and W2ðzÞ, respectively, and

NR½KjðzÞ� � �ð0 : rj ,RjÞ ðj ¼ 1, 2Þ:
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Then by Proposition II and the remarks in the Appendix, for every � 2 NR½	1K1ðzÞ þ
	2K2ðzÞ�, it follows that

r1 	 !R2

1 þ !
� j�j �

R1 þ !R2

j1 	 !kj
when r1 > !R2,

!r2 	 R1

1 þ !
� j�j �

R1 þ !R2

j1 	 !kj
when R1 < !r2: ð9Þ

Especially, for ! ¼ 1, we have

r1 	 R2

2
� j�j �

R1 þ R2

j1 	 !kj
when r1 > R2,

r2 	 R1

2
� j�j �

R1 þ R2

j1 	 !kj
when r2 � R1: ð10Þ

Clearly, (9) and (10) yield a localisation of the spectrum of 	1K1ðzÞ þ 	2K2ðzÞ and hence
of the r.m.f. 	1W1ðzÞ þ 	2W2ðzÞ in a circular annulus.

3 A RELATIONSHIP BETWEEN THE NUMERICAL RANGES OF KðzÞ AND K 0ðzÞ

Let WðzÞ be an n� n r.m.f. as in (4), where KðzÞ ¼ Kn1
zn1 þ � � � þ K1zþ K0: As it is

clear from Eq. (5), the investigation of the numerical range of KðzÞ is substantial for
that of NR½WðzÞ�: Since the poles of WðzÞ are excluded in the definition of
NR½WðzÞ�, NR½WðzÞ� might have more connected components than NR½KðzÞ� (when
poles of WðzÞ are node points of the boundary @NR½KðzÞ� ). Following, we present
some propositions relating NR½KðzÞ� with NR½K ðzÞ�, which will help us to understand
the connectedness of the numerical range of WðzÞ:

PROPOSITION 3 If NR½KðzÞ� is bounded and NR½KðzÞ� \ NR½K 0ðzÞ� ¼ 6 0, then NR½KðzÞ�
has exactly n1 connected components.

Proof Since NR½KðzÞ� \ NR½K 0ðzÞ� ¼ 6 0, for every nonzero vector x 2 C
n, the poly-

nomial pxðzÞ ¼ x
�KðzÞx has n1 disjoint roots. Hence, by [1], NR½KðzÞ� has exactly n1

connected components. g

Notice that if NR½KðzÞ� is bounded and has k < n1 connected components, then

NR½KðzÞ� \ NR½K 0ðzÞ� 6¼ 6 0:

Let now 	iðxÞ ði ¼ 1, 2, . . . , n1Þ be the roots of the polynomial

pxðzÞ ¼ x
�KðzÞx,

and let �i be their ranges of values. Then
Sn1

i¼1 �i ¼ NR½KðzÞ�, and by [1],

�i \�j \ NR½K 0ðzÞ� 6¼ 6 0 ði 6¼ jÞ:
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It is also worth noting that

[
1�i� j�n1

�i \�j
� �

6¼ NR½KðzÞ� \ NR½K 0ðzÞ�
ð11Þ

since a common point � of the ranges NR½KðzÞ� and NR½K 0ðzÞ� may correspond to
different vectors, i.e., x�Kð�Þx ¼ y�K 0ð�Þy ¼ 0 for some unit vectors x 6¼ y:

For example, if we consider the matrix polynomial

KðzÞ ¼ Iz2 þ K1zþ K0 ¼ Iz
2 þ

0 4i
	4i 0

� �
zþ

1 0
0 2

� �
,

then NR½KðzÞ� is sketched in Fig. 3, and NR½K 0ðzÞ� ¼ ½	2, 2�: The ranges of values
of pxðzÞ are

�1 ¼
	x�K1xþ ½ðx�K1xÞ

2
	 4ðx�K2xÞ�

1=2

2
: x 2 C

2, x�x ¼ 1

� �

and

�2 ¼
	x�K1x	 ½ðx�K1xÞ

2
	 4ðx�K2xÞ�

1=2

2
: x 2 C

2, x�x ¼ 1

� �
:

One can see that 2 2 NR½KðzÞ� \ NR½K 0ðzÞ� and 2 2 �1, but there is no unit x0 2 C
2

so that 2 is a double root of x�0KðzÞx0 and 2 62 �2: Hence, (11) is verified. Furthermore,
by [8], we know that

�1 \�2 \ NR½K 0ðzÞ� 6¼ 6 0:

PROPOSITION 4 If the matrix polynomial KðzÞ is selfadjoint (i.e., with Hermitian coeffi-
cients) and NR½KðzÞ� \ R ¼ 6 0, then for an arbitrary matrix B,

NR½LðzÞ� \ R ¼ 6 0,

FIGURE 3 A connected numerical range.
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where

LðzÞ ¼
1

n1 þ 1
Kn1
zn1þ1 þ � � � þ

1

2
K1z

2 þ K0zþ B:

Proof Since L0ðzÞ ¼ KðzÞ and NR½KðzÞ� \ R ¼ 6 0, there does not exist a nonzero
vector x 2 C

n such that the polynomial x�LðzÞx has a double real root. Therefore,
by [8], it follows that either NR½LðzÞ� \ R ¼ 6 0, or NR½LðzÞ� � R: If NR½LðzÞ� � R,
then by [4, Theorem 6.2], NR½KðzÞ� � R: This is a contradiction and the proof is
complete. g

Especially, for a self adjoint KðzÞ ¼ K1zþ K0, a full description of NR½KðzÞ� in terms
of the algebraic properties of the coefficients is presented in [2, Theorem 4.1]. This
enables us to check if the numerical range of LðzÞ ¼ 1

2K1z
2 þ K0zþ B is connected.

Quadratic matrix polynomials of the form KðzÞ ¼ Iz2 þ K1zþ K0 arise in many
applications, and thus, they are of special interest. Consider the matrix poly-
nomial MðzÞ

MðzÞ ¼ 	KðizÞ ¼ PðzÞ 	 iQðzÞ, ð12Þ

where

PðzÞ ¼ Iz2 þ SðK1Þz	HðK0Þ, QðzÞ ¼ HðK1Þzþ SðK0Þ

and HðKÞ ¼ ðK þ K�Þ=2, SðKÞ ¼ ðK 	 K�Þ=ð2iÞ are the Hermitian and skew-Hermitian
part of matrix K , respectively. Obviously, by (12), we have

NR½MðzÞ� ¼ NR½KðizÞ� ¼ 	iNR½KðzÞ�,

i.e.,

NR½MðzÞ� ¼ e	=2i NR½KðzÞ�: ð13Þ

If

conv.hullfNR½PðzÞ� \ R g \ NR½QðzÞ� ¼ 6 0,

then NR½MðzÞ� \ R ¼ 6 0 and by (13),

NR½KðzÞ� \ iR ¼ 6 0:

Thus, if NR½KðzÞ� lies either in the left open half plane, C‘ , or in the right open half
plane, Cr of C , then PðzÞ and QðzÞ are hyperbolic matrix polynomials, i.e., for every
x 2 C

n
nf0g,

ð x�SðK1Þx Þ
2
þ 4 x�HðK0Þx > 0

and the matrix HðK1Þ is definite.
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Denoting by j	ð�Þjmax the maximum absolute value of the eigenvalues of a matrix,
then by [7], NR½PðzÞ� is a subset of the circular annulus �ð0 : �1, �2Þ, where

�1 ¼

min
kxk¼1

jx�HðK0Þxj

j	ðHðK0ÞÞjmax þ maxf1, j	ðSðK1ÞÞjmax g
,

and

�2 ¼ 1 þ maxfj	ðSðK1ÞÞjmax, j	ðHðK0ÞÞjmaxg:

Moreover,

NR½PðzÞ� \ R � ½	�2, 	 �1� [ ½�1, �2�,

and combining this relationship with the results of [6] and Theorem 4.1 in [2], we have
the following.

Remark 3 Consider a quadratic matrix polynomial KðzÞ as in (12).

I. Suppose that HðK1Þ is definite and for every unit vector x 2 C
n,

jx�SðK0Þxj

jx�HðK1Þxj
< �1:

Then it is easy to see that

fNR½PðzÞ� \ Rg \ NR½QðzÞ� ¼ 6 0:

Moreover, by Theorem 1.1 in [6], NR½PðzÞ� is a subset of Cr, or C‘ , if PðzÞ is a
hyperbolic matrix polynomial. Otherwise, NR½KðzÞ� consists of two connected
components.

II. If HðK1Þ is definite and for every unit vector x 2 C
n,

jx�SðK0Þxj

jx�HðK1Þxj
> �2,

then by Theorem 1.2 in [6], NR½KðzÞ� has two connected components, one in the
right and one in the left open half plane.

III. If HðK1Þ is indefinite, SðK0Þ is definite and for the maximum negative eigen-
value 	 and minimum positive eigenvalue � of the selfadjoint pencil QðzÞ in (12),
we have

minf j	j , � g > �2,

then by Theorem 1.2 in [6], NR½KðzÞ� consists of two components, one in the right
and one in the left open half plane.
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APPENDIX

Consider the nth degree scalar polynomial, f ðzÞ ¼ �0 þ �1zþ � � � þ �nz
n: As it is known,

see [4, pp. 123, 126], all the roots of f ðzÞ lie in the circular annulus

D ¼ fz 2 C : r1 � jzj < R1g,

where

r1 ¼ min
�¼1,..., n

j�0j

j�0j þ j��j
and R1 ¼ 1 þ max

�¼0, 1,..., n	1

��

�n

����
����: ðA:1Þ

According to [4], we define as a circular region every region in the complex plane, which
consists of a closed interior or exterior of a circle.

PROPOSITION I If all the roots of the polynomial f1ðzÞ of degree n1 and the polynomial
f2ðzÞ of degree n2 belong to the circular regions C1 and C2, respectively, then every
root z0 of the polynomial

gðzÞ ¼ f 01ðzÞf2ðzÞ 	 f1ðzÞf
0
2ðzÞ ðA:2Þ

is equal to

z0 ¼
n2�1 	 n1�2

n2 	 n1
ðA:3Þ

for suitable �1 2 C1 , and �2 2 C2 , or z0 ¼ �1, or z0 ¼ �2:
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Proof Since gðzÞ is linear and symmetric in the roots of f1ðzÞ, f2ðzÞ, by Walsh’s
Theorem [4, p. 62], there exist suitable points �1 2 C1 and �2 2 C2, such that every
root z0 of gðzÞ in (A.2) annihilates the polynomial

n1ðz	 �1Þ
n1	1

ðz	 �2Þ
n2 	 n2ðz	 �1Þ

n1 ðz	 �2Þ
n2	1:

If z0 6¼ �1 ,�2, then (A.3) is obtained straightforward. g

PROPOSITION II Let the polynomials fjðzÞ of degree n ð j ¼ 1, 2Þ be such that

�ð fjÞ � Dj ¼ f z 2 C : rj � jz	 cjj � Rjg, j ¼ 1, 2:

Then the roots of the linear combination

f ðzÞ ¼ 	1 f1ðzÞ þ 	2 f2ðzÞ , 	1 6¼ 	2 6¼ 0,

lie in the sector

z : 0 < jc0j 	 � � jzj � jc0j þ �; jArgz	 Argc0j � arc sin
�

jc0j


 �� �
,

where

c0 ¼
c1 	 !2c2
1 	 !2

, � ¼
!jc1 	 c2j

1 	 !2
þ
R1 þ !R2

1 	 !

and ! ¼

ffiffiffiffiffiffiffiffiffiffi
	
	2

	1

n

r�����
����� < 1:1

If jc0j � �, then the roots of f ðzÞ lie in the disc jz	 c0j � �:

Proof By Theorem 15.4 in [4], (in a similar way as in Theorem 17.1 in [4]), we see that
every root � of f ðzÞ lies in the locus � of the roots of the equation

	1ðz	 �1Þ
n
þ 	2ðz	 �2Þ

n
¼ 0, ðA:4Þ

where �j ð j ¼ 1, 2Þ vary independently over Dj ð j ¼ 1, 2Þ: Thus, by (A.4) it follows

� ¼
�1 	 !k�2

1 	 !k
¼

�2 	 �1�k
1 	 �k


 �

1If ! > 1, then we consider �¼ j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
	ð	1=	2Þ

n
p

j < 1.
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with !k ¼ ð		2=	1Þ
1=n, ð�k ¼ !	1

k Þ, k ¼ 1, 2, . . . , n: Denoting by

dk ¼
c1 	 !kc2
1 	 !k

,

for j	2=	1j < 1, we have

j�	 dkj ¼
�1 	 !k�2

1 	 !k
	
c1 	 !kc2
1 	 !k

����
���� � j�1 	 c1j þ j!kjj�2 	 c2j

j1 	 !kj

�
R1 þ !R2

j1 	 !kj
�
R1 þ !R2

1 	 j!kjj j
¼
R1 þ !R2

1 	 !

and

dk 	 c0
c1 	 c2

����
���� ¼ !k 	 !2

ð1 	 !kÞð1 	 !2Þ

����
���� ¼ j!kj

j 1 	 !2 j
¼

!

1 	 !2
:

Therefore, � lies in the disc

jz	 c0j �
!jc1 	 c2j

1 	 !2
þ
R1 þ !R2

1 	 !
¼ �: ðA:5Þ

If jc0j > �, then the origin is an exterior point of the disc in (A.5) and � is a subset
of the circular annulus

jc0j 	 � � jzj � jc0j þ �: ðA:6Þ

Moreover, if

� ¼ arc sin
�

jc0j


 �
,

then the locus � is the sector defined by (A.6) and

Argc0 	 � � Argz � � þ Argc0:

If jc0j � �, then �ð f Þ lies in the disc in (A.5). g

Remark I The locus � in the above proof can be a multiple connected set, since for
r1 > !R2,

jz	 dkj �
j j�1 	 c1j 	 j!kjj�2 	 c2j j

1 þ j!kj
�
r1 	 !R2

1 þ !
,

and for R1 < !r2,

jz	 dkj �
!r2 	 R1

1 þ !
:
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Note also that if 	1 ¼ 	2 ¼ 1, then !k ¼
ffiffiffiffiffiffiffi
	1n

p
and ! ¼ j!kj ¼ 1: In this case, we have

jz	 dkj �
R1 þ R2

j1 	 !kj
:

Furthermore, for r1 > R2,

jz	 dkj �
r1 	 R2

2
,

and for R1 � r2,

jz	 dkj �
r2 	 R1

2
:
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