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For an n � n normal matrix A, whose numerical range NR[A] is a k-polygon (k 6 n), an
n � (k � 1) isometry matrix P is constructed by a unit vector t 2 Cn, and NR[P*AP] is
inscribed to NR[A]. In this paper, using the notations of NR[P*AP] and some properties from
projective geometry, an n � n diagonal matrix B and an n � (k � 2) isometry matrix Q are
proposed such that NR[P*AP] and NR[Q*BQ] have as common support lines the edges of
the k-polygon and share the same boundary points with the polygon. It is proved that
the boundary of NR[P*AP] is a differentiable curve and the boundary of the numerical range
of a 3 � 3 matrix P*AP is an ellipse, when the polygon is a quadrilateral.

� 2010 Elsevier Inc. All rights reserved.
1. Notation and preliminaries

We begin by settling on the notation to be used. LetMn denote the algebra of all n � n complex matrices, and let A 2 Mn.
The numerical range of A, also known as the field of values [11], is the set
NR½A� ¼ fx�Ax 2 C : x 2 Cn with x�x ¼ 1g:
For a review of this topic see [13] and the well-known books [10,11] on the numerical range and matrix analysis, especially
the applications, that are related to the numerical solution of a partial differential equation or the stability of an equilibrium
in a dynamical system governed by a system of differential equations. Let us briefly recall the basic properties of NR[A], (see
[11, Chapter 1]). NR[A] is a nonempty compact and convex subset of C, that contains the spectrum r(A) of A. When A is a real
matrix, then NR[A] is symmetric with respect to the real axis. The numerical range of a 2 � 2 matrix A is a closed elliptical
disk, whose boundary is an ellipse with foci at its eigenvalues k1, k2 of A, and center at trA/2; the length of major axis is equal
to (tr(A*A) + 2jdetAj)1/2 and of the minor axis (tr(A*A) � jk1j2 � jk2j2)1/2, [11, p. 23]. When A is expressed as direct sum of
matrices A = A1 � A2 � � � � � A‘, then NR[A] = Co{NR[A1] [ NR[A2] [ � � � [ NR[A‘]}, where Co{X} denotes the convex hull of a
set X. We write A = HA + iSA, where
HA ¼
Aþ A�

2
and SA ¼

A� A�

2i
are the Hermitian matrices with the real and imaginary part of A, respectively. A is Hermitian matrix if and only if NR½A� � R,
and if A is normal, then NR[A] = Co{r(A)}. Also, a point k 2 r(A) is a normal eigenvalue of A, if it belongs to the boundary @NR[A]
of the numerical range; namely, there exists a unitary matrix U 2 Mn such that A is unitarily similar to U*AU = kIm � B, where
m is the algebraic multiplicity of k and k R r(B), [11, Theorem 1.6.6]. The numerical range is invariant under unitary simi-
larity; that is, NR[A] = NR[U*AU], where U 2Mn is a unitary matrix.
. All rights reserved.
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Given two matrices A 2 Mn and C 2 Mk,with 1 6 k < n, the matrix C is said to be a k � compression of A, if there exists an
n � k orthonormal matrix P satisfying
P�P ¼ Ik and C ¼ P�AP:
Sometimes in literature, the matrix P is called an isometry and P*A P is called an isometric projection of A. For the numerical
range of a k-compression of A holds
NR½C� ¼ NR½P�AP�# NR½A�: ð1Þ
The numerical range of compressions of normal matrices have attracted attention and several results have been published
in [1–4,8,9]. The inclusion relation in (1) has been presented in details in [1,2], where the investigation leads to a structure of
P such that the boundaries of the numerical ranges NR[P*AP] and NR[A] have common points.

To explain, let a normal matrix A 2 Mn and the convex k-polygon
P ¼ hk1; k2; . . . ; kki ¼ CofrðAÞg ¼ NR½A�;
where the eigenvalues ki, i = 1,2, . . . ,k, are distinct corresponding to the vertices of P, and let {x1,x2, . . . ,xk} be an orthonormal
system of eigenvectors of A corresponding to k1,k2, . . . ,kk, respectively and Wx = span {x1,x2, . . . ,xk}. For every unit vector
t ¼
Xk

i¼1

tixi 2Wx; ti 2 C n f0g; i ¼ 1;2; . . . ; k; ð2Þ
the point t*At lies inside the polygon P. In the following, the inner product between two vectors is denoted by 	 and the
orthogonal complement of span{t} with respect to the subspace Wx by E?Wx

ðtÞ. Since for the vector g ¼ g1x1 þ � � � þ gkxk 2
E?Wx
ðtÞ holds g 	 t ¼

Pk
i¼1�tigi ¼ 0, for any index 1 6 j 6 k, we may write
g ¼ g1 x1 �
�t1

�tj
xj

� �
þ g2 x2 �

�t2

�tj
xj

� �
þ � � � þ gk xk �

�tk

�tj
xj

� �
:

Therefore, orthonormalizing the vectors
b1 ¼ x1 �
�t1

�tj
xj; . . . ; bj�1 ¼ xj�1 �

�tj�1

�tj
xj; bj ¼ xjþ1 �

�tjþ1

�tj
xj; . . . ; bk�1 ¼ xk �

�tk

�tj
xj;
we may construct a basis {w1,w2, . . . ,wk�1} of E?Wx
ðtÞ, which in turn defines the isometry n � (k � 1) matrix
P ¼ ½w1 w2 � � � wk�1 �; ð3Þ
and the corresponding (k � 1)-compression of A, C = P*A P. It is evident that
NR½C� ¼ ðPwÞ�AðPwÞ : w 2 Ck�1;w�w ¼ 1
n o

¼ x�Ax : x 2 E?Wx
ðtÞ; x�x ¼ 1

� �
# x�Ax : x 2Wx; x�x ¼ 1f g ¼ hk1; k2; . . . ; kki 
 P:
Furthermore, considering another basis of E?Wx
ðtÞ, consisted of the unit vectors
yi ¼
�tiþ1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jtij2 þ jtiþ1j2
q xi �

�tiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jtij2 þ jtiþ1j2

q xiþ1 2 Cn; i ¼ 1;2; . . . ; k ð4Þ
with xk+1 = x1 and tk+1 = t1, the points
ci 
 ciðtÞ ¼ y�i Ayi ¼
jtiþ1j2ki þ jtij2kiþ1

jtij2 þ jtiþ1j2
; i ¼ 1;2; . . . ; k; kkþ1 ¼ k1 ð5Þ
are defined. Note that each ci depends on the components of the unit vector t, and that ci is an interior point of the closed line
segment hki,ki+1i, i = 1,2, . . . ,k. Indeed, by (5) ci 2 Co{ki,ki+1} = hki,ki+1i � @NR[A], and since ti – 0 (see (2)), it is obvious that
ci – ki, ki+1. Thus for t 2 (0,1), we may write ci = tki + (1 � t)ki+1, which leads to
ci � kiþ1

ki � ci
¼ t

1� t
2 Rþ; i ¼ 1;2; . . . ; k: ð6Þ
Furthermore [1, Theorem 1] yields @NR[A] \ @NR[C] = {c1, . . . ,ck}.
In the next section, we consider an n � n normal matrix A 2 Mn, n P 2, with NR[A] a k-polygon P, whose eigenvalues and

an interior point of NR[A] define a diagonal n � n matrix B, with NR[B] a (k � 1)-polygonQ. Given a (k � 1)-compression P*AP
of matrix A, we present necessary conditions for the existence of a unit vector, for which the corresponding (k � 2)-compres-
sion Q*BQ of B is such that @NR[P*AP] and @NR[Q*BQ] are inscribed to the same polygon P at the common (boundary) points ci

in (5). The inverse problem is discussed in Theorem 4. In the last section of this article, some properties of the boundary
curve of the numerical range of the compression are investigated and some applications are presented. In particular, in Prop-
osition 6 additional conditions are formulated so that the sets, @NR[P*AP], @NR[Q*BQ] and an ellipse, share the same points.
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Also, it is proved that the boundary of the numerical range of a compression is a differentiable curve, with no sharp points
and line segments (Theorem 8). As a consequence of these properties it is proved that the numerical range of a 3 � 3 matrix
P*AP is an elliptical disk, when the numerical range of A is a quadrilateral.

2. General results

Consider a normal matrix A 2 Mn, and P the convex polygon, with vertices ki, i = 1,2, .. ,k, the simple eigenvalues of A, all
the other eigenvalues of A being interior points of NR[A]. Denoting by
B ¼ diagðk1; k2; . . . ; kk�2; ks;l; kkþ1; . . . ; knÞ 2 Mn; ð7Þ
where ks = hkk�2,kk�1i \ hkk,k1i and l is an interior point of NR[A], then
NR½B� ¼ CofrðBÞg ¼ hk1; k2; . . . ; kk�2; ksi:
If We = span {e1,e2, . . . ,ek�1},where ei are the vectors of the standard basis of Cn, then clearly for every unit vector
z ¼
Xk�1

i¼1

ziei 2We; zi 2 C n f0g; i ¼ 1;2; . . . ; k� 1; ð8Þ
there exists an n � (k � 2) isometry matrix Q, constructed as P in (3), such that the numerical range of the compression Q*BQ
is inscribed to the convex (k � 1)-polygon
Q ¼ hk1; k2; . . . ; kk�2; ksi ¼ NR½B�:
The following theorem gives formulae for the components zj, j = 1,2, . . . ,k � 1, of the unit vector z in (8), when a normal
matrix A 2 Mn and a unit vector t 2 Cn as in (2) are given.

Theorem 1. Let A 2Mn be a normal matrix, whose numerical range is a k-polygon P. Assume that for a unit vector t 2 Cn a
(k � 1)-compression P*AP is defined and for the diagonal matrix B 2 Mn in (7), there exists a unit vector z 2 Cnas in (8), for which
the corresponding isometry matrix Q and a (k � 2)-compression Q*BQ are constructed, such that

(i) @NR[P*AP] \ hki,ki+1i = @NR[Q*BQ] \ hki,ki+1i = {ci}; i = 1,2, . . . , k � 2,k,
(ii) the ratios ck�2�ks

kk�2�ck�2
; ck�ks

k1�ck
are positive numbers, and

(iii) ck�ks
k1�ck

¼ ck�2�ks
kk�2�ck�2

Qk�3
j¼1

cj�kjþ1
kj�cj

,

where ci, i = 1,2, . . . , k � 2,k, are given by (5). Then the components zj, j = 1,2, . . . ,k � 1, of the unit vector z are defined by the
equations
jziþ1j2 ¼ jz1j2
Yi

j¼1

cj � kjþ1

kj � cj
; i ¼ 1;2; . . . ; k� 3; and jzk�1j2 ¼ jz1j2

ck � ks

k1 � ck
ð9Þ
with
jz1j2 ¼ 1þ c1 � k2

k1 � c1
þ
Y2

j¼1

cj � kjþ1

kj � cj
þ � � � þ

Yk�3

j¼1

cj � kjþ1

kj � cj
þ ck � ks

k1 � ck

 !�1

: ð10Þ
Proof. From the unit vector t 2 Cn an isometry n � (k � 1) matrix P is constructed as in (3) and by [1, Theorem 1] a (k � 1)-
compression P*AP is defined, for which holds @NR½P�AP� \ P ¼ fc1; c2; . . . ; ckg, where ci depends on the unit vector t and is
given by (5), i.e.,
ci 
 ciðtÞ ¼
jtiþ1j2ki þ jtij2kiþ1

jtij2 þ jtiþ1j2
; i ¼ 1;2; . . . ; k
with kk+1 = k1 and tk+1 = t1. Applying the procedure mentioned in Section 1 to the diagonal matrix B in (7), using a unit vector
z ¼ z1e1 þ z2e2 þ . . .þ zk�1ek�1 2 Cn, when it exists, a (k � 2) � compression Q*BQ is constructed and @ NR[Q*BQ] is inscribed
in the polygon Q ¼ hk1; k2; . . . ; kk�2; ksi at the points
ci 
 ciðzÞ ¼
jziþ1j2ki þ jzij2kiþ1

jzij2 þ jziþ1j2
; i ¼ 1;2; . . . ; k� 3; ð11Þ

ck�2 
 ck�2ðzÞ ¼
jzk�1j2kk�2 þ jzk�2j2ks

jzk�1j2 þ jzk�2j2
; ð12Þ
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ck 
 ckðzÞ ¼
jz1j2ks þ jzk�1j2k1

jz1j2 þ jzk�1j2
: ð13Þ
For every i = 1,2, . . . ,k � 3, from the expressions (5) and (11) of the common boundary points
ci 2 @NR[A] \ @NR[B] \ @NR[P*AP] \ @NR[Q*BQ], we have
jtiþ1j2

jtij2
¼ jziþ1j2

jzij2
¼ ci � kiþ1

ki � ci
; ð14Þ
noting here that ci is the simplified formulation of ci(t) and ci(z). Since every ratio in (14) is well defined by (6), we can derive
jziþ1j2

jz1j2
¼
Yi

j¼1

jzjþ1j2

jzjj2
¼
Yi

j¼1

cj � kjþ1

kj � cj
; i ¼ 1;2; . . . ; k� 3;
from which the first formula of (9) is immediately deduced.
Moreover, since ck�2 2 @NR[A] \ @NR[B] \ @NR[P*AP] \ @NR[Q*BQ], thus by (5) and (12) we have
jtk�1j2

jtk�2j2
¼ ck�2 � kk�1

kk�2 � ck�2
;
jzk�1j2

jzk�2j2
¼ ck�2 � ks

kk�2 � ck�2
ð15Þ
and due to ck 2 @NR[A] \ @NR[B] \ @ NR[P*AP] \ @NR[Q*BQ] by (5) and (13) we derive
jtkj2

jt1j2
¼ ck � kk

k1 � ck
;
jzk�1j2

jz1j2
¼ ck � ks

k1 � ck
; ð16Þ
whereby the second formula in (9) immediately arises. Note that, when the points ck�2 
 ck�2(t), ck 
 ck(t) are given by (5),
the ratio of the first formula in (15) (respectively in (16)) is well defined by (6) and the ratio of the second formula in (15)
(respectively in (16)) is well defined by assumption (ii). Also, we have to note that the second formula in (16) is proved
substituting in the second formula of (15), the first formula in (9) for i = k � 3, and using assumption (iii), i.e.,
jzk�1j2 ¼ jzk�2j2
ck�2 � ks

kk�2 � ck�2
¼ jz1j2

ck�2 � ks

kk�2 � ck�2

Yk�3

j¼1

cj � kjþ1

kj � cj
¼ jz1j2

ck � ks

k1 � ck
:

Furthermore, since the vector z 2 Cn has to be a unit vector, combining
Pk�1

i¼1 jzij2 ¼ 1 and (9) we conclude
jz1j2 1þ c1 � k2

k1 � c1
þ
Y2

j¼1

cj � kjþ1

kj � cj
þ � � � þ

Yk�3

j¼1

cj � kjþ1

kj � cj
þ ck � ks

k1 � ck

 !
¼ 1;
whereby the expression of z1 in (10) is obvious. h
Remark 2

1. We have to note that the uniqueness of the formula of the components zj, j = 1,2, . . . ,k � 1, requires assumption (iii) in
Theorem 1. Indeed, since
jzk�1j2

jz1j2
¼ jzk�1j2

jzk�2j2
jzk�2j2

jz1j2
;

the substitution of all the above ratios from the second formulae of (16), (15) and the first formula of (9) for i = k � 3
yields the equality in assumption (iii), which is now formulated as

ðck � ksÞðck�2 � kk�1Þ
ðck�2 � ksÞðk1 � ckÞ

¼
Yk�2

j¼1

cj � kjþ1

kj � cj
;

where all the ratios in the product are positive numbers by (6). Consequently, the existence of the components zj of the
unit vector z in Theorem 1 depends on the necessary conditions (ii)–(iii), which can be written equivalently

ðck � ksÞðck�2 � kk�1Þ
ðck�2 � ksÞðk1 � ckÞ

2 Rþ and
ðck � ksÞðck�2 � kk�1Þ
ðck�2 � ksÞðk1 � ckÞ

¼
Yk�2

j¼1

cj � kjþ1

kj � cj
:

2. By (6) it is clear that the ratios of the quantities ci � ki+1 and ki � ci, i = 1,2, . . . ,k, which are presented in [9, Theorem 3] do
not need absolute value.
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Example 3. Let A = diag(k1,k2,k3,k4,k5) = diag(�1 + 10i,�2 � 3i,2 � i,3 + 2i,2i), k5 = 2i lies on the interior of NR[A]. Suppose
that B = diag(�1 + 10i,�2 � 3i,4,1,2i), where ks = hk2,k3i \ hk4,k1i 
 4 and the next diagonal element l = 1 is an arbitrary
interior point of NR[A]. Let the vector
t ¼
ffiffiffiffiffiffi
12
35

r
e1 þ

ffiffiffiffiffiffi
8

35

r
e2 þ

ffiffiffiffiffiffi
10
35

r
e3 þ

ffiffiffiffiffiffi
5

35

r
e4:
It is clear to see that t is a unit vector and t*At is an interior point of NR[A]; then by (5) we have:
c1 ¼ �8þ11i

5 ; c2 ¼ �2�19i
9 ; c3 ¼ 8þ3i

3 ; c4 ¼ 31þ74i
17 . Since,
ðc4 � ksÞðc2 � k3Þ
ðk1 � c4Þðc2 � ksÞ

¼ 185
456

–
Y2

j¼1

cj � kjþ1

kj � cj
¼ ðc1 � k2Þðc2 � k3Þ
ðk1 � c1Þðk2 � c2Þ

¼ 5
6
;

according to comment 1 in Remark 2, the vector z is not defined, consequently the isometry matrix Q cannot be constructed
and the corresponding 2-compression Q*BQ does not exist.

In the following, we consider a vector z as in (8) and a (k � 2)-compression Q*BQ of the diagonal matrix B in (7). Necessary
conditions for the existence of the vector t are presented in the next proposition.
Theorem 4. Let A 2 Mn be a normal matrix, where its numerical range is a k-polygon P. Let z 2 Cn be a unit vector as in (8) and
Q*BQ be the corresponding (k � 2)-compression of the diagonal matrix B in (7) . If for the common points ci 
 ci(z) as in (11)–(13)
the following assumptions hold

(i) @NR[Q*BQ] \ hki,ki+1i = @NR[P*AP] \ hki,ki+1i = {ci}; i = 1,2, . . . , k � 2,k, and

(ii) ci�kiþ1
ki�ci

> 0, for i = k � 2,k, with kk+1 = k1,

then there exists a unit vector t 2 Cn, for which the isometry matrix P and the corresponding (k � 1)-compression P*AP are con-
structed; the components ti of the unit vector t are defined by the equations
jtiþ1j2 ¼ jt1j2
Yi

j¼1

cj � kjþ1

kj � cj
; i ¼ 1;2; . . . ; k� 2; and jtkj2 ¼ jt1j2

ck � kk

k1 � ck
; ð17Þ
with
jt1j2 ¼ 1þ c1 � k2

k1 � c1
þ
Y2

j¼1

cj � kjþ1

kj � cj
þ � � � þ

Yk�2

j¼1

cj � kjþ1

kj � cj
þ ck � kk

k1 � ck

 !�1

: ð18Þ
Proof. By the unit vector z 2 Cn, the n � (k � 2) matrix Q is constructed such that @NR½Q �BQ � \ Q ¼ fc1; c2; . . . ; ck�2; ckg. For
the normal matrix A 2 Mn we consider a unit vector t 2 Cn, and the corresponding (k � 1)-compression P*AP, where P is the
matrix in (3). Also, recall that ci are the common boundary points @NR½P�AP� \ P, where ci depend on the unit vector t and are
given by (5), i.e.,
ci 
 ciðtÞ ¼
jtiþ1j2ki þ jtij2kiþ1

jtij2 þ jtiþ1j2
; i ¼ 1;2; . . . ; k; kkþ1 ¼ k1 and tkþ1 ¼ t1:
From the expressions of the common points ci 
 ci(z) 
 ci(t), for i = 1,2, . . . ,k � 3, in (11), (5) and (6) we conclude that the
equality in (14) is well defined and we derive
jtiþ1j2

jt1j2
¼
Yi

j¼1

jtjþ1j2

jtjj2
¼
Yi

j¼1

cj � kjþ1

kj � cj
; i ¼ 1;2; . . . ; k� 3; ð19Þ
whereby a part of the formulae in (17) arises, since jti+1j2 are defined only for i = 1,2, . . . ,k � 3. Furthermore, from the first
formula in (15), the assumption ck�2�kk�1

kk�2�ck�2
> 0, and the formula in (19) for i = k � 3, arises
jtk�1j2 ¼ jtk�2j2
ck�2 � kk�1

kk�2 � ck�2
¼ jt1j2

ck�2 � kk�1

kk�2 � ck�2

Yk�3

j¼1

cj � kjþ1

kj � cj
¼ jt1j2

Yk�2

j¼1

cj � kjþ1

kj � cj
: ð20Þ
By the assumption ck�kkþ1
kk�ck

¼ k1�ck
ck�kk

> 0, and the first formula in (16), we obtain
jtkj2 ¼ jt1j2
ck � kk

k1 � ck
: ð21Þ
Substituting the above expressions (19)–(21) in
Pk

i¼1jtij2 ¼ 1, we have
jt1j2 1þ c1 � k2

k1 � c1
þ
Y2

j¼1

cj � kjþ1

kj � cj
þ � � � þ

Yk�2

j¼1

cj � kjþ1

kj � cj
þ ck � kk

k1 � ck

 !
¼ 1;
whereby the expression of jt1j2 in (18) is obvious. h
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Example 5. Consider the matrices A and B in Example 3 and the unit vector
z ¼
ffiffiffiffiffiffi
3

11

r
e1 þ

ffiffiffiffiffiffi
6

11

r
e2 þ

ffiffiffiffiffiffi
2

11

r
e3:
Then, the common boundary points ci 2 @NR[B] \ @NR[Q*BQ] are:
c1 ¼
�4þ 17i

3
; c2 ¼

10� 3i
4

; c4 ¼ 2þ 4i:
Since, c2�k3
k2�c2

¼ � 1
9, according to (ii) in Theorem 4 the vector t cannot be defined. Considering the unit vector
z ¼
ffiffiffiffiffiffi
4

11

r
e1 þ

ffiffiffiffiffiffi
2

11

r
e2 þ

ffiffiffiffiffiffi
5

11

r
e3;
the common boundary points ci 2 @NR[Q*BQ] \ @NR[B] = {c1,c2,c4} are computed
c1 ¼
�5þ 4i

3
; c2 ¼

�2� 15i
7

; c4 ¼
11þ 50i

9
;

and the assumptions of Theorem 4 are verified. Consequently, by (17) and (18) the components of the unit vector t are de-
fined, thus a unit vector can be
t ¼
ffiffiffiffiffiffi
30
89

r
e1 þ

ffiffiffiffiffiffi
15
89

r
e2 þ

ffiffiffiffiffiffi
20
89

r
e3 þ

ffiffiffiffiffiffi
24
89

r
e4:
By the above unit vectors z, t the isometry matrices Q, P are constructed as in (3), with
Q ¼

�0:5774 �0:5505
0:8165 �0:3892

0 0:7385
0 0
0 0

2
6666664

3
7777775

and P ¼

�0:5774 �0:4529 �0:3528
0:8165 �0:3203 �0:2495

0 0:8321 �0:2881
0 0 0:8546
0 0 0

2
6666664

3
7777775
;
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for which holds @NR[Q*BQ] \ @NR[B] 
 @NR[P*AP] \ @NR[A] = {c1,c2,c4}, see in Fig. 1, where the numerical ranges NR[A],
NR[B], NR[P*AP] and NR[Q*BQ] are illustrated and the eigenvalues of A are marked with +’s and k4, l with �’s.
3. Properties of the boundary of the compression curve

Proposition 6. Let A 2Mn be a normal matrix, whose numerical range is a k-polygon P, and t 2 Cn be a unit vector as in (2) ,
P*AP be the corresponding (k � 1)-compression of A, where P is the isometry matrix as in (3) . Let B 2 Mn be the diagonal matrix in
(7) and z 2 Cn be the unit vector as defined in Theorem 1 , when its assumptions satisfied. If the points c1, c2,. . . , ck�2, ck belong to an
ellipse E and s 
 hkk�1,kki is a common support line of E and @NR[Q*BQ], where Q*BQ is a (k � 2)-compression of B, then
@NR½P�AP� \ @NR½Q�BQ � ¼ fc1; c2; . . . ; ck�2; ck�1; ckg:
Proof. The common support lines s1,s2, . . . ,sk�2,sk at the points c1,c2, . . . ,ck�2,ck, and s 
 hkk�1,kki define the convex k-polygon
P ¼ hk1; k2; . . . ; kki. Since the boundary of the numerical range of matrix P�AP 2 Mk�1 and the ellipse E have k common sup-
port lines and k � 1 common points, it follows that the elliptical disk of E is contained in NR[P*AP], [7]. Denoting that
ck�1 2 @NR[P*AP] \ s, and s is common support line of E and @NR[P*AP], it follows that
ck�1 2 E: ð22Þ
Moreover, @NR[Q*BQ] and E have k common support lines and k � 1 common points. Since the matrix Q �BQ 2Mk�2, and
k + (k � 1) > 2(k � 2) + 1, the elliptical disk of E is contained in NR[Q*BQ], [7]. Therefore, by (22) and the assumption that s
is a common support line of @NR[Q*BQ] and E, we have
ck�1 2 @NR½Q �BQ �;
hence, ck�1 2 @NR[P*AP] \ @NR[Q*BQ], that completes the proof. h
Remark 7. Consider A 2 Mn a normal matrix, whose NR[A] is quadrilateral, pentagon or hexagon, (k = 4,5,6), with k 6 n. The
assumption of Proposition 6, that the points c1,c2, . . . ,ck�2,ck 2 E, is not required. Indeed, according to known propositions of
the projective geometry [5], for the existence and the geometric construction of an ellipse one from the following statements
is needed:

(a) three non-collinear points and two support lines drawn through any two of these points define a unique ellipse,
(b) four different points (any three non-collinear points) and a support line drawn through any one of these points define

a unique ellipse,
(c) five different points (any three non-collinear points) define a unique ellipse.

Thus, when k = 4, 5, 6, the common boundary points {c1,c2, . . . ,ck�2,ck} 2 @NR[P*AP] \ NR[Q*BQ] and the common support
lines s1, s2, sk�2, sk define always the ellipse E with the requirement properties of Proposition 6. Therefore, @NR[P*AP] and
@NR[Q*BQ] are inscribed in @NR[A] at the points {c1,c2, . . . ,ck�2,ck�1,ck}, when the edge hkk�1,kki is a common support line of E
and @NR[Q*BQ].

Recall that a matrix A is called reducible, if it is unitarily equivalent to the direct sum of two other matrices; otherwise, A is
called irreducible.

The following proposition consists of a generalization of a corresponding result for n distinct eigenvalues of a diagonal
matrix D 2Mn, which was presented in [8, Theorem 3.1].

Theorem 8. Let A 2 Mn be a normal matrix, whose numerical range is a k-polygon with k 6 n. Let P be the isometry matrix as in
(3) and C = P*AP be a (k � 1)-compression of A. Then,

(i) @NR[C] contains no line segment,
(ii) C is irreducible,

(iii) @NR[C] is a differentiable curve.
Proof.

(i) By [1, Theorem 1], for the normal matrix A with NR½A� ¼ hk1; k2; . . . ; kki ¼ P and for a unit vector t the isometry matrix
P is constructed as in (3), and the common points ci of @NR½C� \ P are given by (5). Suppose that ha,bi is a line segment
on @NR[C], which belongs on part of boundary between ci and ci+1, for i = 1,2, . . . ,k, and the vectors wi;wiþ1 2 Ck�1 are
defined by
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Pwi ¼ yi 2 E?Wx
ðtÞ; and Pwiþ1 ¼ yiþ1 2 E?Wx

ðtÞ;

with yi; yiþ1 2 Cn the unit vectors in (4). Note that kwik = kwi+1k = 1, due to P*P = Ik�1, and w�r wr ¼ w�r P�Pwr ¼ y�r yr ¼ 1,
for r = i, i + 1. Consider the subspace K # Cn, which is spanned by the vectors Pw, with w 2 Ck�1; kwk ¼ 1, and such that
w*P*APw = c, for some c 2 ha,bi, and the subspace L # Cn, which is spanned by the linearly independent vectors
Pw1,Pw2, . . . ,Pwi�1,Pwi+2, . . . ,Pwk. Obviously, dim L = k � 2, and dim K P 2, since K contains at least the two vectors,
which correspond at the points ci, ci+1. Thus,

dimðK \ LÞ ¼ dimK þ dimL� dimðK þ LÞP 2þ ðk� 2Þ � ðk� 1Þ ¼ 1;

consequently, there exists at least a vector Pw0 2 K \ L, with kw0k = 1, and w0 2 Ck�1.
Consider Pw0 2 L, due to definition L,

Pw0 ¼
Xk

j¼1

ajPwj; for suitable aj; and j – i; iþ 1;

whereby arises

w�0P�APw0 ¼
Xk

j–i;iþ1

ajPwj

 !� Xk

j–i;iþ1

ajAPwj;

i.e., the point w�0P�APw0 2 hk1; k2; . . . ; ki; kiþ2; . . . ; kki.
Moreover, Pw0 2 K ) w�0P�APw0 ¼ c 2 ha; bi. This is a contradiction, because of ha,bi lies on the part of @NR[C] between
ci, ci+1, and outer of the polygon hk1,k2, . . . ,ki,ki+2, . . . ,kki. Hence, @NR[C] does not include line segment.
(ii) Suppose that the matrix C 2 Mk�1 is reducible, thus, there exists a unitary matrix U 2 Mk�1 such that
U�CU ¼ U�P�APU ¼
A1 O

O A2

� �
:

Since NR[C] = NR[U*CU] = Co{NR[A1] [ NR[A2]}, [11], for any ci 2 @NR[C], there exists t 2 [0,1], such that
ci = ta1 + (1 � t)a2, with a1 2 NR[A1], and a2 2 NR[A2], for i = 1,2, . . . ,k. Moreover, since the boundary of NR[C] does
not include line segment by (i) and ci 2 @NR[C] one of the following statements holds :

(a) t = 0) ci = a2 2 NR[A2], or
(b) t = 1) ci = a1 2 NR[A1], or
(c) a1 = a2) ci = a2 2 NR[A2].
Therefore, for i = 1,2, . . . ,k, either ci 2 NR[A1] or ci 2 NR[A2], and ci R NR[A1] \ NR[A2]. In the following, consider two dif-
ferent points c1, c2, that lie on the numerical ranges of A1, A2.Without loss of generality, suppose c1 2 NR[A1] and
c2 2 NR[A2], which we will prove that is a contradiction. Since c1 2 NR[A1], there exists a unit vector u, such that
c1 = u*A1u, and

c1 ¼ ½u� 0 �U�P�APU
u

0

� �
¼ w�1P�APw1;

where w1 ¼ U u
0

� �
2 Ck�1. Similarly, if c2 2 NR[A2], there exists a unit vector m, such that c2 = m*A2m, and

c2 ¼ ½0 m� �U�P�APU
0
m

� �
¼ w�2P�APw2;

where w2 ¼ U 0
m

� �
2 Ck�1. Let Pw1 
 y1, Pw2 
 y2, for y1, y2 as in (4), i.e.,

Pw1 
 y1 ¼
�t2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jt1j2 þ jt2j2
q x1 �

�t1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jt1j2 þ jt2j2

q x2;

Pw2 
 y2 ¼
�t3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jt2j2 þ jt3j2
q x2 �

�t2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jt2j2 þ jt3j2

q x3:
By the two last expressions we conclude
ðPw2Þ�Pw1 ¼ �
�t1t3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jt1j2 þ jt2j2
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jt2j2 þ jt3j2
q –0; ð23Þ

since ti – 0, i = 1,2, . . . ,k, (see (2)). Also, using the above vectors w1, w2 it is clear to see that Pw1, Pw2 are orthonormal,
which is a contradiction from (23). Therefore, c2 2 NR[A1], i.e., both c1, c2 2 NR[A1].
Similarly, it is proved that, ci 2 NR[A1], for every i = 1,2, . . . ,k. Moreover, the unit vectors Pw1 
 y1, Pw2 

y2, . . . ,Pwk�1 
 yk�1 consist of a basis of E?Wx

ðtÞ, whereby it is implied A1 2 Mk�1, consequently, C is an irreducible matrix.
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(iii) The curve of the boundary of NR[C] is differentiable, otherwise, if there exists a point, where it is not differentiable,
then at this point the curve has to present:

(a) either sharp point, this case is contradiction by (i), or
(b) the matrix C has normal eigenvalues [11, Theorem 1.6.6], but in this case the matrix C has to be reducible, that is

impossible from (ii). h
In the following proposition a condition is formulated such that the boundary of the numerical range of a 3 � 3 matrix is
an ellipse, when the matrix is a suitable 3-compression of a normal matrix A, whose numerical range is a quadrilateral. The
equation
detðuHA þ vSA þxIÞ ¼ 0;
with u, v, x viewed as homogeneous line coordinates, defines an algebraic curve of class n. The real part of this curve is called
associated curve of A and denoted by CA. The eigenvalues of A are the real foci of CA, and NR½A� ¼ CofCAg, (see [12]).

Proposition 9. Let A 2 Mn be a normal matrix, where NR[A] = hk1,k2,k3,k4i, and let z ¼ z1e1 þ z2e2 þ z3e3 2 Cn be a unit vector
as in (8), which corresponds to 2-compression Q*BQ of the diagonal matrix B = diag(k1,k2,ks,l,k5, . . . ,kn) as in (7), and
c1,c2, c4 2 @NR[Q*BQ] as in Theorem 4. If the line
ðImk3 � Imk4Þxþ ðRek4 � Rek3Þyþx ¼ 0 ð24Þ
is a support line of the elliptical disk NR[Q*BQ], with x = Rek3Imk4 � Rek4Imk3, then
NR½Q �BQ � ¼ NR½P�AP�;
where P is the n � 3 matrix as in (3) corresponding to the unit vector t 2 Cn defined in (17) and (18).
Proof. Since Q*BQis a 2-compression of B, @NR[Q*BQ] is an ellipse, [11]. According to Fiedler’ s comments in [6] and the
assumption in (24), we conclude
det½ðImk3 � Imk4ÞHQ�BQ þ ðRek4 � Rek3ÞSQ�BQ þxI2� ¼ 0;
and the support line intersects @NR[Q*BQ] at the point q*Q*BQq, where q is a unit eigenvector of the Hermitian matrix
ðImk4 � Imk3ÞHQ�BQ þ ðRek3 � Rek4ÞSQ�BQ , corresponding to the eigenvalue x = Rek3Imk4 � Rek4Imk3. Since @NR[Q*BQ] \
@NR[P*AP] = {c1,c2,c4}, and the line segment hk3,k4i lies on line in (24), the Eq. (24) is common support line of @ NR[Q*BQ]
and @NR[P*AP]. Moreover, according to (a) in Remark 7 a unique ellipse is defined, @NR[Q*BQ]. Hence, by Proposition 6,
we conclude that c3 = q*Q*B Q q 2 @NR[P*AP] \ @NR[Q*BQ]. Also, the boundaries of the numerical range of the matrix
P�AP 2M3 and of the elliptical disk NR[Q*BQ] have four common points and four common support lines, thus
NR½Q �BQ �# NR½P�AP� with rðP�APÞ ¼ f�1; �2g; ð25Þ
where �1, �2 are the foci of ellipse, (�1 – �2), [7]. According to a result of Kippenhahn (see [12, sect. 7, Theorem 26]), the asso-
ciated curve CP�AP

(a) consists of three points, when NR[P*AP] is the convex hull of these points, but this case is impossible by Theorem 8 (i),
either

(b) the degree of CP�AP is equal to 4, when @NR[P*AP] has a flat portion, which is impossible by Theorem 8 (i), or
(c) the degree of curve is equal to 6, when r (P*AP) has three distinct eigenvalues, which is a contradiction by (25), or
(d) consists of a point and an ellipse. We claim that the point is in the interior of elliptical disk; otherwise @ NR[P*AP]

presents sharp point or the point is a normal eigenvalue of P*AP, both of which are impossible by Theorem 8 (i),
(ii). Therefore, the curve CP�AP consists of an ellipse, i.e., NR[P*AP] is an elliptical disk.

Since @NR[Q*BQ] and @NR[P*AP] have the same common points and support lines, the two elliptical disks are identical. h
Example 10. Let A = diag(k1,k2,k3,k4,k5), B = diag(k1,k2,ks,l,k5), with
A ¼ diag �2
ffiffiffi
2
p
þ 2þ 2

ffiffiffi
2
p	 


i;�2
ffiffiffi
2
p
� 2þ 2

ffiffiffi
2
p	 


i; 2
ffiffiffi
2
p
� 2

ffiffiffi
2
p
� 2

	 

i; 2

ffiffiffi
2
p
þ 2

ffiffiffi
2
p
� 2

	 

i; i

	 

;

B ¼ diag �2
ffiffiffi
2
p
þ ð2þ 2

ffiffiffi
2
p
Þi; �2

ffiffiffi
2
p
� 2þ 2

ffiffiffi
2
p	 


i; 4; 2
ffiffiffi
2
p

; i
	 


;

and the unit vector z ¼
ffiffiffiffiffiffiffiffiffi

1
1þ
ffiffi
2
p

q
e1 þ

ffiffiffiffiffiffiffiffiffi
1

1þ
ffiffi
2
p

q
e2 þ 1

1þ
ffiffi
2
p e3, whereby an isometry matrix Q and the corresponding 2-compression are

computed
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Q ¼

�1=
ffiffiffi
2
p

�0:2929
1=

ffiffiffi
2
p

�0:2929
0 0:9102
0 0
0 0

2
6666664

3
7777775
; Q �BQ ¼ �2

ffiffiffi
2
p

2i
2i 2

ffiffiffi
2
p

" #
;

with r(Q*BQ) = {�2,2}, tr(Q*BQ) = 0; the length of the major axis is equal to 4
ffiffiffi
2
p

and of the minor axis 4 (see Notations and

preliminaries in Section 1), thus @NR½Q �BQ � ¼ fðx; yÞ : x2

8 þ
y2

4 ¼ 1g. Clearly, the line x ¼ 2
ffiffiffi
2
p

is a support line of @ NR[Q*BQ] at

the point c3 ¼ 2
ffiffiffi
2
p

. The common points of @NR[Q*BQ] \ @NR[B] \ @NR[A] are : c1 ¼ �2
ffiffiffi
2
p

; c2 ¼ 2�
ffiffiffi
2
p

i; c4 ¼ 2þ
ffiffiffi
2
p

i Since
c2�k3
k2�c2

¼ 1

1þ
ffiffi
2
pð Þ2

; c4�k1
k4�c4

¼ 1ffiffi
2
p
�1ð Þ2

, the unit vector tis defined by (17) and (18)
t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ

ffiffiffi
2
p

8

s
e1 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ

ffiffiffi
2
p

8

s
e2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�

ffiffiffi
2
p

8

s
e3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�

ffiffiffi
2
p

8

s
e4:
The spectrum of 3-compression P*AP is r(P*AP) = {�2,2}, and the point c3 ¼ 2
ffiffiffi
2
p

is computed by (5) for the above vector t,
thus c3 2 @NR[A] \ @NR[P*AP] = @NR[A] \ @NR[Q*BQ]. In Fig. 2 the numerical ranges NR[A], NR[B], NR[P*AP] and NR[Q*BQ] are
illustrated, the points ks, l are marked with �’s, the eigenvalues of A are marked with +’s and the eigenvalues of P*AP with
o’s.
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