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On a Compression of Normal Matrix Polynomials
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In this article, we study a compression of normal matrices and matrix polynomials with respect to a
given vector and its orthogonal complement. The numerical range of this compression satisfies special
boundary properties, which are investigated in detail. The characteristic polynomial of the compression is
also considered.
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1. INTRODUCTION AND PRELIMINARIES

Let M, be the algebra of all n x n complex matrices, and let
L) = Ap\" 4+ A X"V 4o+ Ajd + A (1)

be a matrix polynomial, where A; € M, (j=0,1,...,m) and XA is a complex variable.
The matrix polynomial L(%) is called selfadjoint if all its coefficients are Hermitian,
and it is said to be normal if, for every pu € C, the matrix L(u) is normal. The study
of matrix polynomials has a long history, especially in the context of their spectral
analysis, which leads to the solutions of the corresponding linear systems of differential
(or difference) equations [3,6,12].

A scalar Ay € C is said to be an eigenvalue of the matrix polynomial L(A) in (1) if the
system L(A¢)x =0 has a nonzero solution xy € C". This solution x, is known as
an eigenvector of L(A) corresponding to Ay, and the set of all eigenvalues of L(}) is
the spectrum of L(A), namely, o(L(A)) ={A € C:detL(A) =0}. The polynomial
det L(A) is called the characteristic polynomial of L()) and its degree is no greater
than nm. The numerical range of L(}) is defined by

W(LM) = {AeC:xX*L(A)x=0,xeC", x*x=1},
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and it is always closed and contains o(L(1)). If we consider the linear pencil /A — A4
for some A4 € M,, then o(/L — A) coincides with the spectrum of A, o(4), and
WA — A) coincides with the classical numerical range (field of values) of A,
F(A) = {x*Ax: x € C", x*x = 1}, which is always compact and convex [7]. To facili-
tate the presentation, some properties of F(A4), W(L())) and normal matrix polynomials
that are necessary for understanding these notions follow [7,10,11,13,16].

(A) If A=B,® B, for some B ¢ My and B, e M,_; (1 <k <n), then F(A) =
convex hull {F(B;) U F(B,)}.

(B) F(A) contains the convex hull of the eigenvalues of 4. If A4 is normal, then
F(A) = convex hull {o(A4)} (the converse is not true for n > 4).

(C) If p is a corner of W(L(x)) and there is a unit x, € C" such that p is a simple zero
of the scalar polynomial x7,L(A)x,, then u € o(L(1)).

(D) If ] <k <n and Y is an n x k complex matrix of rank k, then W (Y*L(L)Y) C
W(L(A)). The equality holds if k = n.

(E) The numerical range of L(}) is bounded if and only if 0¢ F(A4,,), and in this case,
it has no more than m connected components.

(F) If L(%) is normal and there is a u € C such that the matrix L(u) has n distinct
eigenvalues, then there exists a unitary U € M, such that U*L(A)U is diagonal,
i.e., the coefficients of L(1) are simultaneously diagonalizable by unitary similarity.

Given two matrices A € M, and Be M, with 1 <k <n, B is said to be a com-
pression of A if there exists an n x k matrix P satisfying P*P =1, and B = P*AP.
Extending this definition, we say that a k x k matrix polynomial R(A) (1 <k < n) is
a compression of L(A) in (1) if there exists an n x k matrix P such that P*P = I
and R(A) = P*L(A)P for all » € C. Then by Property (D), W(R(L)) € W(L(}L)).

Recently, compressions of normal and unitary matrices have attracted attention and
several results have been obtained [1,4,5,15]. In the remainder of this section, some of
these results are briefly presented, and in Section 2, their generalizations to normal
matrix polynomials are obtained. Moreover, one of the main results in [5] on the char-
acteristic polynomial of the compression is extended and an illustrative example is
given. In Section 3, the special case of normal selfadjoint quadratic matrix polynomials
is discussed.

Consider now a normal matrix 4 € M, and let A, A;,..., At € 0(4) (2 < k < n) such
that for every i =1,2,...,k, the eigenvalue A; does not belong to the interior of the
convex hull of Ay, ..., A;i_1,Ait1,. .., Ar. Assume that the points Ay, As, ..., A, in this
particular order, define a closed convex polygon in C, denoted by (A;,As,...,AL),
where successive A;s are allowed to be equal or co-linear, i.e., (Aj,A2,..., ;) may
have fewer than k vertices and can be degenerated to a line segment or a point.
Suppose also that {x;, xs,...,x;} is an orthonormal system of eigenvectors of 4 corre-
sponding to A, Az,...,Ar, respectively, and let W = span{x, x,,...,x;}. For any

k
v=c¢xi€ Wi ¢eC\{0) (i=12,...k),
i=1

let Ej;(v) be the orthogonal complement of span{v} with respect to W. Then

Cixl C; .
yi = 2’* S X — — iy i=12,0k )
Vieil? + leil Vel + leil
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(where x41 = x; and ci41 = ;) are unit vectors and belong to Ej; (), and for every
i=1,2,...,k,

|C1+1| Ai+ |¢| Aitl

Vvidy: =
' |Cz| + |Lz+l|
Since x1,x2,...,x; € C" are linearly independent and the coefficients ¢y, cs,..., ¢
are nonzero, one can easily see that yy,ys,...,y,— are also linearly independent and
form a basis of Ep(v). If {wy,wa,...,wr_1} is an orthonormal basis of Ep;,(v) and
we define the n x (k — 1) matrix
P=1[w wy - wer], 3)

then the matrix B= P*4P isa (k—1) x (k— 1) compression of 4 and its numerical
range is given by

F(B) = {(Pz)*A(Pz):z e CF !, 7z = 1)
= (x*Ax:x € Ep(v), x*x = 1}
Cx"Ax:xe W, x*x=1}
= (A1, A2,y Ak).

Since yi, V2, ..., vk € Ef w(v), it is clear that denoting Aryy =Xy and ¢y = ¢y, the
points

1 A’ lA'l .
o= yidy = Pkl 4)
|Cl| +|Cz+l|

lie on the boundary of F(B). As a consequence, we have the following known result
[1,4,5,15].

THEOREM 1 Suppose A € M, is normal and Ay, Ay, ..., A € 0(A) such that the convex
polygon (A, Ao, ..., ) is well defined. Let xy, x»,...,x; be the corresponding unit eigen-
vectors of A, and let P be the n x (k — 1) matrix in (3). Then the numerical range of
the (k—1)x (k—1) compression B= P*AP lies in (A, 2,..., ), and for every
i=1,2,...,k, oF(B) has a common point t; with the line segment (A;, Ai+1) given by (4).

It is worth noting that for any 1 <i <j <k, the unit vector

¢ ¢
X — X
2 2 2 2
JlaP+1aP el + gl

also belongs to Ej;(v) and the point

Yij =

lej1* i + leil*A;

ViAyij =
L] L |Ci|2+|cj|2

lies on F(B)N (X, A;). Furthermore, the methodology discussed above allows the

investigation of the case where some A;s in (A,Az,...,A;) are equal or co-linear.

For convenience, we say that a A; (i € {1,2,...,k}) is c-independent if it is a vertex of
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the polygon (A, Az,...,Ax) different from A;_; and A, (Where Ay = Ar and Agp = Ap).
The first statement of the next theorem was proved recently by Gau and Wu
[5, Theorem 3], and the other two statements follow readily from the continuity of
the numerical range of matrices with respect to the Hausdorff metric.

THEOREM 2 Let A € M,, be normal, and let Ay, \>, ..., A, be eigenvalues of A such that
the polygon (A, s, ..., ) is well defined. Under the hypotheses of Theorem 1, we have
the following cases:

(@) Forevery i € {1,2,...,k} such that ); and Aiy1 (Where Apy1 = \y) are c-independent
vertices of (A1, A2, ..., AL), the point t; in (4) is the only common point of dF(B) and
(Ais Ait1)-

(b) If there exist i € {1,2,...,k} and s € {2,3,...,k — 1} such that A, Aiy1, ..., iys are
co-linear, then (v, Tips—1) S OF(B) N (A, Aigs), where My =X and Ty =T;
(j=1,2,..). If, in addition, A; and M\iys are c-independent, then (t;, Tirs—1) =
OF(B) N (Ais Aits)-

(c) Suppose that there is an index i€ {1,2,...,k} such that X; is a vertex of
(M,A2,...,A) and appears exactly t times in {Aj, Az, ...,Ar}, and let
i =iyt == Aig—1. If t =1, then OF(B) N (ti_1,A;) = {ti-1} (where 19 = 71)
and IF(B)N (i, 1)) ={n}. If t>1, then (ti_1,A;) COF(B)N {(Ai_1,A;) (where
ho =X and v =1) and (Aj, Tip—1) S OF(B) N (A, Aiyy) (Where Ajyj =X and
Ty =T for j=1,2,...). In this case, X; is a corner of F(B) and an eigenvalue of
the compression B.

COROLLARY 3 Any vertex of the convex polygon (A1, \s,...,A;) that appears more than
once in the set {Ay, Ay, ..., A} is also a corner of F(B) and a common eigenvalue of A and
B. Furthermore, if every vertex of (A,Az,...,Ax) appears more than once in
{A, X2, ..., Ak}, then F(B) coincides with (A, A2, ..., x).

If all the eigenvalues Ay, Ap,...,A; are real (this is the case when A is Hermitian),
then by Theorems 1 and 2(b), the numerical range of the compression B coincides
with the interval [min{t|, 75}, max{ti_i, tx}].

It is worth mentioning that all the results on the numerical range of the described
compression (here and in the literature) are essentially based on the existence of
mutually orthogonal subspaces of the eigenspaces of 4. Suppose that a (general)
matrix 4 € M, is written in the form A=U*(D,®D,®---®D:®T)U for
some unitary U € M,,, some diagonal D; =diag{Ar;1,Ai2,.... ik} (i=1,2,...,8)
and an upper triangular T € M, +..4k), and assume that the closed convex
polygons (Ai 1, A1 2, s ALk )s (A2 15 A2,2, 05 A2k )y os (Ae 1, Mg 2, ’)‘S,kg) are well
defined and mutually disjoint. Then by applying the above method, keeping in
mind Dy, D,,...,Deg, we can construct £ matrices Py, P, ..., P¢ such that for
every 1<ij<é& with i#j, PiPi=1I,_1, PiAP;=0 and F(P;AP;) lies in
(Ai,1,Ai 25 - .- s Ai ;). Moreover, dF(PFAP;) N (A1, Ai2,..., i k) is fully described by
Theorem 2. For the nx (ki +ky+---+k: —& matrix P= [Pl P - Pg],
Property (A) implies that

&
F(P*AP) = F((PTAPl) ® (PAP) @ - @ (P;APS)) — convex hull {UF(P;‘AP,-)}.
i=1
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2. NORMAL MATRIX POLYNOMIALS

Let L(A) = A A"+ -+ A1A + Ap be an n x n matrix polynomial with det 4,,, #£ 0,
and let G be a bounded connected component of its numerical range. Then for
any unit vector x € C", the number of zeros of the scalar polynomial x*L(1)x in G,
counting multiplicities, does not depend on x [12, Lemma 26.8], i.e., it is constant.
If we denote this constant number by ind;(G), then L(\) has exactly nind;(G)
eigenvalues in G (counting multiplicities) [14, Theorem 2.1]. For an unbounded
connected component G of W(L(X)), we say that ind, (G) =« if for every unit
x € C" such that x*4,,x # 0, the number of zeros of x*L(A)x in G is equal to «.
Suppose now that L(A) is normal, and that for a u € C, the matrix L(u) has n
distinct eigenvalues. Then by Property (F), there is a unitary matrix U € M, such that

U*LG)U = diag{di(A), ds(h), . . ., dp(3)} (5)

(see [8] for related definitions and results). Since the leading coefficient of L(1) is
nonsingular, for every i =1,2,...,n, the polynomial d;(1) is of degree m and the ith
column of U is a unit eigenvector of L(A) corresponding to the zeros of d;(A) (in particu-
lar, it is a common eigenvector of all the coefficients of L(1)). Consequently, if G is a
connected component of W(L(1)) with ind.(G) =1, then L(1) has exactly n eigen-
values in G (one zero of each d;(1)) and the corresponding unit eigenvectors form an
orthonormal basis of C".

By [16, Proposition 13], the numerical range of a 2 x 2 diagonal matrix polynomial
has no interior, i.e., it is a union of continuous curves. Moreover, by [16, Proposition
14], the boundary of the numerical range of a diagonal matrix polynomial
diag{gi(1), g2(4), ..., €,(2)} lies on

U w(diaglgir), &)

1<i<j<n

THEOREM 4  Let L(A) be an n x n normal matrix polynomial with a nonsingular leading
coefficient, satisfying (5), and let G be a connected component of W(L(L)) with
ind;(G) = 1. Suppose that for every i=1,2,....k 2 <k <n), A; is the zero of d;(\)
in G (ie., M, ..., € o(L(X) NG) and x; is the corresponding unit eigenvector of
LA). If P is the nx (k—1) matrix in (3), then the numerical range of the
(k—1)x (k—1) compression R(L)= P*L(A\)P lies in W(diag{d\(A),d>r(X),...,dr(1)}),

and for every 1 <i<j<k such that W(diag{d;(»),d;(A)}) NG is bounded, W(R())) has
a common point with the continuous curve W(diag{d;(1),d;(M}) NG, that is, the zero
of the scalar polynomial |cj|2di(k)+ |cl-|zd,-()») inG.

Proof Let 1 <i<j<k, and as in the matrix case, consider the unit vector

E/' Ci
= - xi —
2 2 2 2
JiaP+16P el + ¢

Vi x; € Ej(v).
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Then

le; P di(0) + |ei*di(n)
leil® + l¢I?

yz,'L()‘)yi,j =

has exactly one zero in G, which lies on the (bounded) continuous curve
W(diag{d;(1), (M NG = {r € G:tdi(A) + (1 —ndi()) =0,0 <1 <1}

(see also the proof of [11, Theorem 2.2]). Hence, the zero of the polynomial
|cj,|2d,-()») + |ci|2d,(k) in G is a common point of the numerical range

W(R(\)) = {r € C: (Pz)*L(A\)(Pz) =0, ze C !, 2 = 1}
= {1 eC:x*LAW)x =0, x € E(v), x*x = 1}

and the curve W (diag{d;(}),d;(1)}) N G. [ |

Notice that in the above theorem, if some A;s appear more than once in the set
{A,A2,..., A}, then they also lie in the numerical range of the compression R(A).
For the (k— 1) x (k — 1) compression

RO‘*) = Bm)\m + Bm—l)\m_1 +---+ BiA + Bo,
we consider the matrix polynomial

HR(M, V) — Bm(um—l 4 um—2v 4Leea vm—]) 4 Bmil(um—2
+ " v VD) b Ba(u+v) + B

in two complex variables # and v, and next we obtain a sufficient condition for the
uniqueness of the intersection points.

THEOREM 5  Suppose that the hypotheses of Theorem 4 hold, and that for some indices
1 <¢ <& <k, the curve W(diag{d;, (1), d,(M)}) NG is bounded, lies on 3G and its
common points with the rest of the curves in the union Ul<l<1<k(W(d1ag{d(A)
di(MYNG) are exactly its endpoints. Let also T, be the zero of |cg,|*dy,(M)+
¢, 1Py, (M) in G, and assume that the points d,(t;, r,) and dp,(t;,.;,) are successive ver-
tices of the convex polygon F(diag{d\(ts. ¢),d2(Te,0)s .- di(Te,0,)}) that satisfy the
conditions of Theorem 2 (a). If for every w e W(diag{d; (1), d,,(\)}) NG different from
oo, and for every unit x € C" such that x*R(w)x =0, x*TIg(ts ¢, @)X #0, then
Tr.e, 1S the only common point of OW(R(X)) and the continuous curve
W(diag{d§1 (), d{z()‘)}) na.

Proof Without loss of generality, assume that £ =1 and ¢; = 2, and that the points
di(t1,2) and dx(7;2) are successive vertices of F(diag{di(ri.2), da(71.2),...,dr(t1.2)})
and satisfy the conditions of Theorem 2 (a). Consider a point

w1 € IW(R(A)) N (W(diag{di(r), d>(1)}) N G).
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Keeping in mind (5), one can see that there exist two unit vectors y, 5 € C*~! such that

t ¢

V1 — 2 o1 — 12
Py=U 0 and Pp=U 0
0 0

for some ¢, € [0, 1] and 0,6 € [0, 27), which satisfy

V'R(t12)y = (Py)*'L(t1,2)(Py) = 0

and
J*R(@1)y = (PP L(w)(Py) = 0.

Hence, the numerical range of the compression R(t; ) = P*L(7;2)P of the matrix
L(ty ) € M, contains the origin and the point

V'R(11,2)Y = P HRr(11,2, 01)P (11,2 — w1).

Since the conditions of Theorem 2 (a) hold, (d;(t1,2), d>(71,2)) is an edge of the numer-
ical range of the matrix diag{d,(t1.2),d2(71,2),...,dr(71.2)} and contains the origin
[13, Theorem 1.1]. By Theorem 2 (a), the origin is the only common point of
(di(t1,2), da(71,2)) and 9F(R(t;,2)). Furthermore, the point

P R(t1,2)) = Y TR(71,2, 1)) (11,2 — w1)

T s [%(2) 0 {
_[t e’ 1_f2][ 0 dz(tl,z)}[eié\/1—fz:|

also lies on (d|(71,2), dx(11.2)). Thus, it is clear that y*TIg(t).2,@1)P =0 or w; = 11,2.
The proof is complete. u

Next we obtain the characteristic polynomial of the compression R()), generalizing
[5, Theorem 1].

THEOREM 6 Let L(A) be an n xn normal matrix polynomial, satisfying (5). If
X1,X2,...,X, are the corresponding unit eigenvectors of L(A), v= Zf-‘zl Ci X
2<k=<n, c,c2,...,ck Z0)and P is the n x (k — 1) matrix in (3), then the character-
istic polynomial of the (k — 1) x (k — 1) compression R(A) = P*L())P is given by

k

¢
detR(A) =
* ;|c1|2+|c2|2+~~+|ck

| 2

7 di() -+ dia (M) dia (V) - - - die(R).

X

Proof Consider the subspace W, = {[ 0

]eC:xe Ck, 0 ¢ C’H‘} of C". Then recal-
ling (5), observe that

P*L(AM)P = (U*P)'diag{d|(A), da (), ..., d,(M)} (U P),
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where the columns of the matrix U*P form an orthogonal basis of Ej; (Ury) =
Ey ([ets--os cxs 0,00, 0] ) Moreover, if L(}) is diagonal and k < n, then the last
n—k rows of P are zero. Hence, without loss of generality, we may assume that
k =n, and that the matrix polynomial L(}) is diagonal, i.e., L(A) = diag{d;(}),
(A, ...,d,(A\)} and {x| =e|, x; =¢€;,..., X, = ¢€,} is the standard basis of C".

Denote by P(j) the (n — 1) x (n — 1) submatrix of P obtained by striking out the jth
row (j=1,2,...,n). Then by the Binet—Cauchy formula for the determinant of the
product of three matrices [2, p. 86],

d>) 0 -~ 0
0 b -~ 0
det R(A) = det| P* ' _ ' . P
0 0o - dm

= Z [detP(/)Pdi() - - dii (V) di1(A) - - - du(R).

For the unit vector

R v 1 T
V= = 7 7 2[0], C27"‘) cl’l] >
W2 Vel + leal” + -+ el

the set {wi,ws,...,w,_1,v} is an orthonormal basis of C" and
|det[ Wi Wa e Wu_g \3]} =1.
Forany j=1,2,....n, {wi,w,...,w,_1,¢;} is a basis of C", and thus,

det[w1 Wo e Wy ﬁ]:det[wl Wy e Wy Xjej]
:Xj detP(])
|71

for some nonzero x; € C. As a consequence, |detP(j)| = |x;|~ . Moreover, the vectors

V1,2, ..., Vp—1 in (2) and e; also form a basis of C", and

n—1

e = Zl/fiJ/i + X¢ (6)
i=1

'= Z\/|01|2

+|02|2+ + leal?

for some ¥, v, ..., ¥,_1 € C. Straightforward computations imply

3 p
ler]” + ezl

=
alel? +leal 4+ leal
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when j > 2,
g, = Jel o laPVial el oy o
i —_— bl - 9 9
Gmvlal? Flel 4+ -+ el
when j > 3,

2 2
vV en—11” + |cal

Tz 3 3 3
G lci P+ el + -+ leal

anl =

when j <n—1, and

2 2 2 2

_ Ueimal™ + -+ el D)Vl + leil
= = 2 2 2
cicimvlell? +leal? + - + el

v = s i=n—=2,n-3,...,j

when j < n — 2. Then by substituting to the jth equation of the system (6) (i.e., the one
that corresponds to the jth entry of ¥), we obtain

Xi =

>

VialP + el +-- + el
G

and the proof is complete. |

Let now Ajr+ Ay (detA; #0) be an n x n normal linear pencil with (finite)
spectrum

o(A1A+ Ao) = {)»1 Z—,)»zz—,...,k,1:—},
Vi

and suppose that there is a unitary matrix U € M, such that
U*(A1x + Ag)U = diag{viA + 1, voh + (o, ..., Vd + )

By [16, Proposition 13 and Corollary 15], the numerical range of a 2 x 2 diagonal
linear pencil diag{vA + u, VA + 2} lies either on a straight line or on a circle. Thus,
if W(diag{vA + u, oA + a}) is bounded (i.e., 0¢ (v, v)), then it is a line segment or a
circular arc. A set of scalars

{):1:—&,):2:—&’ 5),"\ :_ﬂ}
1 V2 Vi

is said to satisfy the boundary order property if the boundary of W(diag{v|A + fi,
VoA + o, ..., Uk + ik }) is bounded and coincides with the union

U wdiagldin + i, bipid + i1},
i=1,2,...,k
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where Dy 1 =1, fikr1 = fi1, and the curves W(diag{DiA + fi1, D2A + fin}), W(diag{DA+
A2, V3A+[3}),..., W(diag{DgA + fig, V1A + (1 }) are successive parts of W (diag{v, A+ i,
VoA +fo,..., 0k + k). Since W (diag{ViA+ 1, V2A+ [, ..., i+ fix)) is bounded,
the numerical range W(diag{viA+f1,02A+[2,..., DkA+/ix}) is connected. Hence,
by Theorems 4 and 5, and observing that for R(A)=BjA+ By, the matrix polynomial
[Mg(u,v) coincides with the matrix B, we have the following corollaries.

CoRrOLLARY 7 Suppose Ay = —(j11/v1), Ao = —(U2/v2), ..., Ay = —(1i/vi) € o(A1 A+ Ap)
(2 < k < n) satisfy the boundary order property and xi,x;,...,x; are the corresponding
unit eigenvectors of A\, + Ay. For any vector

k
v = Zcixi; ;e C\{0} i=1,2,....k)
i=1

with |cil*vigr + et Pvi 20 (= 1,2,...,k — 1) and |cx|*vi + |c1)?vk # 0, consider the
n x (k—1) matrix P in (3). Then the numerical range of the (k —1) x (k — 1) linear
pencil Bid+ By = P*(A1x + Ao)P lies in W(diag{vid + p1, vad + o, ..., VA + wr}),
and for every i=1,2,...,k, the boundary of W(BiA+ By) has at least a common
point with the continuous curve W(diag{v;A + w;, viciA + wiv1}), that is, the point

lapPuiditlePvindin el i 4 e P
= 2 2 - 2 2.
[eil"vipt + leiv1]“vi leil“ Vi1 + |17

()

where it is assumed that viy = vy, kel = U1, A1 = A and cpy) = c1.

COROLLARY 8  Suppose that the hypotheses of Corollary 7 hold, and let t; (i = 1,2,...,k)
be the intersection points defined by (7). Then for every i€ {1,2,...,k} such that the
points vty + w; and vt + i of F(diag{vity + wi, vati + (o, ..., vt + pi}) satisfy
the conditions of Theorem 2 (a), t; is the only common point of W (Bi\ + By) and
W(diag{vA + pi, vig1A + i1 }).

For the n x n linear pencil /A — 4, o(IL — A) = 0(A) and W(Ir — A) = F(A4), and
for every u € C, FIu — A) = u — F(A). As a consequence, Corollaries 7 and 8 are
direct generalizations of Theorems 1 and 2 (a), respectively. Note also that the above
corollaries hold even when the numerical range of 4;A + Ay is unbounded, as it is illu-
strated in the following example.

Example Consider the 3 x 3 diagonal linear pencil

1 0 0 1 00
Ar+Ao= |0 i 0 A+[0 1 0
00 —1-i 0 0 1

The numerical range W(A;A + Ap) is unbounded, does not contain the origin and its
boundary is sketched in both parts of Fig. 1. The eigenvalues of the pencil are
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Imaginary Axis
°
o

FIGURE | The numerical ranges W (A1 + A4y) and W(BA + By).

marked with o’s and satisfy the boundary order property. For the vector
v=[1, 1, 117, we construct the 3 x 2 matrix

0.4082 —0.7071
P =~ | —0.8165 0 ,
0.4082  0.7071

and observe that P*P = [,. The numerical range of the linear pencil BiA+ By =
P*(A1A + Ag)P is drawn in the right part of Fig. 1 (in particular, a few thousand
points of it), and W(Bix + By) C W (A1 + Ap). Since

W(Bix+ By) = {A"' € C: 1 € F(—By), 1 # 0}
and

W(Aix+ Ag) = {A7" € C: 1 € F(—4y), » # 0},
one can see that

F(BiA + By) N W(diag{A + Lir+1}) = —1 +1i,
F(BiA + By) N W(diag{i + 1, (=1 —r+1}) = —i2,

F(Bix+ By) N W(diag{ir+1,(-=1 —Dr +1}) = 2,

confirming Corollaries 7 and 8. Furthermore, the characteristic polynomial of the com-
pression is det(BjA + By) = (—i/3)A> + 1, verifying Theorem 6.
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3. THE SELFADJOINT QUADRATIC CASE

Selfadjoint quadratic matrix polynomials of the form S(A) = IA> + A,A + A, arise in
many applications [6], and their numerical range is symmetric with respect to the real
axis and strongly connected with the numerical range of their coefficients [9].

THEOREM 9 [9, Theorem 3] Let S(1) = IA> + A1, + Ay be an n x n selfadjoint matrix
polynomial. Then dW (S(M)\R coincides with

{)» e C\R: k2+alk+ao =0,a0+1a € 0F(4y+14,), ap,a; € R}

Jaag — a3
_ay vt

5 5 tag+ia; € 0F(Ag +1A4,), ao,aleR,4a0>a%

It is clear that the nonreal part of the boundary of W(S(1)) is the union of the images
of the part of dF(A4y+1iA4;) “inside” the parabola D = {u+iv e C: u,v € R, v* = 4u}

under the mappings
4a0—a% a .,/4a0—a%

ao—i—ialﬁ—%—i—i# and ao—i—ialH—?—l 5

Suppose now that the matrix polynomial S(}) is normal. This means that the

Hermitian matrices 4o and A; have all their eigenspaces in common and there exists
a unitary matrix ¥ € M, such that

VESOVYV = IV 4+ (VA VA + VEAyV

ap 0 0 ap, 1 0 0

0 ayz - 0 0 ap2 - 0 8
= D>+ | o A+ ®

0 0 <e-alp 0 0 <e-ao.n

is a real diagonal matrix polynomial. Then the matrix Ag+1A4; is normal,
V*(A() =+ 1A1)V = diag{ao,l =+ ial, 1,d0,2 + ial,g, oo, don Tt ial,n} and

o(S() = {reC: Mrarta ;=0 i=1,2,...,n).

By the above discussion and Theorems 1 and 2 (a), we have the following.

THEOREM 10 Suppose S(1) = IN> + A1x + Ay is a normal selfadjoint quadratic matrix
polynomial, satisfying (8), and

ap1 +iai 1, ap 2 +iars,..., ok +iax € o(Adg+141) (2 <k <n).

Let xy,x2,...,X; be the corresponding unit eigenvectors of Ay+1A,, and let P be
the nx (k—1) matrix in (3). Then the numerical range of the (k—1)x (k—1)
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compression Q(A) = P*S(A)P lies in W(S(X)), and for every 1 <i<j <k such that
(ao,i +1ai,i, a0 +1ay ;) is an edge of F(diag{ap 1 +iai 1,a0 2+ iai,2,..., a0k +1ai r})
“inside” the parabola D, OW(Q(A)) has a common point with the curve
C,',J' ={reC: A2 +(1a1,1’ +(1— l)al,j))n—k tay,; +(1— l)ao,j =0,ImA>0,7e€[0,1]} C
W (SO))\R (resp., with E,;_,»), that is,

2 2 2 2 2 2
L lglfani + el ay,; ; 4l ao,i + lcil"ao,)  [lejl"ari + leil"ar,

§ij =5 2 2 2 2 2 2
' 2 lcil” + ¢ lcil” + ¢l leil” + ¢l

(resp., Eij_/) If, in addition, ay;+1iai,; and ao;+1ia;; are c—indepegdent vertices of
F(diag{ao.l+ia1,1,a0,2+ia1,2,...,a0,k+ia1,k}l, then & ; (resp., & ;) is the only
common point of W (Q(A)) and C;; (resp., and C; ).
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