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Multivariate Analysis

Geometry in Canonical Correlations

MARIA ADAM AND JOHN MAROULAS

Department of Mathematics, National Technical University,
Athens, Greece

In this article, a useful proposition relating the canonical correlations in multi-way
layout to the singular values of a specific matrix is proved and also a geometrical
explanation of canonical correlations as an angle between subspaces is given.

Keywords Canonical correlation; Projectors.

Mathematics Subject Classification 62H20; 15A18.

1. Introduction

This article continues our search of canonical correlations in multi-way layout,
where some results have been published in Adam and Maroulas (2004). Our
approach is to give a geometrical interpretation of canonical correlations of
k-factors in a set of observations, by generalizing the results in Styan (1986) for
two- and three-way layout. As we have noted in Adam and Maroulas (2004), the
statistical model is written as

E(y) = X\b; + Xob, + - + X; by,

where y is a n x 1 vector of all the observations, the vectors b, (i=1,2,...,k)
consist of the effects (row, column, treatment, etc.), and X; are n x n; design matrices
identifying the correspondence between the elements of y and b, of the k-way layout.
Following, we consider as in Adam and Maroulas (2004) the types of canonical
correlations:

(i) p!"*** between X7y, Xy, ..., and X7y, (k factors total)
(i) p,(ql*z*“‘*k“) between X'lTPsy, XI'Py,..., and X!Py, with s#1,2,...,k
(several factors each adjusted for the sth factor)
(iii) pil*z*‘.”*k”s) .between Xy, XTy,...., Xy and X[Py, with s#1,2,... .,k
(partial adjusted for the factor s)
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where in (ii) and (iii) the matrix P, is an orthogonal projection matrix onto the
null space of X”. The sign * corresponds to the partition of n x (n; + -+ ny)
design matrix X in block submatrices, and A =1, ..., m. The upper limit m of
the index A denotes the number of positive canonical correlations and we write
h = 0, when the associated vectors are uncorrelated. In Styan (1983), the inequalities
0<p,<---<p <1 are presented and the relationships among the numbers
u, t, m have been referred, where u denotes the number of canonical correlations
of unit value, ¢ is the number of positive canonical correlations less than 1, and
m = u + t is equal to the number of positive canonical correlations.

In this article, we calculate the canonical correlations (i)—(iii) in k-way layout via
the singular values of a suitable matrix depending on X,, X,, ..., X, and also it is
proved that any type of canonical correlations is equal to the cosine of the minimum
principal angle between suitable subspaces, where the columns of X, are involved.

2. Results

Let X = [X, ... X,] be the design matrix for the k-way layout, where the submatrices
X, (i=1,...,k) are of dimensions n x n;, with n > n; + - -- + n,. Without loss of
generality we assume that rank(X;) = dim R(X;) = n;, where R(X;) stands for the
range of X, (i.e., the subspace spanned by the columns of X;). Furthermore, we
remind that

H =X,X"X)"'x', (i=1,2,...,k 1

is an n x n orthogonal projector onto R(X;), assuming that det(X/X;) > 0. A more
general form of this projector is

H, = XiXi_ (2)

where the superscript “—” is referred to a least squares generalized inverse, in the

sense that XX X = X and X~ XX~ = X, (see Lancaster and Tismenetsky, 1984,

p. 430). If rank(X,) < n;, clearly in (1) the (X7 X,;)~! has to be (X X,)".
Furthermore, we denote

H,=PX,(X]PX)) X/P, s#j (3)

. 1S a symmetric,
idempotent projector matrix. If P X; has full column rank, then (X]P,X;)~ has to
be (XTP.X;)"".

Denoting by ch,(-) the hth largest real eigenvalue, in two-way layout, it is
known in Khatri (1976) and Bérubé et al. (1993) that the canonical correlation is
given by

the orthogonal projection onto R(PX;), where P,=1-H

Pg*j) = Ch}z/z (HiHj)'

In multi-way layout the canonical correlation of type (i) and (ii) have been defined
in Adam and Maroulas (2004) as

P = chy/*(H,H, ... Hy) @)
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and
p ) = e (Hy Hy . Hy)- (5)
If we apply the QR factorization to matrices X, X5, ..., X, we have:
X, =0QT; (6)

where Q, are n x n; orthogonal matrices (QiTQl-zln‘_), and 7, are n; X n; non

singular upper triangular matrices, i = 1,2, ..., k. Clearly, the n; columns of Q,
form an orthonormal basis for R(X;).
Lemma 2.1. The orthogonal projector H; in (1) or (2). is equal to
H; = QiQiT : (7)
Proof. By the QR factorization of matrix X; in (6), the H, is written in the form
H; = Xi(XiTXi)ilxiT = QiTi(TiTQiTQiTi)ilTiTQiT
= QT N(T) T/ Q] = 0,07
O

Bjorck and Golub have proved that the canonical correlations of type (i), only
for two-way layout, are connected by the eigenvalues of an eigenvalue problem.
Generalizing this result, we say the following.

Proposition 2.1. Let # = H,H, ... H,_,. The eigenvalues of the generalized eigenvalue

problem
0 X/#X[a _ 3 XI'x, O 7fa ®)
X'x, o b| "L 0o XI'x./|b

. . 142%--xk
are equal to the canonical correlations pz ),

Proof. Since diag(XTX,, X' X,) is non singular, Eq. (8) is equivalent to
X &y A Ky g q q

5 e 5 -4

M, —(XTX)"'Xx{7Xx,[a] [0
—(XIX)'XT'X, A b| |0]

Ny

and then

Moreover, we have,
j'In _(XITXI)_IXIT%Xk
det v sl uT
_(Xk Xk) Xk Xl )“Ink
= det(A1, ) - det[Al, — A7"(X{X) "' XX, (X X))"' X[ 7#X,]
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=" det[ 1, — (X7 X)X X (XTX) T XX,
=" det[ L, — (X[ X)) XTH\ X, ]
i.e., the non zero eigenvalues of the eigenvalue problem (8) are roots of the equation
det[ %1, — (X[ X,)"'X[H,#X,] =0.

On the other hand, using the relationship det(4l, — AB) = A"~ - det(4I,, — BA) for
the n x m matrix A and the m x n matrix B, we obtain

det(2’I, — Hi#H,) = det[2*I, — H, %X, (X{ X,) "' X[ |
= 2207w det[ 221, — (X[ X,) "' X{H,#X,] = 0.

Clearly by (4), the canonical correlations p!'***** are identified by the eigenvalues

of the generalized eigenvalue problem (8). O

Using the simplified symbol p, for the p{"****_ the p; denotes the positive
canonical correlations and by Proposition 2.1, for k-way layout we have

oy = {A:det(X’I — H#H,) =0} NR*.

The quantities 1 — p; are called canonical efficiency factors (see James and
Wilkinson, 1971).

Proposition 2.2. Let rank(#X,) = n,, and let #X, = WZ be its QR factorization. The
absolute values of non zero eigenvalues of the generalized eigenvalue problem

o XT#x,a X7 x, o a ©)
= A
XT#H"X, 0 b O X[#"#X.]|b

are identified by the singular values of n, x n, matrix Q] W.

Proof. Using the QR factorizations of matrices X,, and #X,, the generalized
eigenvalue problem in (9) is written as

0 rfoiwz]a] _  [TlefaT, 0 a 10
|:ZTWTQ1T1 0 Hb}_‘[ 0 ZTWTWZ]M' (19)

Since 0] 0, = I1,, W'W =1, , and the matrix diag(T,, Z) is non singular, by Eq.

(10) we take
0 Qfw]|a _ a
[WTQl 0 } b| "|b|’

where a = T)a, b = Zb. Thus,

O'Wb =ja, W'Q,a=b,
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and it is evident that || is singular value of Q7 W, since these relationships lead to
(QIWW'Q)a = 4(Q{Wb =24, (W'QQ[Wb=iW'Q)a=/.b. O

Proposition 2.3. Let the matrices H; and H; commute fori,j=1,2,...,k—1, and
#HX, = WZ, X, = Q,T, are their QR factorizations. If the non singular matrices Z and
T, are related by Z"Z = T['T,, the singular values of Q] W are equal to the positive
canonical correlations p(l*z* ),

Proof. Since diag(X] X,, X! #"#X,) is non singular, by (9) we have

0 (XTX)"'XT#X, | Ta _,[2
XTHTHX,) ' XTHT X, 0 b| " |b]’

i.e., the eigenvalues of problem (9) are computed by the equation

q M, —(XTXxX)'XT7X,
—(XIHTH X)X HTX, Al

n

Hence, the non zero eigenvalues, as in Proposition 2.1, are given by
det[1, — (X[#"#X) "' X[ #"H#X,] =0

or by
det[ 1’1, — #X, (X[ #"#X,) "' X{#"H,] = 0.

The commutativity of symmetric matrices H; and H; implies that # = #T, and

#* = #. Then, by Lemma 2.1 and the relationship Z7,! = Z~"T] we have:

det[’I, — Hi#H,] = det[A’], — H{#*H,| = det[2’], — #H,7#H, ]|
= det[A’], — #Q, Q[ #H,| = det[’], — #Q, T, T, ' Of #"H, ]
= det[2’l, — #X,Z7'ZT ' Q[ #" H, ]

21, —Wz T o[ #" H|]

= det[2’1, — WW'H, | = det[2°I, - WW" Q,0]]

= 207 det[ 221, — QT WW'Q,].

= det[
[

By the last equality and Propositions 2.1 and 2.2, it is implied that the non zero
singular values of Q] W are equal to the positive real numbers p(l*z* ), |

Furthermore, we present a geometric approach for pil*z*“'*k). We remember that
if F and G are subspaces of R”, then the angle 0 € [0, n/2] between the subspaces
is defined by the relationship

cos = max u-v,
uefF,veG
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where u,v are unit vectors and - denotes the scalar product. Additionally, if
q = min{dim F, dim G} > 1, the principal angles 0 < 0, <0, < --- < 0, < 5 between
F and G are defined, as in Bjorck and Golub (1973), by

cosf = max u-v=u, - vy,
ueF,veG
cosf = max u-v=u,-v,, where F, =F N[span{u,}]*,
uek|,veG
G, = G N [span{v,}]*,
cosf; = max u-v=u,-v;, where F,=FN[span{u;,u,}]",
uek,,veG,
G, = G N [span{v,, v},
(11)
cosf = max wu-v=wu,-v,, where F_,=FnN up,...,u L
q ueF, 1 veG, q q gq—1 [span{ 1 qfl}]
G, =GN [span{v,,....v, }]".
Proposition 2.4. Let the matrices H,, H,, for i,j=1,2,...,k—1 commute and

Z'Z = T[T, where Z,T, are the non singular matrices in the QR factorization of
matrices # X, and X,. The angle between the subspaces R(X,) and R(#X,) is equal to
min{arccos 0, : 0, principal angles, p =1, ..., £} and p; ={cos0,:p=1,...,¢}.

Proof. By the QR factorizations of matrices X; = Q,7, and #X, = WZ, it is

evident that R(X,) = R(Q,) and R(¥X,) = R(W). Moreover, by the singular value
decomposition of Q] W we have

YO WU =S,

where the n; x n, matrix S has diagonal elements ¢, >0, >--- > g,, with
¢ = rank(QTW) < min{n,, n,} and zeros elsewhere. We consider

QIY = [yl . 'Yn]] WU = [Zl . 'znk]' (12)

The columns of these matrices are orthogonal basis of subspaces R(X,) and
R(#X,), and it is implied that

R(Xl) = R(Ql) = Span{Yl’ ce ynl}’ R(%Xk) = R(W) = Span{zl’ AR an}'
By Theorem 1 in Bjorck and Golub (1973), it is implied that the singular values

of QW are related by the principal angles 0 <6, <0, <.-- <0, < 5, which are
given by the equalities

cosl,=0,(0{W)=y,-z,, p=1,....¢

with y,, z, in (12) and cos 0, > cos0, > --- > cos0,.
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Denoting, as in (11), cos0, = maxypx,eraex,) Y 2=V, %, and for
s=1,...,¢4—1,

F,=R(X)) N [span{y,.....¥y}I". G,=R(#X,) N [spaniz, ....2}]",

it is evident that 0, is the smallest angle between F, and G, and by Proposition 2.3,
clearly the positive canonical correlations p; = {cos0,, ..., cos0,}. O

3. Special Cases

Now, we study in an analog way the canonical correlations of type (ii), p{ !9

with s # 1, 2, ..., k, and we denote

%s = H2|SH3\A' e Hk71|s'

Proposition 3.1. The canonical correlations pﬁll*z*m*k‘s) are eigenvalues of the
generalized eigenvalue problem
o x/pax][a]_ [XIPX, 0 ][a 03)
XI'P.X, o b| "L o X'rx.l[b]’

where P, =1 — H._.
Proof. Let rank(X! P, X,) =r, <n,, and X] P, X, = Y,Y,, where the factors Y,, Y,
are n; x r; and r; x n; matrices, with rank(Y;) = rank(Y,) = r,. Similarly, let

rank(X! P,X,) = r, < n, and X/ P.X, = V,'V,, where V¥,, ¥, are n, x r, and r, x n,
full rank matrices. Then, we have

b xX'px, 0 1 _[n O nool_, o,
L o x'ex, | |o w||lo w| '

and even D = diag(Y;, ¥y), and D; = diag(Y, , ¥, ), where
Yo =)7L W= (W)Y, Y = ()T = (hY) T

Then, by (13) we have:

0] X{P# X [a] _.[Y, O[Y, O7[a
XIP X, %) b| = o v]lo w]|b

and consequently,

0 Yy XTP# X, | [a _, [ o] (14)
Vo X!PX, o b| "o v ||b]|’

HHINEHENE I

Setting



Downloaded By: [HEAL-Link Consortium] At: 10:58 14 July 2008

2270 Adam and Maroulas

ie,a=Y,a and b= \Ifz’f). Hence, Eq. (14) is written

0 YfX{PX%TXk'\I’E a =
VX P XYy 0 b| ™

Al Y XI'P# X, vy |a 0
= - Trl - 1 15 s%%sk 12 | = ) (15)
—W-XTPX,Y; A b| o

T

= &

Since Y; Y, and W, W, are the Moore Penrose generalized inverses of Y,Y, and
W, clearly Y Y, = (Y,Y,)", and Wy ¥, = (W, V¥,)". Hence, we have

det [ A, —Y; XTP7,X, \Ifz‘:|
—WXI'PX, Yy A,
=7 det[ A1, — W X[ PX, Yy Y] X[ P X, Vs |
=" det[ A1, — VX[ PX, (Y,Y,) X[ P# X, V5 |
=" det[ A1, — YT X[ PX (X[ PX))" X P X, V; |
= TR0 det[ 2], — X[ PX (X PX))” X] P X, V5 V|
= e det[ 221, — X[ PX,(X]P.X,)” X[ P X, (W, ¥,) |
= e det[ 2, — X[ PX,(X]P.X,)” X[ P# X (X{P.X,)"]
= e det[ 221, — (X[ P.X,)” X[ P.X\(X{ P.X,)” X{ P 7 X,].

Clearly, the non zero eigenvalues of the eigenvalue problem (15) are roots of the
equation

det[izlnk - (XkTPst)_XkTPSXI (XITPsXI)_XlTPs%st]
= det[)”zlnk - (X/ZWPYXk)i‘XIZis PXXI (XlTPle)i‘XITPc %YPSX](]

= det[(2’ 1, — (X{ P,X,)” X[ P.H, % P.X;] = 0.
Thus by (5) and

det[izln - Hl\s%er\x] = det[/lzln - Hl\Y%T(Pyxk)(XkTPer)iXkTP;]

=2 L det[ 1, — (X[ P X,)” X{ P,H,,#,P.X,],
it is implied that the canonical correlations pzl*z*”*kls) are identified by the
eigenvalues of the generalized eigenvalue problem (13). O

Similarly, if rank(X]P,X,) = r, < n,, there exist full rank matrices Z, and Z,
such that X/ P X, = Z,Z,, and by (6) using X, = Q, T, the following is proved.



Downloaded By: [HEAL-Link Consortium] At: 10:58 14 July 2008

Geometry in Canonical Correlations 2271

(12%--5k || 5)

Corollary 3.1. The canonical correlations p, of the type (iii) are eigenvalues
of the generalized eigenvalue problem
0] X{#PX|[a] _ ; X7 X, 0 a (16)
XIP.X, o b| o XxirX.|bl’

where P,=1—H and # = H)H;... H,_,.

If rank(PX,)=n,, i #s,i=1,2,...,k, we consider the QR factorization of
matrices P X, and let

Pin = éli (17)

with é,- being n x n; orthogonal matrices (éf@i =1,), Tl be n; x n; non singularing
upper triangular matrices, and P, = I — H,. Since P = P, = P?, by (3), and (17) we
have

~

Hi|s = Pin(XiTPSTPin)i](Pin)T = Q’ﬁ(’iTQT@li)ilierT
1.e.,
Hi\s = éiéiT’ i #s. (18)

Analogous conclusions of Propositions 2.2 and 2.3, connecting the singular values
of a matrix with the canonical correlations of types (ii), (iii), we present in the
following.

Proposition 3.2. Let # X, be full rank matrix, then

(a) The absolute values of non zero eigenvalues of the generalized eigenvalue problem

o X'#x[a] .[x'PX, 0 a 19
=4
X'#'X, O b o  X'#'#X,||b

are singular values of matrix QITW, where él is the n X n; orthogonal matrix in
(17), and W is defined by the QR factorization of # X, = WZ, (s # 1, k).

(b) Let the~m~atrices HyHy = Hy Hy, for i,j=1,2,...,k—1, s# i, J, li, and
Z"Z = T!'T,, where T, has presented in (17). The singular values of QTW are

equal to the canonical correlations pﬁ}*Q*'“*""" of type (ii).

Proof. (a) By H;P,=PH; =H;, for j=1,2,...,k—1, it is evident that
PI# P, = #,, and Eq. (19) may be written as

o XTPT# P.X,[a _ XTPTP.X, o a (20)
X PTHTP X, o b| " o X PTHT#H PX,||b]"

Applying the QR factorization to matrices #,X, = #,P,X, = WZ and P, X, = 0T,
and following the same statements as in the proof of Proposition 2.2, we conclude
that the absolute values of the non zero eigenvalues of problem (19) are also singular
values of QTW.
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(b) Moreover, the eigenvalues of problem (20) are given by the equation

n

ng

4 [ il —(XTPTP.X\)"'XTPT% P, Xk]
(

and then the non zero eigenvalues are computed by
0 = det[2°1, — (X[ PI# % P.X,) " X[ PI#] P.X,(X] P] P.X\)"' X] P[P X/]
= det[/lzln/‘ - (XkTPvT%VT%sPst)_IXkTPYT%sTH]|s%sPst]
or by
det[/lz]n - Hl\.s%APAXI{(XkTPcT%cT%APan)_IXkTPYT%YT] =0.

Using #,P,X, = WZ, the last equatlon leads to det[4*I, — H”XWWT] =0. On the
other hand for W = #,P,X,Z~", Z'Z"" = T,'T, 7, and P,X, = 0,7, we have

S
Il
[oN
[}
—+
~
LS}
~
|
=
=
=
=
N
e

= det[/*1, — H, #,PX, 2\ Z "X PT#"]

= det /12171 - Hl\s%stQz%Z]

[
[
= det[/*1, — H, #,PX, T\ T "X PT#T]
[
[#°1, — #] Hy 7.0, 0(]-

Equations (5), (18), and the commutativity of the matrices H;, complete the proof
of the statement (b). d

In the next corollary recalling # = H,H; ... H,_,, we study the relationship of
canonical correlations of type (iii) with the singular values of suitable matrix.

Corollary 3.2. If the matrix 7 P, X, has full rank, then

(a) The absolute values of nonzero eigenvalues of the generalized eigenvalue problem

o XT#pP X, a _ XTx, o a 1)
X[ PHTX, o b O X'PH"#PX,||b

are singular values of the matrix Q] W, where Q| is n X n, orthogonal matrix in
(6), and #P.X, = WZ, with “W is n X n, orthogonal matrix and Z is n, X n, non
singular matrix, (s # k).

(b) Let the matrices HH; = H;H, for every i,j=1,2,...,k—1, and Z"% = TI'T,
where P.X, = Qka as in (17) The singular values of Q7 W are equal to the
canonical correlations p(l*z* ),

Similarly, by the proof of Proposition 2.4 we conclude the next corollaries.
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Corollary 3.3. Let H,H; = H;H;, for i,j=12,....k—1, s#ijk and
7'7 = TTTk, where Z, Tk are the non singular matrices in the QR factorizations of
matrices #,X,, and P.X,, respectively. The angle between the subspaces R(P,X,) and
R(# X)) is equal to arccos(p(l*z* 19y,

Proof. By (17), and # X, = # P X = WZ, it is evident that R(P, X)) _R(Q)
and R(#,X,) = R(W). Hence, by Proposmon 3.2, and in the same process as in
Proposition 2.4, we obtain the result. O

Corollary 3.4. Let HH; = H;H,, for i,j=1,2,. — 1, and ZTZ = TTTk, where

Z, Tk are the non szngular matrices in the QR factorzzatzons of matrices P, X, = Qka,
s #k, as in (17), and P, X, = WZ, with W is n x n, orthogonal matrix. The angle
between the subspaces R(X,) and R(#P,X,) is equal to arccos(p| > *19).

Proof. By the equations X, = Q,7, as in (6), and #P X, = W%, it is obvious that
R(X,) = R(Q,), and R(#P,X,) = R(W). Thus, by Corollary 3.2 and in the same way
as in Proposition 2.4, we obtain the result. O
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