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Abstract

Let A be a normal matrix and consider the polygon NR[A] = {x*Ax: |lx|| = 1}. [fv*Av €
int NR[A], a projector matrix Py, is defined such that NR[ P;f A P,,] is supported by all or some
edges of a polygon. © 2002 Elsevier Science Inc. All rights reserved.

1. Introduction

In this paper we continue the investigation of compressions and dilations of the
numerical ranges of matrices [4], paying special attention to normal matrices.
Let .4, be the algebra of n x n complex matrices. For a matrix A € .#,, the set

NR[A] = {x*Ax: x e C", |x| =1}

is called numerical range or field of values of A. Extensive background and gener-
alizations of NR[A] are presented in [3] and several ideas in this area are exposed in
the survey [1]. We note below some of them:

1. NR[A] is compact and convex set in C.

2. The spectrum o (A) € NR[A].

3. NR[P*AP] = NR[A], where P is any n X n unitary matrix.

4. NR[H4] = Re NR[A], where Hy = (A + A*)/2.
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5. If A is normal, NR[A] = Co{o (A)}, where Co{ } denotes the convex hull of the
set.

Clearly, from NR[A] one can obtain information about the matrix that the spectrum
of A alone cannot give. Combining properties 3 and 4, we obtain

Re NR[A] = NR[Hp+ap], Im NR[A] = —NR[H;p+ap]. (D
Moreover, for an n x m (m < n) matrix P, such that P*P = [,,, we have
NR[P*AP] C NR[AL]. 2

The matrix P is called isometry and P*AP is called an isometric projection of A.
Recently, in [4] it has been proved that

NR[A] = UNR[P*AP],
P
where the matrix P is an n X m isometry.

The inclusion relation of NR[A] in (2) leads to the investigation of P such that
NR[P*AP] and NR[A] are “close enough”. In [3], a procedure is discussed for de-
termining and plotting the numerical range of a matrix. The general strategy is to
calculate many points on the boundary of the numerical range and determine sup-
porting lines at these points. The intersection of the supporting lines is a convex
polygonal approximation of the numerical range that contains it. At this point it
is remarkable that no relationship is known between matrices for which only their
numerical ranges are known. In this direction, in Section 2 we give a description of P
such that, for a normal matrix A, the boundary ONR[ P* A P] is tangential to ONR[A],
and we expose a condition for a “satisfactory” approximation. In the same section,
we comment on the case when A is Hermitian. Further, in Section 3, we generalize
these results by illustrating how ONR[ P* A P] is supported by some edges of ONR[A].

2. Compression of NR of normal matrices

Let A1, A2, ..., Ax (k < n) be eigenvalues of a normal matrix A € .4}, such that
NR[A] = Co{Aq, ..., At};i.e., the remaining eigenvalues Ax+1, ..., A, belong to the
closed polygon (A1, Az, ..., Ar). In what follows, we denote by xy, x2, ..., x; a set
of orthonormal eigenvectors of A corresponding to A1, ..., A, and consider the unit
vector

k k
. 2
U:ZC]‘)C]', Z|Cj| =1, ch|7é0
j=1 j=1

Obviously, the point # = v*Av belongs to int NR[A]. Regarding E = span{v} as a
subspace of W = span{xy, x2, ..., xx} we consider the n x (k — 1) matrix

P=[w; wy --- wi_1l, 3)
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where wy, wy, ..., wig_1 is an orthonormal basis of EJW-, Clearly, P*P = I and
P P* is an orthogonal projector onto E ﬁ

Proposition 1. Let the polygon (A1, Ay, ..., L) be the numerical range of a normal
matrix A. If we consider the points

pr=arpr—1+ A —a)reyr, pe=0—a)pc—1+acre41;
t=1,...,k—1,

where a; € [0, 1], wo = A1, then the matrix A is unitarily similar to a matrix © with
diagonal elements

Ols e vs Ph=1s k=15 Mt1s -+ Ane

Proof. Denoting by x; (i =1, ..., k) a set of orthonormal eigenvectors of A corre-
sponding to the vertices A; and by

yi=vax +1—ax,

v=va (V1 —aixi — Vaix) + 1 —axs = Jazer + /1 — axx3,
v3=va3(V1 — azer — Jazxs) + /1 — asxa = Jazer + /1 — azxa,
MZ«/E(M& — Jazxs) + V1 —asxs = Jazes ++/1 — agxs,

Vio1=Nar1(--) + V1 —ar_1xp = Jar_1ex—2 + 1 — ar_1x,
Ye=v1—ar—18k—2 — Jak—1xx,
then it is implied directly that
(60, x¢42) =0, el =1,
and by induction
(r,&)ras =1 —arpy/1—arpa- /1 —as, efAe; = .
Therefore,

ly:ll =1, (e¢,y0)=0 (=1,...,k=2), (Yr,Ys)r<s =0,

and
ViAye=pr (t=1,....k—=1), Yy Ay = ti—1.
Hence, for

R=1[y1 - Yk Xk+1 -+ Xal
we obtain R*R =1 and R*AR=6. O
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Theorem 1. Let the matrix A be normal and the polygon (A1, Az, ..., L) = NR[A].
Ifv= ZI;ZI cjx; is a unit vector such that v*Av = p € int NR[A], then
NR[P*AP] C (A1, A2, ..., Ak,

where the matrix P is defined as in (3) and the boundary ONR[P* A P] is tangential
to the edges of the polygon at the points

_lecqiPAe + e Ao

! leer? + lec?
el Phc 4 lerPh
le1]? 4 lex|?

(t=1,...,k=1);
“4)

Proof. It is enough to verify the relationship (4) for T = 1. We consider the points
ue (t =1,2,...,k —3) of the polygon such that 1, lies in the line segment ({t,_1,
Az41). Here o = A1 and the point ug—p is defined as the intersection of segments
(Uk—3, Ag—1) and (ur—1, Ak), where ug—1 = u. If vy is the reflection of p, about
the midpoint of (;—_1, Ar+1), we have

Ve + e = o1+ Aoy Mo = Al

Thus, by Proposition 1, there exist orthonormal vectors yi, ..., yx—1, y such that
ViAyc=vr (t=1,2,...,k—=1), y'Ay=p.
Since p and v; € NR[A] are unique convex combinations of A1, ..., A, the vectors
¥, ¥; can be written in the form
k T+1
y = ch exp(—=ifj)x;, yr= Zcrjxj.
j=1 j=1

Due to orthonormality of y and y, we have

k T+1 T+1
DlleiP=1. Y lerP=1. Y e exp(=if)) =0. (5)
j=l j=I j=1
Thus, the unit vectors
T+1
e =Y crj expify)x; (t=1,....k—1)
j=1
belong to E %, and
7+1 T+1

2 2
uiAu, = Z lej|"xTAx; = Z [N
i=1 =1

Denoting by P the orthogonal projection onto E3, the unit vector £;, which is de-
fined by P¢; = u,, corresponds to the point v; € NR[P*AP] C NR[A]. For the
point o1 = v; € (A1, A2), by Eq. (5), we have
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2 24 .
o1 = |eil"A1 + lei2]"Az;

len + lei2l* =1, Enier exp(—if)) + Eiaez exp(—ify) = 0.
Combining these equations we obtain

lcial?(lea a1 + le1]?A2)
le1|?

el lef?
le1?

A lenlPh =

Since
ler2lP(let? +le2l?) = le P letl + lenl? lei * = ler P,
we obviously have
_lealPh 4 e
le1]? + leal?
Hence, beginning with the point ) € (A1, A7), the point o1 € ONR[P*AP]N (A1,
A2) has been defined. Continuing with the point 1} € (A2, 13) by the same process,
we identify the tangent point
_lalPr + lel?As
les |2 + le2?
The process ends when we find the rest of the points o3, ..., ox on the edges
(A3, Ad), - - ., (A, A1), respectively. [

€ (A2, A3) NONR[P*AP].

Evidently, in Theorem 1, the matrix P*AP is presented so that the boundary
ONR[P*A P] is tangential to all edges of the polygon (A1, A3, ..., Ax) = NR[A] and
not only one edge as done by Mirman [5]. Moreover, for k = 3, the numerical range
NR[P*AP] is an ellipse tangential to the triangle (A1, A2, A3). This has also been
remarked by Williams [6, Th. 1], referring to NR[P P*A P P*].

It is also worth noting in Theorem 1 that the vector v is a linear combination one
of the eigenvectors x; of A which correspond to A;, forany j =1,2,..., k. If one
considers the vector

U = c11Xx11 + crax12 + c2x2 + - -+ CrXy,
where the eigenvectors xi, x12 correspond to the same eigenvalue, say A, then
o1 = A1 and A is an angular point (sharp point) of ONR[P*A P].
In case the vector v is dependent on fewer than k eigenvectors, then the compres-

sion of NR[A], i.e., NR[P*A P] does not touch all the edges of the polygon. Then
NR[A] and NR[P*A P] are not so closely related as we see in the following.

Proposition 2. Let A be a normal matrix and NR[A] = (M1, ..., Ak). If the unit
vector v = Zle cjxj, with 2 <s <k —1, corresponds to = v*Av € int()q,
...y Ag), then

NR[P*AP] = Co{NR[B], hss1, ... M},
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where the matrix B € M s is a direct component of P*A P and ONR| B] is inscribed
to the polygon (M1, ..., As) at the points o (t = 1,2,...,5s — 1) in (4).

Proof. Since v = cjx1 + -+ 4 ¢sx5 + Ox541 + - - - + Oxg, the unit eigenvectors
X541, - -+, Xk are orthogonal to v. If wy, ..., ws—1 form an orthonormal basis of
EJ“-,I, where W = span{xy, ..., x5}, the vectors wq, ..., Ws—1, X541, - - -, Xx form

an orthonormal basis of E #V Denoting by

0= [Xl e Xg D Xggl v Xk] =[01 03],

(6)

Pr=[w; - ws_1],
we have

Q*AQ = diag(Ag, ..., Ag, Asgt1, - - - Ak) = diag(Dy, D7)
and

P*AP = B @ diag(Agy1, ..., Ar),
where

P =[P Q2], B=P Q1DQ7P.

Hence,

NR[P*AP] = Co{NR[B], hss1, ..., M} (7)
Moreover, the singular matrix A; = Q1D QT € M, is normal, o(Aj) =
{A1, ..., Ag, 0} and due to NR[B] = NR[Pl*AlPl], by Theorem 1, ONR[B] is tan-
gential to the polygon (A1, ..., As) at the points o, of the edges (A;, Ar41), T =
1,2,...,s — 1 (as has been presented in (4)). O

Remark 1. In Proposition 2, if v = c1x1 + 0x2 + c3x3 + - - - + ¢5x5, With ¢; £ 0,
then ONR[ B] is supported by the edges of the polygon (A1, A3, ..., As). We have that
le117A3 + |es|*As

B (A1, 43) N ONR(B].

Remark 2. If you consider {w;} as a basis of E L instead of E ﬁ,} , then
NR[P*AP] = Co{NR[B], Agt1, ..., hn},

recalling that Agy1, ..., Ay € (A1, ..., Ak).
Remark 3. Let the eigenvalues Ag41, ..., A, of the normal matrix A be interior
points of the polygon (A1, ..., Ax) and let the unit vector v € span{xt1, ..., X»},

for u = v*Av, where x; are the eigenvectors of A corresponding to A;. If the
columns of

P=[xm o ow v ] =1X 7]

form an orthonormal basis of span{v}L, then
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P*AP = [;ﬂ AX Y] = [diag(kl’o'"’)"‘) Y*ZY }
Moreover, due to

NR[Y*AY] C (Met1s -+ An)s
we have

NR[P*AP] = (A1, ..., M)
A procedure for the compression of NR[A] is presented in Appendix A.

Example 1. Consider the normal matrix

1 2 0 I -1 1
A=diag|{ |10 1 2], 1 1 -1
2 0 1 —1 1 1

with

o(A) = V31, —V/31,3, 1 +/3i, 1 — V3i, 1}.
The set Co{o (A)} is the polygon

(M. hs) = (VB3I —V/3i, 1 — /31,3, 1+ V/3i).

For the unit vectors

V3i 1 V2i V3i ﬁ+ix

V= —2X +=Xp— —X3— —X ,
7 + 72 i g + 1 5
. 1+4/3i 1 N V34i
v = X] — =X X4,
3 T3 3
the points v* Av and 0* AD belong to NR[A]. Then the isometric matrix in (3) is
—0.6224 —0.2446 — 0.04701 —0.5346 + 0.4434i —0.1022 4 0.0812i

0.7640 — 0.0663i —0.1315 4 0.0122i —0.4588 + 0.3511i —0.0076 + 0.1229i

p— —0.1416 4+ 0.06631  0.3762 4+ 0.03491 —0.3410 — 0.1095i  0.4040 + 0.1136i1

0 0.3201 4+ 0.3960i —0.1211 4+ 0.0621i —0.5676 + 0.02441
0 —0.50304+0.0793i  0.0067 — 0.13591  0.4547 + 0.3407i
0 0.1828 —0.4752i  0.1143 +0.0738i  0.1129 — 0.3651i
The boundary ONR[ P* A P] is the closed curve in Fig. 1(a), which is tangential to the
edges of the polygon (A1, ..., As) at the points defined by (4),
V3i 2 —3./3i 9 — 3./3i 15+ 34/3i
Ul =—’ 02277 01327’ 04:7’
7 3 ; 5 7
3+74/3i
o5 = f

On the other hand, by (6) we have
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1 5 i 1

x X

1.5 e N 15|
NR[P*AP] RN

1 e B 1

N NRiA]

>4 A 0 VA H \><4

—0.2582 0.0081 — 0.4208i
0.1291 — 0.22361 —0.3647 4 0.04461
0.1291 4 0.22361 —0.5814 — 0.51091
0.424540.29411  0.1674 4-0.0399i |’

—0.4669 + 0.22061 —0.1183 + 0.1251i
0.0424 — 0.51471 —0.0492 — 0.16501

P = P =[P x3 xs]

and
B— 0.8000 — 1.0392i —0.0873 — 0.9575i
T 10.5841 — 0.76371  1.7556 + 0.4619i |
In Fig. 1(b), the boundary ONR[B] is tangential to the segments (A1, A3), (A3, Aq)
and (A4, A1) at the points

o 4=3Y3i . T1—431 . 3+43i
alzf, U2:f’ 03 = .

2
Hence by (7), NR[P*AP] = Co{NR[B], A2, As}.

Remark 4. If Ay =a; + 181 and Ay = ar + 183, then (By — B1)x + (ap — ay)y —
(a1B82 — Braz) = 0 is the real equation of the segment (A, A>). Denoting by u =
c1x1 + c2xp the unit vector which corresponds to the point o) = (Aq, A2)
N NR[P*AP]in Theorem 1 and letting A = A| +1i A,, where A, A are Hermitian
matrices, we have that a1 8y — B1ay is not simple eigenvalue of the Hermitian matrix
M = (B — B1)H| + (a; — ax)Hy, where Hy = P*A| P and Hy = P*A,P.

In fact, using the statement for normal matrices Ax; = A;jx; = A1x; = a;x;,
Axx; = Bjxj (j = 1,2), the solution of equation P£ = u defines an eigenvector of
M:

Me=(Br — B1)P*Au + (a1 — az) P*Asu
=P*[(B2 — B A1(c1x1 + c2x2) + (a1 — a2) Az(c1x1 + c2x2)]
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=P*[(B2 — Bi)(craix1 + c2a2x2) + (a1 — az)(c1B1x1 + c22x2)]
=(a1B2 — a2f1) P*(c1x1 + c2x2)
=(a1 B2 — a2 B1)L.

Moreover, the solutions of equations P&; = x; (j = 1, 2) define another eigenvector
of M corresponding to the same eigenvalue a1 8> — a2 81, i.e.,

M(c1§1 — c262)
= (B2 — B P A1 (c1x1 — c2x2) + (a1 — a2) P* Aa(c1x1 — cax2)
= (182 — a2f1) P*(c1x1 — c2x2)
= (a1B2 — a2f1)(c1§1 — 262).
Hence, by this remark we conclude that the formula [2, Th. 1.1] for the radius of

curvature of NR[ P*A P] at its boundary points o; = £* P*A P{ in Theorem 1, cannot
be used.

Remark 5. The role of matrix P in Theorem 1 provides the tinder for a simplified
formulation of a non-orthogonal basis {yj, ..., yx—1} of EJV;, If ef, ..., e, is the
standard basis of C", setting
yi = frer + grerr1 € C",
by the equations (v, y;) =0, =1,2,...,k — 1 (k < n), we find the relationships
vu=CD"efifa finge g =1k fo=1,
for the first k coordinates of v. Therefore,

& __ U
fi Ur+1
and due to ||y;|| = 1 we have
|f|2_ |Ut+1|2 | |2_ |Ut|2
t - 77 - 77
ol o P o o o P )
Arg g, — Arg fi = — Arg vy + Arg vs4g.
Applying Gram—Schmidt orthonormalization to the basis {y1, ..., yx—1}, we find an

n x (k — 1) matrix R, such that R*R = I;_y. For P = RR*,
NR[P diag(A1, ..., ) P1 C (A1, ..., Ak) = NR[A].
Moreover, after some algebraic manipulations we obtain
pr=y; P diag(r1, ..., An) Py;
=y diag(A1, ..., An)yr
=1fiPPhs + g Phess

and the vector
T
=[fifr fie1.0,...,0, (=D¥gig2- - gx—1,0,...,0]
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corresponds to the point
Pr=yi P diag(r1, ..., A) Pyi

1
=W(|f1 o fe1Pa 4 g gk-1 P

Obviously, pP1, ..., pr are tangent points of ONR[A] and ONR[ P diag(Ag, ...,
An)P].

Forn = k = 3, Mirman [5] also mentions the special form of y;, y2, y3, and using
these vectors he computes each tangent point.

Example 2. Consider the matrix A in Example 1 and the unit vector
0.1427 — 0.0610i

0.7399 + 0.0261i
po Y3 V2 L V2 [-03053+0.03480

=3 1 3 X2 3X3+ 3X4+ 3 X5 = —0.0797
0.0399 + 0.4024i

0.0399 — 0.4024i
Using Eqs. (8) we define the vectors:
y1 = [0.9787, —0.1857 — 0.0872i, 0, 0, 0, 01T,
y2 = [0,0.3833,0.9134 — 0.1368i, 0, 0, 0]",
y3 = [0,0,0.2511, —0.9617 — 0.1096i, 0, 01",
ys = [0,0,0,0.9811,0.0187 + 0.1924i, 0],

and consequently
ys = [0.0924, 0, 0, 0, 0.0107 — 0.0338i, 0]".

Therefore, the isometric projector matrix is

0.9712 —0.1243 4 0.0584i  0.0546 — 0.0163i  0.0136 — 0.0058i  0.0227 + 0.0715i 0O

—0.1243 — 0.0584i 0.3449 0.2689 4 0.0403i  0.0705 + 0.00251 —0.0471 + 0.35491 0O

_ | 0.0546 +0.0163i 0.2689 — 0.0403i 0.8872 —0.0291 4 0.0033i  —0.0025 — 0.1486i 0
0.00136 4 0.0058i  0.0705 — 0.0025i —0.0291 — 0.0033i 0.9924 0.0037 — 0.0384i 0
0.0227 — 0.0715i  —0.0472 — 0.35491 —0.0025 4 0.1486i  0.0037 4- 0.0384i 0.8043 0

0 0 0 0 0 0,

and the points p; = 1.5862i, pr=0.8531 —+/3i, p3 =2.8737 —0.1092i,
Pa = 2.9250 4 0.0647i and ps5 = 0.1283 + +/3i belong to

ONR[ P diag(v/3i, —v/3i, 1 — v/3i, 3, 1 ++/3i, 1) P] N ONRIAL.

Remark 6 (the Hermitian case). Let the matrix A be Hermitian with k > 3 dis-
tinct eigenvalues Amin < A1 < -+ < Ak—2 < Amax and Xmin, X1, ..., Xmax the cor-
responding orthonormal eigenvectors. Then by Theorem 1, we have the following
cases:
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1. Consider the unit vector v = ¢{Xmin + €2Xmax. FOr

w1 1
P=|—— x1 X2 -+ Xg—2|; WI= Xmin — = ¥max
lwill 2
the numerical range of the Hermitian matrix P*A P is the line segment (o1, 07),
where o1 = min{e, A1}, 0o = max{e, Ax_»}, and
wi Awy

2 2
€= "5 = [c2|" Amin + I€1]" Amax-
lwil

2. Consider v = ¢1Xmin + c2xj; j € {1,2, ...,k —2}. For

Wi . C1

P=|—=— X1 -+ Xj_1 Xj41 -+* Xk=2 Xmax |5 WI = Xmin — =X},
[l ] 2

then NR[P*AP] = (&, Amax), where & = min{|c1]?A; + [c2]*Amin, A1}

3. Let v = ¢1Xmin + 2% + €3Xmax. For

p [ wi  wp ]
— xl Xj—l xj+1 xk_z
lwill w2l

with

1 3
W1 = Xmin — —Xj, W2 = Xmax — —Xj,
(&9) (&9)
we obtain NR[P*AP] = (o1, 0»), where now o and o, are the minimum and
maximum of the set {1, &2, A1, Ag—2}, with

wiAwr  |erl*Aj + 1c2)* Amin
&1 = 7 = 2 2
lwi |l lc1]= + [ea
*A ¥ 2
¢ Wy AW2 lcal j T |€31“ Amax
5 = _

w2 |2 2|2 + |es|?

3. Generalizations

In what follows, we consider the linearly independent unit vectors
k
UjZZC,’jxiGW, j=1...,k—1,
i=1
which correspond to the points 1, ..., ug—1 of (A1, ..., Ax) = NR[A], ie., u; =
v;‘fAvj. For E = span{vy, ..., ux—1}, the subspace EVLV is spanned by a vector w.
Noting that

k
w = Zejxj',
j=1
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the parameters 6; are defined by the equations (w, v;) =0(j =1,...,k—1).
Proposition3. If P =[w x3+1 --- Xn], the compressed matrix P*AP €
M y—k+1 is normal with eigenvalues
k
M=) 10iPhj Airts-. s
j=1

Proof. Clearly, P*w = e;. Since PP*w = w, e is an eigenvector of P*AP as it
is implied by

k
efP*APe; = w*PP*APP*w = w*Aw = Y _|0,*A; = Ao
j=1
Moreover, due to P*x, = e, (60 =k +1,...,n), we have
esP*APes = xPP*APP*xs = xiAxs = Ao

Hence, P*A P is normal with the indicated spectrum. [

Obviously, for vy = x1, ..., Up—1 = xx—1, we have that EVLV = span{xx} and XA,
Ak+1, - -+, Ay are eigenvalues of the normal matrix P*AP.
Theorem 2. Let (A1, ..., ) be the numerical range of the normal matrix A and

suppose that the unit vectors

k s
vl = Zc.,'xj, vy = Zdjxj (s <k)
j=l1

j=1
correspond to the points ju1 and 1 of NR[A]. Ifthe columns of P = [w1 ... wg—2]
are an orthonormal basis of span{vy, vg}%,, then:

M  cdiy1 —ciy1di =0
lei PAhig1 + leir A

— G = € ONR[A] N ONR[P*AP],
T T R F e P [prar]
I<ig<s—1.
(I rank[cl @ CS} =1 = NR[P*AP] C Co{NRIB]. h1. ... k).
d| d> . ds

Proof. (I) Letd;;+; # 0. By assumption,
d; Gi

1
W =X — = Xip] =X — 2
di+1 Ci+1

Hence, according to Proposition 2, the point

1
Xi+1 € span{vuy, valyy.
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e leilPriv + lei P
llw]|? lci? 4 leit1 |
is a tangent point of the boundaries ONR[P*A P] and ONR[A].
(IT) As in case (I), the vectors
c

Oi,i+1 =

Cs

1 Cs+1
Xl — ——Xi4l,---s Xg — = —Xms oo Xk — = Xm>
Ci+1 Ci+1 Cm Cm
for ¢;; # 0 (m > s), are orthogonal to vy, vr. Orthonormalizing these vectors, the
matrix

Ck

Xi+1, Xs+1 —

P = [w1 Ws—1 : wy wk—z] =[P P,]

is defined and due to the orthogonality of the vectors

El Es
Xl — ——Xi+l, -+ Xg — = Xi+1
Citl Ci+1
and
Es+l Ek
{xs—i-l — = Xmy -y Xk — __xm}
Cm Cm
we have
Pr=1[x1 x2 -+ x]01, Py = [xg41 X542 -+ x]02.
Therefore,
P* .
P*AP = [Pék} [x - xp] diag(Ay, ..., An)x - x1*[P1 P2]
_ Pl*[xl - X Pl*[xs+l ce Xnd
Pilxy -+ x]  Pllxst1 -+ xal
« —diag(kl, ey Ay) (0]
I (0] diag(Ag+15 ..., An)
_ X x _
BN
Xy x5
X * *
Xs+1 Xs+1
R R
REEM Xy 4
_ H 0] diag(A1, ..., Ag) (0]
o [05 0] 0 diag(Ag41, ..., An)
01 0

xo[

0>
0]
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_ | Q7 diag(hi, ..., 2 Q1 0
0 03 diag(Ast1, ..., A) Q2
=B&Ir.

Consequently,

NR[P*AP] = Co{NR[B] UNRI[I']}.
Clearly, the vectors vy, v; are related by v; = cup + Uy, where U = Z];:H_l cjXj.
By Proposition 2, for v = vy the boundary ONR[B] is tangential to the polygon

(Als ..., As) and for v = Op9 = 0p/|| 02|, the boundary ONR[I] is tangential to the
polygon (As41, ..., Ak). Evidently,

NR[P*AP] C Co{NR[B], Ast1, ..., Mk} O

If we consider R=[P xg+1 --- Xxn], then NR[R*AR] = Co{NR[B]U
NR[F], )“k+ls R )\n}-

Example 3. Consider the matrix
A =diag(4+51,2+4i,-1,1-2i,5—1,6+1, 6 4 31, —0.51)

and the unit vectors

V3 V2 1 1 V3 V2

v = e + e + 5¢3 + e + 76 + 66T 167
V3 V2
vy = TEI + Tez + 563-

Clearly, ONR[A] = (4 +5i,2+4i,—1,1—-2i,5—1,6+1,6+ 3i), ie, —0.5i €
int NR[A]. According to (II) — Theorem 2, orthonormalizing the vectors

3 3 2 3
61—£ 63—«/562, 64—£€5, 36—£ €7+£€5

\/Ee‘z, K 3 \/585’ 3
we have

(06325 —0.5164 0 0 0 |
0.7746 —0.4216 : 0 0 0
0 0.7454 0 0 0

P 0 0 © —0.8660 —0.2887 —0.1543 T

0 0 0.5000 —0.5000 —0.2673
0 0 0 0.8165 —0.2182
0 0 : 0 0 —0.9258

L 0 0 0 0 0
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Fig. 2.
Hence, for
Q1 =1le1 ex e3]*Py, 0> =1les e5 e e7]" P>

we find

B = Q% diag(4 + 5i,2 + 4i, —1) 0,

_12.8000 +4.4000i  0.6532 + 0.3266i
T 10.6532 4+ 0.3266i  0.8667 + 2.0444i |’

I' = Q5% diag(1 —2i,5—1,6+1,6+31) 0>

2.0000 — 1.75001 —1.0000 — 0.2500i —0.5345 — 0.13361
= [ —1.0000 — 0.25001 5.333340.25001 —0.3563 — 0.40091i |.
—0.5345 - 0.13361  —0.3563 — 0.40091 5.8095 + 2.50001

In Fig. 2, the boundary ONR[ B] is tangential to the edges (A1, A2) and (X2, A3) at the
points
14 + 22i 34 8i
o] = , 02 =
5 3
and the boundary ONR[I'] is tangential to the edges (A4, As), (A5, Ag) and (Ag, A7) at
the points
8 —7i 2841 18 + 71
04 = , 05= , 06 = .

4 5 3

’

Hence,

NR[P*AP] = Co{NR[B]UNR[I']}
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and

ONR[P*AP] NONR[A] = ONR[A] N {ONR[B] U dNR[I']}.

Appendix A

The following algorithm refers to the construction of an isometry matrix P such
that NR[ P*A P] is inscribed to a polygon.

Step 1. Introduce the normal matrix A € #,,.

Step 2. Nllustrate the numerical range NR[A].

Step 3. Calculate the eigenvectors x;,i = 1, ..., n, of A and choose those corre-
sponding to the k vertices of the polygon.
Step 4. Introduce the vector u = [c; ¢ --- ct]T, k < n, where ¢; are the coef-

ficients of the linear expression of v with respect to the eigenvectors x;.
Step 5. For ¢; # 0, 1 < j <k, determine the vector § = x; — (¢;/cj)xj, t # j,
1 <t <k
Step 6. Orthonormalize the vectors &1, &, ..., &x—1.
Step 7. The orthonormalized vectors define the matrix P = [w; w2 -+ wWi—1]-
Step 8. Calculate the matrix P*A P and illustrate NR[P*A P].

References

[1] D.R. Farenick, Matricial extensions of the numerical range: a brief survey, Linear and Multilinear
Algebra 34 (1993) 197-211.

[2] M. Fiedler, Numerical range of matrices and Levinger’s theorem, Linear Algebra Appl. 220 (1995)
171-180.

[3] R. Horn, C.R. Johnson, Topics in Matrix Analysis, Cambridge University Press, Cambridge, 1991.

[4] J. Maroulas, M. Adam, Compressions and dilations of numerical ranges, SIAM J. Matrix Anal. Appl.
21 (1999) 230-244.

[5] B.A. Mirman, Numerical range and norm of a linear operator, Voronez. Gos. Univ. Trudy Sem. Func-
tional Anal. 10 (1968) 51-55.

[6] J.P. Williams, On compressions of matrices, J. London Math. Soc. (2) 3 (1971) 526-530.



