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In this article, a useful proposition relating the canonical correlations in multi-way
layout to the singular values of a specific matrix is proved and also a geometrical
explanation of canonical correlations as an angle between subspaces is given.

Keywords Canonical correlation; Projectors.

Mathematics Subject Classification 62H20; 15A18.

1. Introduction

This article continues our search of canonical correlations in multi-way layout,
where some results have been published in Adam and Maroulas (2004). Our
approach is to give a geometrical interpretation of canonical correlations of
k-factors in a set of observations, by generalizing the results in Styan (1986) for
two- and three-way layout. As we have noted in Adam and Maroulas (2004), the
statistical model is written as

E�y� = X1b1 + X2b2 + · · · + Xkbk�

where y is a n× 1 vector of all the observations, the vectors bi �i = 1� 2� � � � � k�
consist of the effects (row, column, treatment, etc.), and Xi are n× ni design matrices
identifying the correspondence between the elements of y and bi of the k-way layout.
Following, we consider as in Adam and Maroulas (2004) the types of canonical
correlations:

(i) �
�1∗2∗···∗k�
h between XT

1 y, X
T
2 y� � � � , and XT

k y, (k factors total)
(ii) �

�1∗2∗···∗k � s�
h between XT

1 Psy� X
T
2 Psy� � � � , and XT

k Psy, with s �= 1� 2� � � � � k
(several factors each adjusted for the sth factor)

(iii) �
�1∗2∗···∗k�s�
h between XT

1 y� X
T
2 y� � � � � X

T
k−1y and XT

k Psy, with s �= 1� 2� � � � � k
(partial adjusted for the factor s)
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2264 Adam and Maroulas

where in (ii) and (iii) the matrix Ps is an orthogonal projection matrix onto the
null space of XT

s . The sign ∗ corresponds to the partition of n× �n1 + · · · + nk�
design matrix X in block submatrices, and h = 1� � � � � m. The upper limit m of
the index h denotes the number of positive canonical correlations and we write
h = 0, when the associated vectors are uncorrelated. In Styan (1983), the inequalities
0 ≤ �m ≤ · · · ≤ �1 ≤ 1 are presented and the relationships among the numbers
u� t�m have been referred, where u denotes the number of canonical correlations
of unit value, t is the number of positive canonical correlations less than 1, and
m = u+ t is equal to the number of positive canonical correlations.

In this article, we calculate the canonical correlations (i)–(iii) in k-way layout via
the singular values of a suitable matrix depending on X1� X2� � � � � Xk and also it is
proved that any type of canonical correlations is equal to the cosine of the minimum
principal angle between suitable subspaces, where the columns of Xi are involved.

2. Results

Let X = �X1 � � � Xk� be the design matrix for the k-way layout, where the submatrices
Xi� �i = 1� � � � � k� are of dimensions n× ni� with n ≥ n1 + · · · + nk. Without loss of
generality we assume that rank�Xi� = dimR�Xi� = ni, where R�Xi� stands for the
range of Xi (i.e., the subspace spanned by the columns of Xi). Furthermore, we
remind that

Hi = Xi�X
T
i Xi�

−1XT
i � �i = 1� 2� � � � � k� (1)

is an n× n orthogonal projector onto R�Xi�, assuming that det�XT
i Xi� > 0. A more

general form of this projector is

Hi = XiX
−
i (2)

where the superscript “−” is referred to a least squares generalized inverse, in the
sense that XX−X = X and X−XX− = X−, (see Lancaster and Tismenetsky, 1984,
p. 430). If rank�Xi� < ni, clearly in (1) the �XT

i Xi�
−1 has to be �XT

i Xi�
−.

Furthermore, we denote

Hj � s = PsXj �X
T
j PsXj�

−XT
j Ps� s �= j (3)

the orthogonal projection onto R�PsXj�, where Ps = I −Hs is a symmetric,
idempotent projector matrix. If PsXj has full column rank, then �XT

j PsXj�
− has to

be �XT
j PsXj�

−1.
Denoting by chh�·� the hth largest real eigenvalue, in two-way layout, it is

known in Khatri (1976) and Bérubé et al. (1993) that the canonical correlation is
given by

�
�i∗j�
h = ch

1/2
h �HiHj��

In multi-way layout the canonical correlation of type (i) and (ii) have been defined
in Adam and Maroulas (2004) as

�
�1∗2∗···∗k�
h = ch

1/2
h �H1H2 � � � Hk� (4)
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Geometry in Canonical Correlations 2265

and

�
�1∗2∗···∗k � s�
h = ch

1/2
h �H1 � sH2 � s � � � Hk � s�� (5)

If we apply the QR factorization to matrices X1� X2� � � � � Xk we have:

Xi = QiTi (6)

where Qi are n× ni orthogonal matrices �QT
i Qi = Ini �, and Ti are ni × ni non

singular upper triangular matrices, i = 1� 2� � � � � k. Clearly, the ni columns of Qi

form an orthonormal basis for R�Xi�.

Lemma 2.1. The orthogonal projector Hi in (1) or (2). is equal to

Hi = QiQ
T
i � (7)

Proof. By the QR factorization of matrix Xi in (6), the Hi is written in the form

Hi = Xi�X
T
i Xi�

−1XT
i = QiTi�T

T
i Q

T
i QiTi�

−1TT
i Q

T
i

= QiTiT
−1
i �TT

i �
−1TT

i Q
T
i = QiQ

T
i �

�

Björck and Golub have proved that the canonical correlations of type (i), only
for two-way layout, are connected by the eigenvalues of an eigenvalue problem.
Generalizing this result, we say the following.

Proposition 2.1. Let � = H2H3 � � � Hk−1. The eigenvalues of the generalized eigenvalue
problem [

O XT
1 �Xk

XT
k X1 O

] [
a
b

]
= �

[
XT

1 X1 O

O XT
k Xk

] [
a
b

]
(8)

are equal to the canonical correlations ��1∗2∗···∗k�
h .

Proof. Since diag�XT
1 X1� X

T
k Xk� is non singular, Eq. (8) is equivalent to[

�XT
1 X1�

−1 O

O �XT
k Xk�

−1

] [
O XT

1 �Xk

XT
k X1 O

] [
a
b

]
= �

[
a
b

]
�

and then [
�In1 −�XT

1 X1�
−1XT

1 �Xk

−�XT
k Xk�

−1XT
k X1 �Ink

] [
a
b

]
=

[
0
0

]
�

Moreover, we have,

det
[

�In1 −�XT
1 X1�

−1XT
1 �Xk

−�XT
k Xk�

−1XT
k X1 �Ink

]
= det��In1� · det

[
�Ink − �−1�XT

k Xk�
−1XT

k X1�X
T
1 X1�

−1XT
1 �Xk

]
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2266 Adam and Maroulas

= �n1−nk · det[�2Ink − �XT
k Xk�

−1XT
k X1�X

T
1 X1�

−1XT
1 �Xk

]
= �n1−nk · det[�2Ink − �XT

k Xk�
−1XT

k H1�Xk

]
�

i.e., the non zero eigenvalues of the eigenvalue problem (8) are roots of the equation

det
[
�2Ink − �XT

k Xk�
−1XT

k H1�Xk

] = 0�

On the other hand, using the relationship det��In − AB� = �n−m · det��Im − BA� for
the n×m matrix A and the m× n matrix B, we obtain

det��2In −H1�Hk� = det
[
�2In −H1�Xk�X

T
k Xk�

−1XT
k

]
= �2�n−nk� · det[�2Ink − �XT

k Xk�
−1XT

k H1�Xk

] = 0�

Clearly by (4), the canonical correlations ��1∗2∗···∗k�
h are identified by the eigenvalues

of the generalized eigenvalue problem (8). �

Using the simplified symbol �h for the �
�1∗2∗···∗k�
h , the �+

h denotes the positive
canonical correlations and by Proposition 2.1, for k-way layout we have

�+
h = 	� 
 det��2I −H1�Hk� = 0� ∩�+�

The quantities 1− �+
h are called canonical efficiency factors (see James and

Wilkinson, 1971).

Proposition 2.2. Let rank��Xk� = nk, and let �Xk = WZ be its QR factorization. The
absolute values of non zero eigenvalues of the generalized eigenvalue problem[

O XT
1 �Xk

XT
k �

TX1 O

] [
a
b

]
= �

[
XT

1 X1 O

O XT
k �

T�Xk

] [
a
b

]
(9)

are identified by the singular values of n1 × nk matrix QT
1W .

Proof. Using the QR factorizations of matrices X1, and �Xk, the generalized
eigenvalue problem in (9) is written as[

O TT
1 Q

T
1WZ

ZTWTQ1T1 O

] [
a
b

]
= �

[
TT
1 Q

T
1Q1T1 O

O ZTWTWZ

] [
a
b

]
� (10)

Since QT
1Q1 = In1 , W

TW = Ink , and the matrix diag�T1� Z� is non singular, by Eq.
(10) we take [

O QT
1W

WTQ1 O

][
ã

b̃

]
= �

[
ã

b̃

]
�

where ã = T1a, b̃ = Zb. Thus,

QT
1W b̃ = �ã� WTQ1ã = �b̃�
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Geometry in Canonical Correlations 2267

and it is evident that ��� is singular value of QT
1W , since these relationships lead to

�QT
1WWTQ1�ã = ��QT

1W�b̃ = �2ã� �WTQ1Q
T
1W�b̃ = ��WTQ1�ã = �2b̃� �

Proposition 2.3. Let the matrices Hi and Hj commute for i� j = 1� 2� � � � � k− 1, and
�Xk = WZ, Xk = QkTk are their QR factorizations. If the non singular matrices Z and
Tk are related by ZTZ = TT

k Tk, the singular values of QT
1W are equal to the positive

canonical correlations ��1∗2∗···∗k�
h .

Proof. Since diag�XT
1 X1� X

T
k �

T�Xk� is non singular, by (9) we have[
O �XT

1 X1�
−1XT

1 �Xk

�XT
k �

T�Xk�
−1XT

k �
TX1 O

][
a
b

]
= �

[
a
b

]
�

i.e., the eigenvalues of problem (9) are computed by the equation

det

[
�In1 −�XT

1 X1�
−1XT

1 �Xk

−�XT
k �

T�Xk�
−1XT

k �
TX1 �Ink

]
= 0�

Hence, the non zero eigenvalues, as in Proposition 2.1, are given by

det
[
�2Ink − �XT

k �
T�Xk�

−1XT
k �

TH1�Xk

] = 0

or by

det
[
�2In − �Xk�X

T
k �

T�Xk�
−1XT

k �
TH1

] = 0�

The commutativity of symmetric matrices Hi and Hj implies that � = �T , and
�2 = � . Then, by Lemma 2.1 and the relationship ZT−1

k = Z−TTT
k we have:

det
[
�2In −H1�Hk� = det

[
�2In −H1�

2Hk

] = det
[
�2In − �Hk�H1

]
= det

[
�2In − �QkQ

T
k�H1

] = det
[
�2In − �QkTkT

−1
k QT

k�
TH1

]
= det

[
�2In − �XkZ

−1ZT−1
k QT

k�
TH1

]
= det

[
�2In −WZ−TTT

k Q
T
k�

TH1

]
= det

[
�2In −WWTH1

] = det
[
�2In −WWTQ1Q

T
1

]
= �2�n−n1� · det[�2In1 −QT

1WWTQ1

]
�

By the last equality and Propositions 2.1 and 2.2, it is implied that the non zero
singular values of QT

1W are equal to the positive real numbers ��1∗2∗···∗k�
h . �

Furthermore, we present a geometric approach for ��1∗2∗···∗k�
h . We remember that

if F and G are subspaces of �n, then the angle � ∈ �0� 
/2� between the subspaces
is defined by the relationship

cos � = max
u∈F�v∈G

u · v�
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2268 Adam and Maroulas

where u� v are unit vectors and · denotes the scalar product. Additionally, if
q = min	dimF� dimG� ≥ 1, the principal angles 0 ≤ �1 ≤ �2 ≤ · · · ≤ �q ≤ 


2 between
F and G are defined, as in Björck and Golub (1973), by

cos �1 = max
u∈F�v∈G

u · v = u1 · v1�
cos �2 = max

u∈F1�v∈G1

u · v = u2 · v2� where F1 = F ∩ �span	u1��
⊥�

G1 = G ∩ �span	v1��
⊥�

cos �3 = max
u∈F2�v∈G2

u · v = u3 · v3� where F2 = F ∩ �span	u1� u2��
⊥�

G2 = G ∩ �span	v1� v2��
⊥�

��� (11)

cos �q = max
u∈Fq−1�v∈Gq−1

u · v = uq · vq� where Fq−1 = F ∩ �span	u1� � � � � uq−1��
⊥�

Gq−1 = G ∩ �span	v1� � � � � vq−1��
⊥�

Proposition 2.4. Let the matrices Hi�Hj , for i� j = 1� 2� � � � � k− 1 commute and
ZTZ = TT

k Tk, where Z� Tk are the non singular matrices in the QR factorization of
matrices �Xk and Xk. The angle between the subspaces R�X1� and R��Xk� is equal to
min	arccos �p 
 �p principal angles� p = 1� � � � � �� and �+

h = 	cos �p 
 p = 1� � � � � ��.

Proof. By the QR factorizations of matrices X1 = Q1T1 and �Xk = WZ, it is
evident that R�X1� = R�Q1� and R��Xk� = R�W�. Moreover, by the singular value
decomposition of QT

1W we have

Y TQT
1WU = S�

where the n1 × nk matrix S has diagonal elements �1 ≥ �2 ≥ · · · ≥ ��, with
� = rank�QT

1W� ≤ min	n1� nk� and zeros elsewhere. We consider

Q1Y = �y1 � � � yn1 � WU = �z1 � � � znk �� (12)

The columns of these matrices are orthogonal basis of subspaces R�X1� and
R��Xk�, and it is implied that

R�X1� = R�Q1� = span	y1� � � � � yn1�� R��Xk� = R�W� = span	z1� � � � � znk��

By Theorem 1 in Björck and Golub (1973), it is implied that the singular values
of QT

1W are related by the principal angles 0 ≤ �1 ≤ �2 ≤ · · · ≤ �� <


2 , which are

given by the equalities

cos �p = �p�Q
T
1W� = yp · zp� p = 1� � � � � ��

with yp� zp in (12) and cos �1 ≥ cos �2 ≥ · · · ≥ cos ��.
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Geometry in Canonical Correlations 2269

Denoting, as in (11), cos �1 = maxy∈R�X1�z∈R��Xk�
y · z = y1 · z1, and for

s = 1� � � � � �− 1,

Fs = R�X1� ∩ �span	y1� � � � � ys��
⊥� Gs = R��Xk� ∩ �span	z1� � � � � zs��

⊥�

it is evident that �s+1 is the smallest angle between Fs and Gs, and by Proposition 2.3,
clearly the positive canonical correlations �+

h ≡ 	cos �1� � � � � cos ���. �

3. Special Cases

Now, we study in an analog way the canonical correlations of type (ii), ��1∗2∗···∗k � s�
h

with s �= 1� 2� � � � � k, and we denote

�s = H2�sH3�s · · ·Hk−1�s�

Proposition 3.1. The canonical correlations �
�1∗2∗···∗k � s�
h are eigenvalues of the

generalized eigenvalue problem[
O XT

1 Ps�sXk

XT
k PsX1 O

] [
a
b

]
= �

[
XT

1 PsX1 O

O XT
k PsXk

] [
a
b

]
� (13)

where Ps = I −Hs.

Proof. Let rank�XT
1 PsX1� = r1 ≤ n1, and XT

1 PsX1 = Y1Y2, where the factors Y1� Y2
are n1 × r1 and r1 × n1 matrices, with rank�Y1� = rank�Y2� = r1. Similarly, let
rank�XT

k PsXk� = rk ≤ nk and XT
k PsXk = �1�2, where �1� �2 are nk × rk and rk × nk

full rank matrices. Then, we have

D =
[
XT

1 PsX1 O

O XT
k PsXk

]
=

[
Y1 O

O �1

] [
Y2 O

O �2

]
= D1D2

and even D−
1 = diag�Y−

1 � �
−
1 �, and D−

2 = diag�Y−
2 � �

−
2 �, where

Y−
1 = �Y T

1 Y1�
−1Y T

1 � �−
1 = ��T

1 �1�
−1�T

1 � Y−
2 = Y T

2 �Y2Y
T
2 �

−1� �−
2 = �T

2 ��2�
T
2 �

−1�

Then, by (13) we have:[
O XT

1 Ps�sXk

XT
k PsX1 O

] [
a
b

]
= �

[
Y1 O

O �1

] [
Y2 O

O �2

] [
a
b

]
and consequently,[

O Y−
1 X

T
1 Ps�sXk

�−
1 X

T
k PsX1 O

] [
a
b

]
= �

[
Y2 O

O �2

] [
a
b

]
� (14)

Setting [
Y2 O

O �2

] [
a
b

]
=

[
â

b̂

]
�⇒

[
a
b

]
=

[
Y−
2 O

O �−
2

][
â

b̂

]
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2270 Adam and Maroulas

i.e., a = Y−
2 â, and b = �−

2 b̂. Hence, Eq. (14) is written

[
O Y−

1 X
T
1 Ps�sXk�

−
2

�−
1 X

T
k PsX1Y

−
2 O

][
â

b̂

]
= �

[
â

b̂

]

⇒
[

�Ir1 −Y−
1 X

T
1 Ps�sXk�

−
2

−�−
1 X

T
k PsX1Y

−
2 �Irk

][
â

b̂

]
=

[
0
0

]
� (15)

Since Y−
2 Y

−
1 and �−

2 �
−
1 are the Moore Penrose generalized inverses of Y1Y2 and

�1�2, clearly Y−
2 Y

−
1 = �Y1Y2�

−, and �−
2 �

−
1 = ��1�2�

−. Hence, we have

det

[
�Ir1 −Y−

1 X
T
1 Ps�sXk�

−
2

−�−
1 X

T
k PsX1Y

−
2 �Irk

]
= �r1−rk · det[�2Irk −�−

1 X
T
k PsX1Y

−
2 Y

−
1 X

T
1 Ps�sXk�

−
2

]
= �r1−rk · det[�2Irk −�−

1 X
T
k PsX1 �Y1Y2�

−XT
1 Ps�sXk�

−
2

]
= �r1−rk · det[�2Irk −�−

1 X
T
k PsX1�X

T
1 PsX1�

−XT
1 Ps�sXk�

−
2

]
= �r1−rk�2�rk−nk� · det[�2Ink − XT

k PsX1�X
T
1 PsX1�

−XT
1 Ps�sXk�

−
2 �

−
1

]
= �r1+rk−2nk · det[�2Ink − XT

k PsX1�X
T
1 PsX1�

−XT
1 Ps�sXk��1�2�

−]
= �r1+rk−2nk · det[�2Ink − XT

k PsX1�X
T
1 PsX1�

−XT
1 Ps�sXk�X

T
k PsXk�

−]
= �r1+rk−2nk · det[�2Ink − �XT

k PsXk�
−XT

k PsX1�X
T
1 PsX1�

−XT
1 Ps�sXk

]
�

Clearly, the non zero eigenvalues of the eigenvalue problem (15) are roots of the
equation

det
[
�2Ink − �XT

k PsXk�
−XT

k PsX1�X
T
1 PsX1�

−XT
1 Ps�sXk

]
= det

[
�2Ink − �XT

k PsXk�
−XT

k Ps PsX1�X
T
1 PsX1�

−XT
1 Ps︸ ︷︷ ︸�sPsXk�

= det
[
��2 Ink − �XT

k PsXk�
−XT

k PsH1�s�sPsXk

] = 0�

Thus by (5) and

det
[
�2In −H1�s�sHk�s

] = det
[
�2In −H1�s�s�PsXk��X

T
k PsXk�

−XT
k Ps

]
= �2�n−nk� · det[�2 Ink − �XT

k PsXk�
−XT

k PsH1�s�sPsXk

]
�

it is implied that the canonical correlations �
�1∗2∗···∗k�s�
h are identified by the

eigenvalues of the generalized eigenvalue problem (13). �

Similarly, if rank�XT
k PsXk� = rk ≤ nk, there exist full rank matrices Z1 and Z2

such that XT
k PsXk = Z1Z2, and by (6) using X1 = Q1T1, the following is proved.
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Corollary 3.1. The canonical correlations �
�1∗2∗···∗k�s�
h of the type (iii) are eigenvalues

of the generalized eigenvalue problem[
O XT

1 �PsXk

XT
k PsX1 O

] [
a
b

]
= �

[
XT

1 X1 O

O XT
k PsXk

] [
a
b

]
� (16)

where Ps = I −Hs and � = H2H3 � � � Hk−1.

If rank�PsXi� = ni, i �= s� i = 1� 2� � � � � k, we consider the QR factorization of
matrices PsXi, and let

PsXi = Q̃iT̃i (17)

with Q̃i being n× ni orthogonal matrices �Q̃T
i Q̃i = Ini �, T̃i be ni × ni non singularing

upper triangular matrices, and Ps = I −Hs. Since P
T
s = Ps = P2

s , by (3), and (17) we
have

Hi�s = PsXi�X
T
i P

T
s PsXi�

−1�PsXi�
T = Q̃iT̃i�T̃

T
i Q̃

T
i Q̃iT̃i�

−1T̃ T
i Q̃

T
i

i.e.,

Hi�s = Q̃iQ̃
T
i � i �= s� (18)

Analogous conclusions of Propositions 2.2 and 2.3, connecting the singular values
of a matrix with the canonical correlations of types (ii), (iii), we present in the
following.

Proposition 3.2. Let �sXk be full rank matrix, then

(a) The absolute values of non zero eigenvalues of the generalized eigenvalue problem[
O XT

1 �sXk

XT
k �

T
s X1 O

] [
a
b

]
= �

[
XT

1 PsX1 O

O XT
k �

T
s �sXk

] [
a
b

]
(19)

are singular values of matrix Q̃T
1 W̃ , where Q̃1 is the n× n1 orthogonal matrix in

(17), and W̃ is defined by the QR factorization of �sXk = W̃ Z̃� �s �= 1� k�.
(b) Let the matrices Hi�sHj�s = Hj�sHi�s, for i� j = 1� 2� � � � � k− 1, s �= i� j� k and

Z̃T Z̃ = T̃ T
k T̃k, where T̃k has presented in (17). The singular values of Q̃T

1 W̃ are
equal to the canonical correlations ��1∗2∗···∗k � s�

h of type (ii).

Proof. (a) By Hj�sPs = PsHj�s = Hj�s, for j = 1� 2� � � � � k− 1, it is evident that
PT
s �sPs = �s, and Eq. (19) may be written as[

O XT
1 P

T
s �sPsXk

XT
k P

T
s �

T
s PsX1 O

] [
a
b

]
= �

[
XT

1 P
T
s PsX1 O

O XT
k P

T
s �

T
s �sPsXk

] [
a
b

]
� (20)

Applying the QR factorization to matrices �sXk = �sPsXk = W̃ Z̃ and PsX1 = Q̃1T̃1,
and following the same statements as in the proof of Proposition 2.2, we conclude
that the absolute values of the non zero eigenvalues of problem (19) are also singular
values of Q̃T

1 W̃ .
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(b) Moreover, the eigenvalues of problem (20) are given by the equation

det

[
�In1 −�XT

1 P
T
s PsX1�

−1XT
1 P

T
s �sPsXk

−�XT
k P

T
s �

T
s �sPsXk�

−1XT
k P

T
s �

T
s PsX1 �Ink

]
= 0

and then the non zero eigenvalues are computed by

0 = det
[
�2Ink − �XT

k P
T
s �

T
s �sPsXk�

−1XT
k P

T
s �

T
s PsX1�X

T
1 P

T
s PsX1�

−1XT
1 P

T
s �sPsXk

]
= det

[
�2Ink − �XT

k P
T
s �

T
s �sPsXk�

−1XT
k P

T
s �

T
s H1�s�sPsXk

]
or by

det
[
�2In −H1�s�sPsXk�X

T
k P

T
s �

T
s �sPsXk�

−1XT
k P

T
s �

T
s

] = 0�

Using �sPsXk = W̃ Z̃, the last equation leads to det��2In −H1�sW̃ W̃ T � = 0. On the
other hand for W̃ = �sPsXkZ̃

−1, Z̃−1Z̃−T = T̃−1
k T̃−T

k , and PsXk = Q̃kT̃k we have

0 = det
[
�2In −H1�sW̃ W̃ T

]
= det

[
�2In −H1�s�sPsXkZ̃

−1Z̃−TXT
k P

T
s �

T
s

]
= det

[
�2In −H1�s�sPsXkT̃

−1
k T̃−T

k XT
k P

T
s �

T
s

]
= det

[
�2In −H1�s�sQkQ

T
k�

T
s

]
= det

[
�2In − �T

s H1�s�sQkQ
T
k

]
�

Equations (5), (18), and the commutativity of the matrices Hj�s complete the proof
of the statement (b). �

In the next corollary recalling � = H2H3 � � � Hk−1, we study the relationship of
canonical correlations of type (iii) with the singular values of suitable matrix.

Corollary 3.2. If the matrix �PsXk has full rank, then

(a) The absolute values of nonzero eigenvalues of the generalized eigenvalue problem[
O XT

1 �PsXk

XT
k Ps�

TX1 O

] [
a
b

]
= �

[
XT

1 X1 O

O XT
k Ps�

T�PsXk

] [
a
b

]
(21)

are singular values of the matrix QT
1� , where Q1 is n× n1 orthogonal matrix in

(6), and �PsXk = ��, with � is n× nk orthogonal matrix and � is nk × nk non
singular matrix, �s �= k�.

(b) Let the matrices HiHj = HjHi, for every i� j = 1� 2� � � � � k− 1, and �T� = T̃ T
k T̃k,

where PsXk = Q̃kT̃k as in (17). The singular values of QT
1� are equal to the

canonical correlations ��1∗2∗···∗k�s�
h .

Similarly, by the proof of Proposition 2.4 we conclude the next corollaries.
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Corollary 3.3. Let Hi�sHj�s = Hj�sHi�s, for i� j = 1� 2� � � � � k− 1, s �= i� j� k, and
Z̃T Z̃ = T̃ T

k T̃k, where Z̃, T̃k are the non singular matrices in the QR factorizations of
matrices �sXk, and PsXk, respectively. The angle between the subspaces R�PsX1� and
R��sXk� is equal to arccos���1∗2∗···∗k � s�

h �.

Proof. By (17), and �sXk = �sPsXk = W̃ Z̃, it is evident that R�PsX1� = R�Q̃1�,
and R��sXk� = R�W̃�. Hence, by Proposition 3.2, and in the same process as in
Proposition 2.4, we obtain the result. �

Corollary 3.4. Let HiHj = HjHi, for i� j = 1� 2� � � � � k− 1, and �T� = T̃ T
k T̃k, where

�, T̃k are the non singular matrices in the QR factorizations of matrices PsXk = Q̃kT̃k,
s �= k, as in (17), and �PsXk = ��, with � is n× nk orthogonal matrix. The angle
between the subspaces R�X1� and R��PsXk� is equal to arccos���1∗2∗···∗k�s�

h �.

Proof. By the equations X1 = Q1T1 as in (6), and �PsXk = ��, it is obvious that
R�X1� = R�Q1�, and R��PsXk� = R�� �. Thus, by Corollary 3.2 and in the same way
as in Proposition 2.4, we obtain the result. �
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