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1. Notation and preliminaries

We begin by settling on the notation to be used. Let M, denote the algebra of all n x n complex matrices, and let A € M,.
The numerical range of A, also known as the field of values [11], is the set

NR[A] = {x*'Ax € C : x € C" with x'x = 1}.

For a review of this topic see [13] and the well-known books [10,11] on the numerical range and matrix analysis, especially
the applications, that are related to the numerical solution of a partial differential equation or the stability of an equilibrium
in a dynamical system governed by a system of differential equations. Let us briefly recall the basic properties of NR[A], (see
[11, Chapter 1]). NR[A] is a nonempty compact and convex subset of C, that contains the spectrum o(A) of A. When A is a real
matrix, then NR[A] is symmetric with respect to the real axis. The numerical range of a 2 x 2 matrix A is a closed elliptical
disk, whose boundary is an ellipse with foci at its eigenvalues 14, 4, of A, and center at trA/2; the length of major axis is equal
to (tr(A*A) + 2|detA|)""? and of the minor axis (tr(A*A) — |1]? — |72)*)'/2, [11, p. 23]. When A is expressed as direct sum of
matrices A=A; @A, @ --- ® A, then NR[A] = Co{NR[A1] UNR[A;] U ---UNR[A/]}, where Co{X} denotes the convex hull of a
set X. We write A = Hy + iS4, where

CAtA A-A

HA 2 and SA :T

are the Hermitian matrices with the real and imaginary part of A, respectively. A is Hermitian matrix if and only if NR[A] C R,
and if A is normal, then NR[A] = Co{a(A)}. Also, a point 4 € g(A) is a normal eigenvalue of A, if it belongs to the boundary ONR[A]
of the numerical range; namely, there exists a unitary matrix U € M, such that A is unitarily similar to U*AU = /I, © B, where
m is the algebraic multiplicity of A and 4 ¢ o(B), [11, Theorem 1.6.6]. The numerical range is invariant under unitary simi-
larity; that is, NR[A] = NR[U*AU], where U € M,, is a unitary matrix.
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Given two matrices A € M, and C € M,,with 1 < k <n, the matrix C is said to be a k — compression of A, if there exists an
n x k orthonormal matrix P satisfying

P'P=1I, and C=PAP.
Sometimes in literature, the matrix P is called an isometry and P*A P is called an isometric projection of A. For the numerical
range of a k-compression of A holds
NR[C] = NR[P*AP] C NR[A]. (1)
The numerical range of compressions of normal matrices have attracted attention and several results have been published
in [1-4,8,9]. The inclusion relation in (1) has been presented in details in [1,2], where the investigation leads to a structure of

P such that the boundaries of the numerical ranges NR[P*AP] and NR[A] have common points.
To explain, let a normal matrix A € M, and the convex k-polygon

P ={i1,72,..., %) = Co{a(A)} = NRIA],

where the eigenvalues /;i=1,2,...,k, are distinct corresponding to the vertices of P, and let {xy,X>, ...,X} be an orthonormal
system of eigenvectors of A corresponding to Aq,4s,. .., 4, respectively and W, = span {x,x5,...,x;}. For every unit vector

k
D= vx €Wy v eC\{0}, i=12,. .k 2)

i=1

the point v*Av lies inside the polygon P. In the following, the inner product between two vectors is denoted by o and the
orthogonal complement of span{v} with respect to the subspace W, by Eé‘,x(u). Since for the vector g =gx; + - + gXk €
E@X(D) holds gov = Zf-‘zl v;g; = 0, for any index 1 <j < k, we may write

D] Dz Dk
=81\ X1 —=X | +8& | X2 —=Xj | +- -+ 8| Xk —=Xj |-
Uj Yj Uj

Therefore, orthonormalizing the vectors

b, =x; — %}xj, coobi =% — Ui,—);]xj, bj =xj,1 — U"D—ij, oo ber =X — %:xj,
we may construct a basis {wy,w,,...,w_1} of Eﬁ\,x(u), which in turn defines the isometry n x (k — 1) matrix
P=[wy wy -+ Weq], (3)
and the corresponding (k — 1)-compression of A, C= P*A P. It is evident that
NR[C] = {(Pl//)*A(Pl//) peck Yy = 1} — {x'Ax:x € Ey (0),xx =1}
C{xAXx :x e Wy, x'x =1} = (J1,42,..., ) = P.
Furthermore, considering another basis of Ey, (v), consisted of the unit vectors

yi = Vi1 X Ui
i i
VB 4l o+ o

with Xp+1 = X1 and vg+q = v1, the points

X €C i=1,2,...,k (4)

2, 2
6 =) =yidy = DA iy e G = (5)
[0i]” + Vg1
are defined. Note that each c; depends on the components of the unit vector v, and that c; is an interior point of the closed line
segment (4;,2i+1),i= 1,2, ...,k. Indeed, by (5) ¢; € Co{4;, Ais1} = (4, 4is1) C ONR[A], and since v; # 0 (see (2)), it is obvious that
¢ # i, Ais1. Thus for t € (0,1), we may write ¢; = t/; + (1 — )1, Which leads to
Ci — )~i+l t I
pr—s 7meR, i=1,2,...k (6)
Furthermore [1, Theorem 1] yields ONR[A] N ONR[C] = {cy,. . .,Ck}-

In the next section, we consider an n x n normal matrix A € M,, n > 2, with NR[A] a k-polygon P, whose eigenvalues and
an interior point of NR[A] define a diagonal n x n matrix B, with NR[B] a (k — 1)-polygon Q. Given a (k — 1)-compression P*AP
of matrix A, we present necessary conditions for the existence of a unit vector, for which the corresponding (k — 2)-compres-
sion Q*BQ of B is such that ONR[P*AP] and ONR[Q*BQ] are inscribed to the same polygon P at the common (boundary) points c;
in (5). The inverse problem is discussed in Theorem 4. In the last section of this article, some properties of the boundary
curve of the numerical range of the compression are investigated and some applications are presented. In particular, in Prop-
osition 6 additional conditions are formulated so that the sets, ONR[P*AP], ONR[Q*BQ] and an ellipse, share the same points.
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Also, it is proved that the boundary of the numerical range of a compression is a differentiable curve, with no sharp points
and line segments (Theorem 8). As a consequence of these properties it is proved that the numerical range of a 3 x 3 matrix
P*AP is an elliptical disk, when the numerical range of A is a quadrilateral.

2. General results

Consider a normal matrix A € M,, and P the convex polygon, with vertices 4, i = 1,2,..,k, the simple eigenvalues of A, all
the other eigenvalues of A being interior points of NR[A]. Denoting by
B =diag(i1,22, ..., k2, As, by Mes1y - -+ 4n) € M, (7)
where A5 = (Ax_2,/k_1) N {4, 21) and p is an interior point of NR[A], then
NR[B] = Co{a(B)} = (M, 42, ..., k2, 2s)-

If W, =span {ey,es,...,er_1},where e; are the vectors of the standard basis of C", then clearly for every unit vector

k-1
z=Y zeeWe; z€C\{0}, i=12,... k-1, 8)
i=1
there exists an n x (k — 2) isometry matrix Q, constructed as P in (3), such that the numerical range of the compression Q*BQ
is inscribed to the convex (k — 1)-polygon

Q= (M1,42,...,%-2,%s) = NR[B].

The following theorem gives formulae for the components z;, j=1,2,...,k — 1, of the unit vector z in (8), when a normal
matrix A € M, and a unit vector v € C" as in (2) are given.

Theorem 1. Let A ¢ M, be a normal matrix, whose numerical range is a k-polygon P. Assume that for a unit vector v € C" a
(k — 1)-compression P*AP is defined and for the diagonal matrix B € My in (7), there exists a unit vector z € C"as in (8), for which
the corresponding isometry matrix Q and a (k — 2)-compression Q*BQ are constructed, such that

(i) ONR[P*AP] N (4 ,+,> 8NR[Q*BQ]0(),,/1,+1) {cyi=12...k-2k

(ii) the ratios M, s are positive numbers, and
D
Ck—rs __ Cpo—7s k-3 ¢j—4j41
(lll) I1—Ck  Ag2—Ck_2 1_[J 1 J—¢’

where ¢, i=1,2,...,k — 2,k, are given by (5). Then the components z;, j=1,2,...,k — 1, of the unit vector z are defined by the
equations

2Ck*;~s

A .
2 Gj+1 2
Zi z| ;o i=1,2,...,k—=3, and |zi_1|" = |z1| = 9
2l = hlli,q/ 2 k=3, el =l =2 ©)
with

2 = 1+C1—12+ﬁcj_7vjﬂ+ +ﬁcj_ij+1+ck_is B (10)

= M —C X - lj—C]‘ X - ;Lj_cj M= Ck ’

Jj=1 j=1

Proof. From the unit vector v € C" an isometry n x (k — 1) matrix P is constructed as in (3) and by [1, Theorem 1] a (k — 1)-
compression P*AP is defined, for which holds ONR[P*AP| NP = {c1,C2,...,Ck}, Where ¢; depends on the unit vector v and is
given by (5), i.e,,

24 24
U; Ai Ui Ai .
CiECi(U)=M; i=1,2,... .k
(0| + [Via

with 4.1 = 21 and vy, = v1. Applying the procedure mentioned in Section 1 to the diagonal matrix B in (7), using a unit vector
Z=2z161 +265 + ... +2z,_161 € C", when it exists, a (k — 2) — compression Q*BQ is constructed and 9 NR[Q*BQ] is inscribed
in the polygon Q = (11,72, ..., A 2, /) at the points

zl® + |zl
_ Zk 1 [P 22 + |2k 2P s
ze1 | + |z

i=1,2,....k-3, (11)

(12)
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2% s + 261 [P 1

Ck = Ck(Z) =
21 + [zl

(13)

For every i=1,2,...,k—3, from the expressions (5) and (11) of the common boundary points
¢ € ONR[A] n ONR[B] n ONR[P*AP] N ONR[Q*BQ], we have

it |zl 6= i
2 2 T ) (14)
|Ul“ |Z,‘| 4i — G

noting here that ¢; is the simplified formulation of c{v) and c{(z). Since every ratio in (14) is well defined by (6), we can derive

|7~i+1| |ZJ+1\ 1 G — A1 i
=1,2,...,k=3,
|Z]| H ‘Z] E /’Lj — CJ 5 s &y } )

from which the first formula of (9) is immediately deduced.
Moreover, since c,_, € ONR[A] N ONR[B] N ONR[P*AP] N ONR[Q*BQ], thus by (5) and (12) we have

Y T S S - R AP )

= ) =- 15
Dk al® A2 —Ck2’ |zio)* A2 —Ck2 (13)

and due to ¢, € ONR[A] N ONR[B] N & NR[P*AP] n ONR[Q*BQ] by (5) and (13) we derive
‘UI<|2 _ Ck — 7k ‘Zk—l ‘2 _ Ck — /s (16)

2 A |z -l

whereby the second formula in (9) immediately arises. Note that, when the points ¢;_» = ¢x_»(v), cx = ci(v) are given by (5),
the ratio of the first formula in (15) (respectively in (16)) is well defined by (6) and the ratio of the second formula in (15)
(respectively in (16)) is well defined by assumption (ii). Also, we have to note that the second formula in (16) is proved
substituting in the second formula of (15), the first formula in (9) for i = k — 3, and using assumption (iii), i.e.,

, k-3
Cha — /s 2 Ck2— /s G — i1 2Ck — Js
= |z1] H = |z1]

2 2
Zk— = |Zk_ .
|k1| |I< 2|; j.]'—Cj 1 ;L]_Ck

1
— Ck-2 Jk2 = Ck2 37

Furthermore, since the vector z € C" has to be a unit vector, combining Zl 1zi> =1 and (9) we conclude

C1—J 15 Ci— L= R N Sy
P 1+ =2+ [ 220+ [ 22+ ) =1,
A1 —C =1 )\j_cj i 4 — G 1= Ck

whereby the expression of z; in (10) is obvious. O

Remark 2

1. We have to note that the uniqueness of the formula of the components z;, j=1,2,...,k — 1, requires assumption (iii) in
Theorem 1. Indeed, since

|zt 2 _ 1Zee1 [ |Zkal®
2T

the substitution of all the above ratios from the second formulae of (16), (15) and the first formula of (9) fori=k — 3
yields the equality in assumption (iii), which is now formulated as

(ck — 2s)(Ckea — 1) YF G — Ain

(Ck,z — )\,s)(}.] - Ck) B lj — G

)

j=1

where all the ratios in the product are positive numbers by (6). Consequently, the existence of the components z; of the
unit vector z in Theorem 1 depends on the necessary conditions (ii)-(iii), which can be written equivalently

(Ck — 2s)(Cr2 — Ak—1) cR* and (Ck — As)(Ck—z — Ak _ ﬁ G — /“_Hl
(Ckz — 24s) (A1 — C1) (Ck—2 — As) (21 — Cx) i 4G

2. By (6) it is clear that the ratios of the quantities ¢; — /;+; and 4; — ¢;, i=1,2,...,k, which are presented in [9, Theorem 3] do
not need absolute value.
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Example 3. Let A = diag( /4, 22,73, 24, /5) = diag(—1 + 10i, -2 — 3i,2 — i,3 + 2i,2i), 45 = 2i lies on the interior of NR[A]. Suppose
that B =diag(—1+ 10i,—2 — 3i,4,1,2i), where /5= (/3,73) N (/4,71) =4 and the next diagonal element p =1 is an arbitrary
interior point of NR[A]. Let the vector

L= 126 86 106 56
= V355 T V352 T \/35% T \/35%

It is clear to see that v is a unit vector and v*Av is an interior point of NR[A]; then by (5) we have:

=8+11i =2-19i 8+3i 31474i Gy
€ ==0H, =57, 03 =5+, cg =477 Since,

(ca—Js)(c2—43) 185 12[ G—Jin _ (a1 —la)(ca—43) _5
(/11 — C4)(C2 — ls) 456 )Lj -G ()q — C])()Lz — Cz) 6’

according to comment 1 in Remark 2, the vector z is not defined, consequently the isometry matrix Q cannot be constructed
and the corresponding 2-compression Q*BQ does not exist.

In the following, we consider a vector z as in (8) and a (k — 2)-compression Q*BQ of the diagonal matrix B in (7). Necessary
conditions for the existence of the vector v are presented in the next proposition.

Theorem 4. Let A € M, be a normal matrix, where its numerical range is a k-polygon P. Let z € C" be a unit vector as in (8) and
Q*BQ be the corresponding (k — 2)-compression of the diagonal matrix B in (7). If for the common points ¢; = ¢i(z) as in (11)-(13)
the following assumptions hold

(i) ONR[Q*BQJ N (4 Jis1) = ONRIP*AP] A (4, ser) = {ci}; i= 1,2,k — 2,k, and
(ii) % >0, fori =k — 2,k with Jg.; =1,

then there exists a unit vector v € C", for which the isometry matrix P and the corresponding (k — 1)-compression P*AP are con-
structed; the components v; of the unit vector v are defined by the equations

— . Cr— A
Vi [? _\0121‘[ 7 Tl §=1,2,... k=2, and |vf* = vy |2 k= 2k (17)
— G — Cy
with
-1
2 G-l G- j+1 /“H] Ck — %k
=11 . 1
[V ( +i1—c1+g )—c, +H A—CJ /11—ck (18)

Proof. By the unit vector z € C", the n x (k — 2) matrix Q is constructed such that ONR[Q"BQ] N Q = {c1,¢Ca,...,Ck_2,Ck}. For
the normal matrix A € M, we consider a unit vector v € C", and the corresponding (k — 1)-compression P*AP, where P is the
matrix in (3). Also, recall that ¢; are the common boundary points ONR[P*AP] N P, where c; depend on the unit vector v and are
given by (5), i.e,,

i + 0P A
0if? + |03 [
From the expressions of the common points ¢; = ¢(z) = ¢(v), fori=1,2,...,k — 3,in (11), (5) and (6) we conclude that the

equality in (14) is well defined and we derive

Vi) |Uj+1\ LG
; =1,2,....k-3 19
T H o ]1:1 P i=1,2,..., ; (19)

¢ =c) = i=1,2,....k A1 =4 and vgq =0y

whereby a part of the formulae in (17) arises, since |vi+q|? are defined only for i=1,2,...,k — 3. Furthermore, from the first
formula in (15), the assumption Cij%ﬁj > 0, and the formula in (19) for i = k — 3, arises

2Ck2 = 1 _ 012 Cz = At 71 G — A1 H — 1 20)

Uk-1 Uk-2 1 = .
| ‘ | | — Ck—2 Ak—z — Ck_2 it j.]' -G /L -G

By the assumption C’i’;‘kzl =4-% > 0, and the first formula in (16), we obtam

Cre—Aie
zCk Ak

|Ul<| ‘U ‘ Ck

(21)
Substituting the above expressions (19)-(21) in Zf:] [vi)* = 1, we have

k-2 )
2 C1 )+1 G — Ajs1 | Ck — Ak
v + A )
| 1| ( H V i H ;Lj_Cj l]-Ck

=1

whereby the expression of |v;|2 in (18) is obvious. O
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Example 5. Consider the matrices A and B in Example 3 and the unit vector

PIRY DA L PP
“ Vit 112 11>

Then, the common boundary points ¢; € 9NR[B] N ONR[Q*BQ] are:
-4 +17i c _10-3i

3 S
Since, 2% = — 1, according to (ii) in Theorem 4 the vector v cannot be defined. Considering the unit vector

Y lp—Cy

Z—\/ e1+\/ €2+\/ €3

the common boundary points c; € ONR[Q*BQ] N ONR[B] = {cy,¢3,¢4} are computed
o ot4 o —2-151 11+ 50i
1= 3 3 2= 7 ) 4 = 9 5

and the assumptions of Theorem 4 are verified. Consequently, by (17) and (18) the components of the unit vector v are de-
fined, thus a unit vector can be

0= /2, 4+ /2, 4+ /22, 4 /22
~ V89! 892 89 ° 89 *

By the above unit vectors z, v the isometry matrices Q, P are constructed as in (3), with

C = C4=2+4i.

—-0.5774 —-0.5505 —-0.5774 -0.4529 -0.3528
0.8165 —-0.3892 0.8165 —-0.3203 -0.2495
Q= 0 0.7385 and P= 0 0.8321 -0.2881 |,
0 0 0 0 0.8546
0 0 0 0 0
12
10 4
8f J
6l J
o
X
<
> 4 l
®
C
ko)
g 2t ]
0r .','fx A g
_2 - -
_4 L -
| | | | | | | |
-3 -2 -1 0 1 2 3 4 5 6

Real Axis

Fig. 1. The numerical ranges NR[A], NR[B], NR[P*AP] and NR[Q*BQ].
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for which holds ONR[Q*BQ] N ONR[B] = ONR[P*AP] N ONR[A] = {c1,c2,¢4}, see in Fig. 1, where the numerical ranges NR[A],
NR[B], NR[P*AP] and NR[Q*BQ] are illustrated and the eigenvalues of A are marked with +'s and 74, ¢ with x’s.

3. Properties of the boundary of the compression curve

Proposition 6. Let A € M, be a normal matrix, whose numerical range is a k-polygon P, and v € C" be a unit vector as in (2),
P*AP be the corresponding (k — 1)-compression of A, where P is the isometry matrix as in (3) . Let B € M be the diagonal matrix in
(7) and z € C" be the unit vector as defined in Theorem 1, when its assumptions satisfied. If the points c;,Cs,. . ., Ck_2, Ci belong to an
ellipse E and s = (Jx_1, ) is a common support line of E and ONR[Q*BQ], where Q*BQ is a (k — 2)-compression of B, then

ONR[P"AP] N ONR[Q'BQ] = {C1,Ca, .. ., Cka, C1, Ci}-

Proof. The common support lines s;,5o,. . .,Sk_2,Sk at the points ¢y, ¢, . . .,Ck_2,Ck, and s = (Ax_1, ) define the convex k-polygon
P = (J1,22,..., ). Since the boundary of the numerical range of matrix P"AP € M,_; and the ellipse E have k common sup-
port lines and k — 1 common points, it follows that the elliptical disk of E is contained in NR[P*AP], [7]. Denoting that
Ck_1 € ONR[P*AP] n's, and s is common support line of E and ONR[P*AP], it follows that

1 €E (22)

Moreover, ONR[Q*BQ] and E have k common support lines and k — 1 common points. Since the matrix Q*BQ € M,_,, and
k+(k—1)>2(k—2)+1, the elliptical disk of E is contained in NR[Q*BQ], [7]. Therefore, by (22) and the assumption that s
is a common support line of ONR[Q*BQ] and E, we have

Ck_1 € ONR[Q"BQ],
hence, c,_1 € ONR[P*AP] N ONR[Q*BQ], that completes the proof. O

Remark 7. Consider A € M, a normal matrix, whose NR[A] is quadrilateral, pentagon or hexagon, (k = 4,5,6), with k < n. The
assumption of Proposition 6, that the points cy,c»,. . .,Ck_2,Cx € E, is not required. Indeed, according to known propositions of
the projective geometry [5], for the existence and the geometric construction of an ellipse one from the following statements
is needed:

(a) three non-collinear points and two support lines drawn through any two of these points define a unique ellipse,

(b) four different points (any three non-collinear points) and a support line drawn through any one of these points define
a unique ellipse,

(c) five different points (any three non-collinear points) define a unique ellipse.

Thus, when k = 4, 5, 6, the common boundary points {cy,c3, . ..,Ck_2,¢x} € INR[P*AP] N NR[Q*BQ] and the common support
lines s1, S», Sk—2, Sk define always the ellipse E with the requirement properties of Proposition 6. Therefore, ONR[P*AP] and
ONR[Q*BQ] are inscribed in ONR[A] at the points {cy,c5,. . .,Ck_2,Ck_1,Ck}, When the edge (/,_1,4) is a common support line of E
and ONR[Q*BQ)].

Recall that a matrix A is called reducible, if it is unitarily equivalent to the direct sum of two other matrices; otherwise, A is
called irreducible.

The following proposition consists of a generalization of a corresponding result for n distinct eigenvalues of a diagonal
matrix D € M,, which was presented in [8, Theorem 3.1].

Theorem 8. Let A € M, be a normal matrix, whose numerical range is a k-polygon with k < n. Let P be the isometry matrix as in
(3) and C = P*AP be a (k — 1)-compression of A. Then,

(i) ONR[C] contains no line segment,
(ii) Cis irreducible,
(iii) ONR[C] is a differentiable curve.

Proof.

(i) By [1, Theorem 1], for the normal matrix A with NR[A] = (1, 42,..., 4) = P and for a unit vector v the isometry matrix
P is constructed as in (3), and the common points c¢; of ONR[C] N P are given by (5). Suppose that (a,b) is a line segment
on ANR[C], which belongs on part of boundary between c; and c;.1, fori=1,2,...,k, and the vectors w;, w;,; € C*! are
defined by
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Pwi =y; € Ey, (v), and Pwi.i =y, € Ey, (v),

with y;,y;,, € C" the unit vectors in (4). Note that ||wj[| = [[wi4[| = 1, due to P*P = I;_4, and w;w, = w;P"Pw; =y;y, =1,
forr=1i,i+ 1. Consider the subspace K C C", which is spanned by the vectors Pw, with w € C*', ||w|| = 1, and such that
W*P*APw = ¢, for some c € (a,b), and the subspace LC C", which is spanned by the linearly independent vectors
Pwq,Pws,. .. ,PW;_1,PWi,. . .,Pwy. Obviously, dim L=k — 2, and dim K > 2, since K contains at least the two vectors,
which correspond at the points c;, ¢j+;. Thus,

dim(K N L) = dimK + dimL — dim(K + L) > 2+ (k—2) — (k—1) =1,

consequently, there exists at least a vector Pwg € KN L, with |[wo|| =1, and wy € ¥,
Consider Pwg € L, due to definition L,

k
Pwo =Y a;Pw;, for suitable @;, and j#i,i+1,
=

whereby arises

k ok
w,P"APWy = (Z ajpw,»> > aAPw;,
j=ii+1 JALi+
i.e., the point wiP"APWg € (J1, A2, ..., Ay Zis2y - -5 Ak)-
Moreover, Pwy € K = wjP"APw, = c € (a, b). This is a contradiction, because of (a,b) lies on the part of 9NR[C] between
C;, Cis1, and outer of the polygon (11,42, . ., %, 42, - - ., A). Hence, ONR[C] does not include line segment.
Suppose that the matrix C € M,_; is reducible, thus, there exists a unitary matrix U € M,_; such that

v A 0O
U'CU = U'P'APU = :
[ 0 Az}

Since NR[C] = NR[U*CU] = Co{NR[A;] UNR[A,]}, [11], for any c;€ ONR[C], there exists te[0,1], such that
¢i=ta, + (1 — t)ay, with a; € NR[A4], and a, € NR[A;], for i=1,2,...,k. Moreover, since the boundary of NR[C] does
not include line segment by (i) and ¢; € ONR[C] one of the following statements holds :

(a) t=0= c;=a, € NR[A;], or

(b) t=1=c;i=a; € NR[A{], or

(c) a; =ay = ci=a; € NR[A3].

Therefore, fori=1,2,...,k, either c; € NR[A;] or ¢; € NR[A;], and c; ¢ NR[A1] N NR[A;]. In the following, consider two dif-
ferent points ¢y, ¢, that lie on the numerical ranges of A;, A,.Without loss of generality, suppose c; € NR[A;] and
> € NR[A,], which we will prove that is a contradiction. Since c¢; € NR[A;], there exists a unit vector u, such that
¢ = u*Aju, and

u

¢ =[u O}U*P*APU{O

:| = WT P*APWl7

where wy = U {g] e ¢!, Similarly, if c, € NR[A;], there exists a unit vector v, such that c, = v*A,v, and
0

;=10 v*]U*P*APU{v} = wW;P"APw;,

where w, = U{g} € €1, Let Pwy =y, Pw, =5, for yy, ¥, as in (4), i.e.,
) )
2 % — 1
\/\01|2 +|0af? \/\01|2 + |0af?
) )

3 Xy — 2 X3.
VIvP 1052 /1o + [osP

PW]E-V]: X2,

PW2 =y, =

By the two last expressions we conclude

)
_ 103 -~
V1012 + 1022/ [02 + fos P

sincev; # 0,i=1,2,...,k, (see (2)). Also, using the above vectors wy, w; it is clear to see that Pw;, Pw, are orthonormal,
which is a contradiction from (23). Therefore, c; € NR[A,], i.e., both ¢y, c; € NR[A,].

Similarly, it is proved that, c;e NR[A;], for every i=1,2,...,k. Moreover, the unit vectors Pw;=Yy;, Pw,=
Yo,...,Pwy_q = yr_1 consist of a basis ofEﬁvx (v), whereby it is implied A; € M,_1, consequently, Cis an irreducible matrix.

(Pwy)"Pwy =

0, (23)
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(iii) The curve of the boundary of NR[(] is differentiable, otherwise, if there exists a point, where it is not differentiable,
then at this point the curve has to present:
(a) either sharp point, this case is contradiction by (i), or
(b) the matrix C has normal eigenvalues [11, Theorem 1.6.6], but in this case the matrix C has to be reducible, that is
impossible from (ii). O

In the following proposition a condition is formulated such that the boundary of the numerical range of a 3 x 3 matrix is
an ellipse, when the matrix is a suitable 3-compression of a normal matrix A, whose numerical range is a quadrilateral. The
equation

det(uHy + vSp + wl) =0,

with u, o, @ viewed as homogeneous line coordinates, defines an algebraic curve of class n. The real part of this curve is called
associated curve of A and denoted by C,. The eigenvalues of A are the real foci of C4, and NRJA] = Co{C,}, (see [12]).

Proposition 9. Let A € M, be a normal matrix, where NR[A] = (11, A2, 23, A4), and let z = z,e; + z€; + z3e3 € C" be a unit vector
as in (8), which corresponds to 2-compression Q*BQ of the diagonal matrix B=diag(is, /2, /s 425, ..., ) as in (7), and
C1,C2, C4 € ONR[Q*BQ] as in Theorem 4. If the line

(Iml3 —ImAs)x + (Reis — Red3)y + w =0 (24)
is a support line of the elliptical disk NR[Q*BQ], with w = Reislmi4 — Re/4mJs, then

NR[QBQ] = NR|P*AP),

where P is the n x 3 matrix as in (3) corresponding to the unit vector v € C" defined in (17) and (18).

Proof. Since Q*BQis a 2-compression of B, ONR[Q*BQ] is an ellipse, [11]. According to Fiedler’ s comments in [6] and the
assumption in (24), we conclude

det[(lm/L3 — Im)v4)HQ*BQ + (Re).4 - Re;»g)SQ*BQ + COIz] = O,

and the support line intersects ONR[Q*BQ] at the point q*Q*BQg, where ¢ is a unit eigenvector of the Hermitian matrix
(Iml4 — ImJ3)Hgpq + (Re’s — Rel4)Sq-pq, corresponding to the eigenvalue w =Re/slmis — Reislm/s. Since ONR[Q*BQ]N
ONR[P*AP] = {c1,c3,c4}, and the line segment (13, 14) lies on line in (24), the Eq. (24) is common support line of 8 NR[Q*BQ]
and ONR[P*AP]. Moreover, according to (a) in Remark 7 a unique ellipse is defined, ONR[Q*BQ]. Hence, by Proposition 6,
we conclude that c3=q*Q*B Q g € ONR[P*AP] n ONR[Q*BQ]. Also, the boundaries of the numerical range of the matrix
P*AP € M5 and of the elliptical disk NR[Q*BQ] have four common points and four common support lines, thus

NR[Q*BQ] C NR[P‘AP] with &(P'AP) = {€;, €}, (25)

where €, €; are the foci of ellipse, (€; # €;), [7]. According to a result of Kippenhahn (see [12, sect. 7, Theorem 26]), the asso-
ciated curve Cppp

(a) consists of three points, when NR[P*AP] is the convex hull of these points, but this case is impossible by Theorem 8 (i),
either

(b) the degree of Cp4p is equal to 4, when ONR[P*AP] has a flat portion, which is impossible by Theorem 8 (i), or

(c) the degree of curve is equal to 6, when o (P*AP) has three distinct eigenvalues, which is a contradiction by (25), or

(d) consists of a point and an ellipse. We claim that the point is in the interior of elliptical disk; otherwise & NR[P*AP]
presents sharp point or the point is a normal eigenvalue of P*AP, both of which are impossible by Theorem 8 (i),
(ii). Therefore, the curve Cp4p consists of an ellipse, i.e., NR[P*AP] is an elliptical disk.

Since ONR[Q*BQ] and ONR[P*AP] have the same common points and support lines, the two elliptical disks are identical. O
Example 10. Let A= diag(i],).z,ig,;u4, ).5), B= diag(i1,iz.).s, U, ).5), with

A= diag(—Z\/f+ (2 n 2\/2)1, V2 - (2 + 2\/§)i, 2V2 (2\5 - 2)1, 2V2 + (2\/5— 2)i, i>,
B= diag(f2\/2‘ F(242V2)i, —2v2 - (2 + Ni)i, 4, 2v2, i),

and the unit vector z =
computed

1 1 1 : . . ) .
7361 T /152 T T whereby an isometry matrix Q and the corresponding 2-compression are
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_)\’]
4 - m
2 1
2 4
X )
< e
% or & €3 . X }Ls )
c
[
g NR[P*AP] =NR[Q*BQ]
= ~e [ 3
2
_2 - m
_4 L -
b
_6 | | | | | | | |
-4 -3 -2 -1 0 1 2 3 4 5
Real Axis
Fig. 2. The numerical ranges NR[P*AP], NR[Q*BQ)] are identical.
-1/v/2 -0.2929
1/v2 -0.2929
Q= /(;F 0.9102 Q'BQ = V2 A
' ’ 2 2v2)
0 0
0 0

with 6(Q*BQ) = {-2,2}, tr(Q*BQ) = 0; the length of the major axis is equal to 4v/2 and of the minor axis 4 (see Notations and
preliminaries in Section 1), thus ONR[Q"BQ] = {(x,y) : % +§ = 1}. Clearly, the line x = 2v/2 is a support line of & NR[Q*BQ] at
the point c3 = 2+/2. The common points of ONR[Q*BQ] N ONR[B] N ONR[A] are : ¢; = —2v2, ¢; =2 — V/2i, ¢4 = 2 + /2i Since

Cp—l3 __ Ca=l _ 1 : .
o= (1+f)2, e T ) the unit vector vis defined by (17) and (18)

U_\/2+\/_ \/2+\/_ \/2 V2, \/2 V2,

The spectrum of 3-compression P*AP is 6(P*AP) = {—2,2}, and the point ¢; = 2v/2 is computed by (5) for the above vector v,
thus c3 € ONR[A] N ONR[P*AP] = ONR[A] n ONR[Q*BQ]. In Fig. 2 the numerical ranges NR[A], NR[B], NR[P*AP] and NR[Q*BQ] are
illustrated, the points /s, it are marked with x’s, the eigenvalues of A are marked with +'s and the eigenvalues of P*AP with
0’s.
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