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Abstract

Both Kalman and Lainiotis filters arise in linear estimation and are associated with linear systems. In this paper, we
investigate the partition of linear systems into lower dimensioned independent linear systems. We study the effects of
partitioning on filter behaviour and computational burden. It is concluded that the partition does not affect the behaviour
of Kalman and Lainiotis filters. Simulation results show that Kalman and Lainiotis filters compute the same outputs
(estimation and estimation error covariance), both in the single and in the partitioned model. It is also concluded that the
partition leads to significant speedup in both Kalman and Lainiotis filters. Specifically, it is shown that the partition into p
independent models leads to super-linear speedup in the range (p, p2) for both filters.
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1.Introduction

Estimation plays a very important role in many fields
of science [1]. The estimation/filtering problem arises
in linear estimation and is associated with linear
systems, which can be time varying or time invariant.
The discrete time Kalman filter [1-3] and the discrete
time Lainiotis filter [3, 4] are the most popular
algorithms that solve the filtering problem. Both
filters have time varying as well as time invariant
versions. In this paper, we investigate the partition of
linear systems into lower dimensioned linear systems.
We focus on the case where a linear system can be
partitioned into lower dimensioned independent
systems. Real time problems require accurate and fast
computation in order to deal with more realistic
models. The novelty of this paper is the derivation of
accurate and fast filters when model partitioning is
feasible, in which case it is shown that significant
speedups can be achieved. The rest of the paper is
organised as follows: Section 2 describes the system
partition. Kalman and Lainiotis filters are briefly
presented in Section 3. In Section 4 the effects of
partitioning on filter behaviour are discussed, while
Section 5 illustrates the achievable speedups. Finally,
Section 6 concludes the paper.
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2.System partition
The estimation/filtering problem arises in linear
estimation and is associated with linear systems
described by the following state space equations:
x(k+1) = F(k+1k)- x(k) +w(k) 1)
z(k+D)=H(K+D-x(k+1)+v(k+1) 2
where x(k) is the n-dimensional state vector at time
k, z(k) is the m-dimensional measurement vector,
F(k+1k) is the nxn system transition matrix,
H (k) isthe mxn output matrix, {w(k)} and {v(k)}
are independent Gaussian zero-mean white and
uncorrelated random processes, Q(k) and R(k) are
the plant and measurement noise covariance matrices
respectively, x(0) is a Gaussian random process with
mean x, and covariance B, .

For multi-state and multi-sensor environment, both
the state vector and the measurement vector can be
partitioned into p parts of lower dimensions than the

initial single vectors. Then partitionable models can
be derived. The model partition is allowable when the
derived models are independent. Then, the resulting
p models have N -dimensional state vectors and M

-dimensional measurement vectors, satisfying the
relation:



p=—=" 3)

Note that n and m are the partiotonable model
dimensions, while Nand M are the partitioned
model dimensions.

It is clear that when the models are independent, then
the initial state vector can be recovered by merging
the partitioned state vectors and the initial
measurement vector can be recovered by merging the
partitioned measurement vectors. Also the partitioned
transition matrices are part of the initial transition
matrix and the partitioned output matrices are part of
the initial output matrix. This holds for the plant and
measurement noise covariance matrices.

3.Kalman and Lainiotis filters

The filtering/estimation problem is to produce an
estimate at the time k of the state vector using
measurements prior to timek ; i.e. the aim is to use
these measurements in order to calculate an estimate
value x(k/k) of the state vector x(k) and the

corresponding covariance matrix P(k / k) .

The discrete time Kalman Filter [1-3] and Lainiotis
filter [3, 4] are the most well-known algorithms that
solve the filtering problem. For time varying systems,
the filtering algorithms of interest are summarized in
the following:

Time varying Kalman filter (TVKF)

X(K+1/k) =F(k+Lk)x(k /k)

P(k+1/k) =Q(k)+ F(k +Lk)P(k /K)FT (k +1,k)

K(k+1) =Pk +1/K)H" (k+1)
[Hk+DPK+1/K)H" (k+1)+R(k +1)]™"

X(k+1/k+1) = x(k +1/k)

+KK+)[z(k+D) - H(k+D)x(k +1/k)]

P(k+1/k+1) =Pk +1/k)-K(k +)H (k +)P(k +1/k)

Time varying Lainiotis filter (TVLF)

X, (k+1/k+1) =K (k+1)z(k +1)

M, (k+D) =K, (k+1)z(k+1)

x(k+1/k+1)=x (k+1/k +1)+

+F, (k+1K)[1 + P(k/k)O,(k +D]™
[P(k/K)M,(k+1)+x(k/Kk)]

P(k+1/k+1) =P, (k+1k)

+F (K +1K)[1 +P(k/K)O, (k +D]"P(k / kK)F. (k +1,k)
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where:

AK+D =[HK+DQK)H" (k+D +R(k +D]™
K,(k+1)=Q(K)HT (k +1)A(k +1)
K,(k+)=F"(k+LK)H" (k +) Ak +1)

P (k+Lk)=Q(k)-K,(k+D)H k +1)Q(k)
F(k+Lk)=F(kk+1k)-K, (k+D)H(K+1)F(k+1Kk)
O,(k+) =K, (k+D)H(+D)F(k+1k)

For time invariant systems where the system
transition matrix, the output matrix, the plant and
measurement noise covariance matrices are constant,
the resulting time invariant Kalman and Lainiotis
Filters take the following form:

Time invariant Kalman filter (TIKF)
x(k +1/K) = Fx(k / k)
P(k+1/k)=Q+FP(k/k)FT
K(k+1) = P(k +1/K)HT[HP(k +1/K)H" +R]™"
x(k +1/k +1) = x(k +1/k)

+K(k+D[z(k +1) — Hx(k +1/ k)]
P(k+1/k+1) = P(k +1/k) — K (k +1)HP(k +1/ k)

Time invariant Lainiotis filter (TILF)

X, (K+1/k+1) =K, (k+1)z(k +1)

M, (k+1) = K, z(k +1)

x(k+1/k+1) =x,(k+1/k +1)

+F [1 +P(k/k)O, T [P(k / K)M,, (k +1) + x(k / k)]
P(k+1/k+1) =P,(k +1,k)

+F [ +Pk/Kk)O,IP(k/K)FS

where the following quantities are calculated off-line:
A=[HQHT + R]™"

K, =QHTA
K,=FTHTA
P, =0Q—-K HQ
F,— F —K,HF
O, = K, HF

For time invariant systems, it is well known [1] that if
the signal process model is asymptotically stable, i.e.,
all eigenvalues of the transition matrix F lie inside

the Unit Circle, then there exist steady state values I5p

and P, of the prediction and estimation error

variances matrices, respectively. In this case, the
resulting discrete time steady state Kalman Filter and
Lainiotis Filter take the following form:

Steady state Kalman filter (SSKF)
X(k+1/k+1) = A x(k/k)+Bz(k+1)
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where the matrices A, =[I -KH]F and B, =K

are calculated off-line by first solving the
corresponding discrete time Riccati equation:

P(k+1/K)=Q+FP(k/k-1F’
~FP(k/K-D)H'[HP(k+1/K)H" +R]"HP(k /k -1)F'
and then calculating the steady state gain:
K=PHT[HPH™ +R]".

Steady state Lainiotis filter (SSLF)

X(k+1/k+D) =Ax(k/k)+Bz(k+1)

where the matrices A, =F,[1+PO,J'P, and
B =K, +F[I+PO,1'PK_ are calculated off-line
by solving the corresponding discrete time Riccati
equation

P(k+1/k+1) =P +F[1+P(k/k)O,]'P(k/K)FS

4.Partitioned models and filter behaviour

It is obvious that both Kalman and Lainiotis filter can
be implemented to the basic model (1)-(2) as well as
to the partitioned models satisfying (3). The
implementations concern time varying, time invariant
or steady state filters. In all cases, the estimations
Xx(k/k)of the state wvector x(k) and the

corresponding covariance matrix P(k/k) derived

using the initial single system, are related to the
estimations and the corresponding covariance
matrices derived using the partitioned systems. In
fact, we are able to reconstruct the initial single state
vector estimate by merging the partitioned state
vectors estimates. Also we are able to reconstruct the
initial single covariance matrix putting the partitioned
covariance matrices in a block-diagonal matrix. It is
clear that that the partition does not affect the
behaviour of any filter.

In order to confirm this conclusion we consider the
model taken from [5] to track head movements in x-
axis and y-axis simultaneously (single model): The
state vector is of dimension n=2 and contains the

position in x-axis and y-axis: x(k) = [sx(k) sy(k)]T

The measurement vector is of dimension m=2 and
contains the measured position x-axis and y-axis:

20 =[2,() 2,007 .

Then we take:

o 11l 1)
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The plant noise w(k) =[ w, (k) Wy(k)]T is Gaussian

. . . 10
zero-mean with covariance matrix Q = {0 J .

The measurement noise V(k) =|v, (k) vy(k)}T is
Gaussian ~ zero-mean with  covariance  matrix
01 O
R:
0 01
This model allows us to partition the system into

p=2 independent systems, which describe the
movement in x-axis and y-axis separately (partitioned
models). In each axis, the state vector is of dimension
N =2 and contains the position: x(k) =s(k). The
measurement vector is of dimension M =1 and
contains the measured position z(k) .

Then we take:

F=1H=1Q=1,R=0.1.

The plant noise w(k) is Gaussian zero-mean with
covariance matrix Q and the measurement noise v(k)
is Gaussian zero-mean with covariance matrixR .

It is obvious that we are able to describe the
movement in both axis using two separate states:
X (k) =s (k) for the x-axis and X, (k)=s, (k) for
the y-axis. If we merge these two states, we take the
state vector x(k) =[ s, (k) sy(k)]T of the single
model. By merging the estimation
X, (k/k)=s,(k/k) for the movement in x-axis and
the estimation x, (k/k) =s (k/k) for the movement
in y-axis, we take the estimation of state vector of the
single model:

x(k/K)=[5,(/K) s,(k/K)]

T
=[x (k1K) x,(k/K)]

Also, the estimation error covariance matrices

P.(k/k) and P,(k/k) for each movement can be

merged to the estimation error covariance of the
single model:

/1) — P.(k /k) 0
Plk/k) = 0 P, (k/k)

We implemented the time invariant as well as the
steady state Kalman and Lainiotis filters with initial
conditions x,=0 and PR, =1 for both axis

movements.



Figure 1 depicts the real and estimated position using
invariant Kalman and Lainiotis filters, where position
corresponds to head movements in x-axis and y-axis
simultaneously.

T T
real
estimated

position

10 r c
-2 0 2 4 6 8 10 12 14 16 18

Figure 1 Position estimation using Kalman and
Lainiotis filters

Concerning the behaviour of the filters, we found that
the time invariant Kalman and Lainiotis filters are
equivalent, since they compute the same outputs
(estimation and estimation error covariance), in both
the single and the partitioned model. These results are
depicted in Figure 1, where the estimated position
concerns both Kalman and Lainiotis filters.

5.Speedup due to partition

In this section we investigate the partition effects on
the computational burdens of the filters. Kalman and
Lainiotis filters are iterative algorithms. Thus, their
computational burdens depend on their per-iteration
calculation burdens. For multi-state and multi-sensor
environment, where n>2 andm=>2, the per-
iteration calculation burdens, computed using the
ideas in [4], are shown in Table 1.

When implementing the filters to p partitioned
models with N >1 and M >1, where pan integer is
p>2, the per-iteration calculation burdens, are

shown in Table 2. It is worth remarking that, due to
the fact that the partitioned models have the same
structure, both Kalman and Lainiotis filters have also
the same structure and can be implemented in parallel,
resulting to p times faster filters.

For both Kalman and Lainiotis filters, and for all
their versions (time varying, time invariant, steady
state), we define the speedup from the single model

163

International Journal of Advanced Computer Research, Vol 6(26)

to the p partitioned models as the per iteration
calculation burden of filters for a single model
divided by the per-iteration calculation burden of
filters for the p partitioned model. Then, we are able
to determine lower and upper bounds for the speedup,
as follows.

Table 1 Per-iteration calculation burden of filters for
the single model
Filter Calculation burden
4n® +3.5n? —1.5n + 4n’m + nm + 3nm?

TVKF

+1(16m° —3m? —m)

8n’m -+ 3nm +5nm? + £ (58n* + 6n? —10n)
TVLF

+1(16m®—3m? —m)

4n® +3.5n° —1.5n + 4n’m + nm + 3nm?
TIKF

+1(@16m® —3m® —m)
TILF 4nm+1(58n° +9n* — 7n)

SSKF 2n’ +2nm-—n
SSLF 2n?+2nm-n

Table 2 Per-iteration calculation burden of filters for
partitioned models
Filter  Calculation burden
P[4N?® +3.5N? —1.5N + 4N>M + NM +3NM?

+1(16M® -3M?* - M)]
P[BNM +3NM +5NM?

TVLF  +1(58N°®+6N”-10N)
+1(16M*-3M? - M)]
p[4N°® +3.5N2 —1.5N +4N°M + NM +3NM?
+1(16M® -3M?* - M)]

TILF P[4NM +1(58N° +9N? —7N)]

SSKF  p[2N?+2NM —N]

SSLF  p[2NZ?+2NM —N]

TVKF

TIKF

Time Varying Filters
For the time varying Kalman filter, we have:
4n® +3.5n” —1.5n + 4n’m + nm + 3nm?

1@em® —3m? -
speedupzl ++(16m m<° —m)

P 4AN®+35N? —1.5N +4N°M + NM +3NM?
+1(16M*-3M?* - M)
4p*N®+3.5pN? —1.5N +4p>’N°M + pNM +3p>NM 2

_ +1(16p°’M°®—-3pM? —M)

4N°® +3.5N? —1.5N +4N2M + NM +3NM?
+1(16M*-3M?*-M)

Then
p < speedup
since:
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(4N® +4N’M +3NM? + £ M?) p?
—(4N° +4N*M +3NM? + 2 M3 15N -1 M)p
~(@.5N +iM)

= (4N® +4N’M +3NM? + 2 M ?)
15N +1M

-1 + >0
(p=1)(p 4N3+4N2M+3NM2+%M3)
and
speedup < p?
since:
(3.5N? —1.5N + NM —13M? -1 M)p?
—(3.5N?+NM —13M?)p+(L.5N +1 M)
=(3.5N?*-1.5N +NM —1i3M?* -1 M)

15N +1M

(p-D(p+ i )>0

3.5N?-1.5N +NM —13M? -1 M
For the time varying Lainiotis filter, we have:
8n’m + 3nm +5nm?

+1(58n° +6n” —10n)

1 +3(@6m®-3m*-m)

p 8N2M +3NM +5NM 2
+1(58N°+6N? —10N)
+1(16M3—3M? M)
8p°’N?*M +3pNM +5p*NM 2
+1(58p°N® +6pN? —10N)

_ +1(16p>M°—3pMZ—M)

8N?M +3NM +5NM ?
+1(58N®+6N?—10N)
+1(16M3—3M2—M)

Then

p < speedup

since:

(BN2M +5NM 2 +158N° +116M ) p?

~(8N?M +5NM 2 + L58N° +116M° ~ 110N —1M)p

~(210N +1M)

— (8N?M +5NM?Z + 158N +116M°)

110N +1M
8N?M +5NM?2 +158N° +116M°

speedup =

(p=D(p+

and
speedup < p°
since:
(BNM +N? —110N —1iM)p?
—(3NM +N?)— (210N +1 M)
=(3NM +N? —110N -1 M)
LION +1 M
3NM +N? —110N -1 M

)>0

(p—D(p+

)>0

164

Time invariant filters

The time invariant Kalman filter case is similar to the
time varying Kalman filter case.

For the time invariant Lainiotis filter, we have:

1 4nm+1(58n°+9n°-7n)
speedup = — 5 >

p 4NM + 1 (58N°+9N? -7N)
1 4m+1(58n*+9n-7) n
"~ p4M +L(58N?+9N-7) N
_4pM +1(58p>N? +9pN —7)
© AM +1(58N?+9N-7)

Then

p < speedup

since:

(58N?)p* —(58N? -7)p-7
7

=58N*(p-1
(P=D(P+ oy

)>0

and

speedup < p°

since:

(24M +9N —7)p? —(24M +9N)p +7
7

=(24M +9N -7)(p-1)(p—-——————) >0
(24M +9N = 7)(p~D(p — 5 o) >

Steady state filters
For both the steady state Kalman and Lainiotis filters,
we have:

1 2n*+2nm-n

SpeedUp_EzN%erM N
~ 1 2n+2m-1 n
T p2N+2M-1N
_2pN+2pM -1
T 2N+2M -1

Then

since:

2pN +2pM —1> p(2N +2M —-1) =2pN +2pM — p
and
2pN+2pM -1,

speedup = <
P P 2N +2M -1 P
since:
p?(2N +2M —1)— p(2N +2M) +1
1
=@2N+2M -1)(p-Y(p—————)>0
(2N + )(p-D(p N 1 2M _1)>
Thus, we proved that:
p < speedup < p’ (4)



This result holds for both Kalman and Lainiotis
filters and for all the possible implementations (time
varying/time invariant/steady state). So, the model
partition leads to a significant speedup. This speedup
increases as the number p of the partitioned models

increases. It is worth to note that in the case of
parallel implementation of the partitioned models, the
speedup becomes p times greater. The important
result of (4) is further illustrated through the
following three examples.

Example 1

Consider the 2D random walk system described in
[6] for head tracking in two dimensions
simultaneously (single model) with n=2 andm=2.
The 2D random walk system parameters are:

o s el o5l

We are able to partition the system into p=2 1D

random walk systems with N =1 and M =1. The 1D
random walk system parameters are:
F=1LH=1,Q=14,R=0.1. The calculation burdens
of time invariant as well as the steady state Kalman
and Lainiotis filters and the corresponding speedups
are shown in Table 3.

Table 3 Example 1 speedup

Single Partitioned
models
. model
System  Filter 5 N=1 Speedup
_o M =1
m= D=2
Time KF 122 32 3.813
Invariant LF 97 28 3.464
Steady KF 14 6 2.333
State LF 14 6 2.333
Table 4 Example 2 speedup
Single Partitioned
models
. model
System  Filter ', N=2 Speedup
9 M =1
m= p=2
Time KF 509 138 3.688
Invariant LF 670 178 3.764
Steady KF 44 20 2.200
State LF 44 20 2.200

Example 2

Consider the systems described in [6] for mobile
position tracking in two dimensions simultaneously
(single model) or separately (partitioned models).In
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this example the single model with n=4 and m=2
is partitioned into p=2 models with N =2 and

M =1. The calculation burdens of time invariant as
well as the steady state Kalman and Lainiotis filters
and the corresponding speedups are shown in Table
4,

Example 3

Consider the systems described in [7] for mobile
position tracking in three dimensions simultaneously
(single model) or separately (partitioned models). In
this example the single model with n=6 and m=3
is partitioned into p=3 models with N =2 and

M =1. The calculation burdens of time invariant as
well as the steady state Kalman and Lainiotis filters
and the corresponding speedups are shown in Table
5.

Table 5 Example 3 speedup

. Partitioned
Single models
. model -~
System  Filter — o N=2 Speedup
_3 M=1

m= D=3
Time KF 1660 207 8.019
Invariant LF 2207 267 8.266
Steady KF 102 30 3.400
state LF 102 30 3.400

The simulation results confirm that the model
partition into p independent models leads to a

significant speedup in the range (p, pz) for both

Kalman and Lainiotis filters. In fact, this speedup
increases as the number p of the partitioned models

increases.

6.Conclusion

We investigated the partition of linear systems into
lower dimensioned independent linear systems when
implementing Kalman filter and Lainiotis filters in
linear estimation. We are able to separate a single
model into p>2 partitioned models, if the

partitioned models are independent of each other.
Concerning the behaviour of the filters, it was shown
that the implementation of the time varying/time
invariant/steady state Kalman/Lainiotis filter for the
single model is equivalent to the implementation for
the partitioned models, since all filters compute the
same estimates and estimation error covariance.
Thus, the partition does not affect the behaviour of
any filter; the filters remain optimal with the results
of the same accuracy. Finally, it was shown that
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model partition leads to a significant speedup. In fact
the partition into p > 2 independent models leads to a

speedup, such that p <speedup < p*, for both

Kalman and Lainiotis filters. This speedup increases
as the number p of the partitioned models increases.
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