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Abstract

In this paper, the powers of the Fibonacci matrices are investigated and closed for-
mulas for their entries are derived, related to the suitable terms of the k- step Fibonacci
sequences in order to develop the properties of the irreducibility and primitivity of the Fi-
bonacci matrices. Some bounds for the spectral radius and the modulus of the remaining
eigenvalues of the Fibonacci matrices are presented. New formulas for computing of the odd
and even terms of a special Fibonacci sequence are discussed, generalizing the Cassin’s and
Sharpe’s formulas.

Keywords: Fibonacci numbers and polynomials, Spectral radius, Irreducible, Primitive
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1. Introduction

Fibonacci numbers are one of the most well-known numbers, and
have many important applications to a wide variety of research areas such
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as mathematics, computer science, physics, biology, and statistics. For
historical reasons, the applications and the theory of Fibonacci and Lucas
numbers, see, e.g. [3, 13, 17, 21, 23] and the references given therein.

It is well-known that the Fibonacci sequence, the Lucas sequence,
the Padovan sequence, the Perrin sequence, the tribonacci sequence and
the tetranacci sequence are very famous examples of recursive sequences,
which are defined as follows.

The Fibonacci numbers 1, 1, 2, 3, 5, 8, 13, . . . are derived by the
recurrence relation fn = fn_1 +f ,n2z3, with f1 = f2 =1, [13], [20, A000045].

The Lucas numbers 2, 1, 3, 4, 7, 11, 18, 29, . . . are derived by the
recurrence relation =L +0 ,nz 3, with (= 2, and L, = 1, [13], [20,
A000032].

The Padovan numbers 1,0,0,1,0,1,1,1,2,2,3,4,5,7,9,12, ... are
derived by the recurrence relation a =a ,+a ., nx4 with a,=1,a,=a,
=0, [20, A000931].

The Perrin numbers 3, 0, 2, 3,2, 5,5,7,10, 12,17, . . . are derived by
the recurrence relationp =p ,+p , n>4,withp =3,p,=0,andp,=2,
[20, A001608].

Both Fibonacci and Lucas numbers as well as both Padovan and
Perrin numbers satisfy the same recurrence relation with different initial
conditions.

Extending the above definitions, the k—step Fibonacci sequences,
which have been considered and discussed by many authors [1, 4, 5, 6, 11,
13, 21, 22] and the references therein, are derived. For k = 3, the tribonacci
numbers 1,1, 2, 4,7, 13,24, 44, . . . are derived by the recurrence relation
f,=fitf Sy n>4 withf =f =1, and f, =2, [4], [22], [20, AO00073].
For k = 4, the tetranacci numbers 1, 1, 2, 4, 8, 15, 29, 56, . . . are derived by
the recurrence relationf =f  +f ,+f .+ n>5 withf =f, =1, and
f,=2,f,=4,120, A000078].

Furthermore, important relations between the k-step Fibonacci
numbers and the special matrices have been investigated; the determinants
of the matrices constructed by k—step Fibonacci numbers are obtained in
[11], the sums of the generalized Fibonacci numbers are derived directly
using the matrix representation and method in [5, 6, 2]; some closed
formulas for the associated generalized Fibonacci sequence are derived by
matrix methods [12], and recently two limiting properties concerning the
k-step Fibonacci numbers are obtained, related to the spectral radius of the
{0, 1}-matrices in [1]. In the present paper, we shall focus on the important
properties of the irreducibility and primitivity of the {0, 1}-matrices

n—-4’
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through the powers of these matrices, which are related to the k-step
Fibonacci numbers.

The paper is organized as follows: In Section 2, we introduce the
Fibonacci matrices Q, R, , which correspond to a k-step sum Fibonacci

sequence ( f;k’o))n:12 , and k-step sum and m-step gap Fibonacci

sequence (fn(k'm))n »for k = 2, and m > 1, respectively. In Section 3, the

=1,2,...
characteristic polynomials of the Fibonacci matrices are presented and
the closed formulas of the entries of the powers of the Fibonacci matrices,
which are related to the terms of the Fibonacci sequences, are given. The
important properties of the irreducibility and primitivity of the Fibonacci
matrices are discussed and bounds for the spectral radius as well as the
modulus of the remaining eigenvalues of the Fibonacci matrices are
studied. Finally, Section 4 summarizes the conclusions.

2. Definitions of k—step Fibonacci sequences and Fibonacci matrices

For the integers k=1,2,...,m=0,1, ..., we define the k—step sum
and m-—step gap Fibonacci sequence ( flm )n_l , asin [1], whose n—th term is
given by the recurrence relation o

f;’l = f;,—m—l + n—m-2 +eet n—m—(k—1) + n—m—k
k+m (1)
Z fo» forevery n 2 k+m+1,

i=m+1

with

fi=ooo=fi,, =1 )

Combining (1) and (2) notice that all the terms f of the sequence
£ '”)) are positive 1ntegers and f is the sum of k terms starting

2,..

written equivalently as

f;1 = f;rfmfl + n—m-2 +ot n—m—(k—1) + n—m—k
N (3)
= an,mﬂ., forevery n > k+m+1.

j=l
Remark 2.1:
(i) From (2)-(3) it is evident that fork=1,and m =0, 1, . . ., all the terms

of the Fibonacci sequence ( f,fk””)) are equal to one. Hereafter

n=1,2,....
consider k > 2, since the case k = 1 is trivial.
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(ii) For m = 0, the n-th term f of the k-step sum Fibonacci sequence

(£5), .. is given by
k
fo=foat foa bt ooy + fok =Z f,.., forevery n >k +1, @)
i=1
with initial values
fi==fi=1 (5)

Remark 2.2: The Fibonacci sequence ( fn(k"”))n:1 s

gives known sequences

poee

for various values of the steps k, m:

for k =2, m = 0, the equations (2)-(3) give the well-known Fibonacci
sequence, 1,1,2,3,5,8,13, ...

for k = 3, the equations (4)-(5) give the tribonacci sequence, 1,1, 1, 3,
5,9,17,31,...,[20, A000213].

for k = 4, the equations (4)-(5) give the tetranacci sequence, 1,1, 1, 1,
4,7,13,25,...,[20, A000288].

for k=2, m =1, the equations (2)-(3) give the Padovan sequence, 1, 1,
1,2,2,3,4,5,7,9,...,[20, AO00931].

In the following, we are going to demonstrate a close link between

matrices and Fibonacci numbers in (4) with initial values in (5). To this
end, consider k > 2, and (4) constitute the first equation of the following

linear system:

So=foat fiatet =1y T Jnzk _fn 1 1 L fia
Jo =S S 1 0 0 0| /.,

: o) =0 1 O 0 :
Jocteory = Fomiin Josta : S ey
Sty = Jacieny _f,,,(k,l) ] L0 0 Of| fuck |

The k x k matrix Q, of the coefficients of the above system is defined

as



Downloaded by [University of Sterea Hellas] at 14:40 22 November 2017

FIBONACCI SEQUENCES AND FIBONACCI MATRICES 1187

1 1 1 1
- : 1 0 0 - 0
Qk :|:Q1 - :|: 0 1 0 0 (6)
Ik—l QZ : . :
o - 0 1 O

where the k — 1 entries of the 1 x (k — 1) vector 0O are equal to one, I_, is
the (k — 1) x (k — 1) identity matrix and the (k — 1) x 1 vector Q, is equal
to zero, i.e., Q, is just the (k — 1) x (k — 1) identity matrix extended by the
first row of k ones and the last column of k — 1 zeros. In the following, Q,
is called k—Fibonacci matrix.

Working as in the above, for k > 2, m > 1 and using (3) with initial

values in (2) we can write the following linear system:

f;1 = f;,,m,1 + n—-m-2 teeet n—m—k+1 + n—-m—k

Jo =10

f;‘l—m = -f;l—ﬂl

f;I*M*l = f;l*M*l
f;r—m—(k—l) = f;r—m—(k—l)

Hence, using a (k + m) x 1 vector the above linear system can be
formed as

1, 00 0 1 [ /.,
£ 1 0 0 0 0 0|l f,

: 01 0 0 0 off :
Lo |00 0 - 0ll /.,
fios 100 0 1 o0 fons
Soom-t-2) 3 o 0 S
_fnimf(kfl)_ 0 0 - - 0 1 0/t

whereby it is obvious that the sequence ( f,,(k’m))r _can be represented
by a (k + m) x (k + m) matrix, R, , which is a block matrix such that
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[0 0 0 1 1]
10 0 0 0 0
01 0 - 0 0 0
R :{R, Rz}: 0 0 0 0 )
™ IR, R, |00 0 1 0
: .0
10 0 - - 0 1 0]

where the first row consists of the vector-matrices R1' RZ; the m entries of
the 1 x m vector R are equal to zero and the rest k entries of the 1 x k vector
R, are equal to one; R, is the (k + m — 1) x (k + m — 1) identity matrix and
the (k+m —1) x 1 vector R, is equal to zero. In the following, R, is called
k, m — Fibonacci matrix.

Remark 2.3:

(i) The well-known sequences correspond to k-Fibonacci matrix Q, in
(6) for suitable value of k and m = 0;

11
- for k = 2, the Fibonacci sequence corresponds to Q, = 1 0}
(1 1 1
- for k = 3, the tribonacci sequence corresponds to Q3 =1 0 Of;
10 1 0
1 1 1 1
1 0 00
- for k = 4, the tetranacci sequence corresponds to Q =lo 1 0 ol
001 0

(ii) The Padovan sequence corresponds to 2, 1-Fibonacci matrix R, , =

01 1
1 0 0|by(7)withk=2,m=1.
010

(iii) The k-Fibonacci matrix Q, in (6) has been presented and the
determinant of Q, has been investigated in [11] and some results on
matrices related with Fibonacci numbers and Lucas numbers have
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been investigated in [7] and the transpose matrix of the general Q-
matrix in [10].

(iv) The trace of a matrix A is denoted by tr(A). From (6) and (7), it is
evident that t7(Q,) =1, and tr(R, ) =0.

3. Fibonacci matrices and powers of Fibonacci matrices

Proposition 3.1: [1] The k-th degree characteristic polynomial x, (1) of
the k—Fibonacci matrix Q, in (6) is given by

k
xXp (A) =25 =D A ®)
i=1
The set of all eigenvalues of A is denoted by o(A) and called the
spectrum of A; the nonnegative real number p(A) = max{|A] : A € 6(A)} is
called spectral radius of A. Recall that a matrix A with nonnegative entries
is said to be primitive, if A is irreducible and has only one eigenvalue of
maximum modulus, [9, Definition 8.5.0].
Here, q; denotes the #j-th entry of Qk, for1<i,j<k and p(Qk) the
spectral radius of Q,; in [14, Theorem 3.5] the bounds of p(Q,) have been
investigated and presented by

2k -1
k
Notice that if 4, ea(Qk) is an eigenvalue of Q,, then /Tj ea(Qk),

because of x,, (1) has real coefficients. Further, since x,, (1) in (8) has the
constant term equal to -1, it is evident that

<p(Q)<2. ©)

detQ, = (-1)* (1) = (=D*"". (10)

Hence, Q, is a nonsingular matrix and all the eigenvalues are nonzero.
In the following proposition, the characteristic polynomial of the
k, m—=Fibonacci matrix R, s formulated.

Proposition 3.2: [1] The (k + m)-th degree characteristic polynomial
xp, . (4) of the k, m—Fibonacci matrix R, in (7) is given by

k
ka.m (ﬂ) — Ak#—m _ Z/lk_i' (11)
i=1
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Since Xp, (/1) in (11) has real coefficients, it is evident that if
A,ec(R,,) is an eigenvalue of R, then A ;€0(R, ). Further, using the
Constant term of Xp (ﬂ) itis derlved

detR, ,, =(=)""(=1) = (=D (12)

Hence, R, ~is a nonsingular matrix and all the eigenvalues are
nonzero.

Let r, denote the ij-th entry of R, for1<i,j<k+m, and pR,,)
the spectral radius of er s since the values of r.are 0 or 1, according to [9,
Theorem 8.1.22] and [16, Theorem 7] we derive

k+m k+m
1= min Zr <p(R,, )< max Zr =2, (13)
1< j<k+m“ 1<j<k+m %
feam kam
1= min » r, <p(R,, )< max ) r. =k, (14)
1<i<k+m % wry 1<i<k+m wry v

and combining (13) and (14) we can write
1< p(Rk/m) <2. (15)

In the following, we may rewrite the terms of the Fibonacci sequence

( f,fk"”)) _,, such that some initial terms can be defined by negative

,,,,,

indexed. To this end, we use the Dirac delta function (or é function), which
is denoted by

0, #Jj
5 .:{ nr

L n=

Consider that, the first k + m negative indexed terms are equal to zero
Sopamy = =S =1, =0, (16)

then the n—th number of the Fibonacci sequence ( f,,(k’"’))ﬁ , » which is

formulated in the following proposition, follows immediately from (2)
and (3).
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Proposition 3.3: For the given integers k > 2, and m > 0, for all n > 1 the

. . (k,m) . .
n—th number, f , of the Fibonacci sequence ( /. )n:u’m is given by the
following recurrence formula

k+m k-1 k—j
f zf;r m—i + 25 5n7m7j7i’ (17)
Jj=1 Jj=1 i=1

with initial values in (16).
By the recurrence formula in (17) and the initial values in (16) for

m = 0 the n—th number, f , of the k—step Fibonacci sequence ( fn(k’o))n:l , s
given by o
k k k-1 k—j
f;’lzzf;’l*i-'—zé‘n*]_ 5}1]1’ (18)
i=1 Jj=1 Jj=1 i=l

with initial values

f—(k—l) =-=f,=/,=0. (19)

Consider v 2 0 a fixed integer and the k-step Fibonacci sequence

(k,0)
(f" )n:l,Z ,,,,, :

expressions (18)-(19), that (n — v + k + 1)-th term of the k—step Fibonacci
sequence is given by

One can easily show, using (4)-(5) or the equivalent

k
f;'t—v+k+l = z f‘n—err . (20)
r=1

Theorem 3.4: Let the k—Fibonacci matrix Q, in (6) and the Fibonacci numbers f,
in (18) with initial values in (19). Let n > k, the n power of Q, is defined as

' =[4,]. (21)

where §; denotes the ij—th entry of O}, for 1 <1i,j < k. Then, the positive integers
q; are given by

k-1

1 1 n i+1+r (22)

r

‘

4, =

=

=

b
k-1

”

Gy = Jociir (23)
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and

R 1 (j—l k-1 \ .
qij :Ekgﬁ:—ﬂr +;f;z—i+l+r) 4 fOI' 2< J = k_l (24)

Proof: The entries ¢, are positive integers as sum of the terms the k-step
Fibonacci sequence, which is a sequence of positive terms by (18).

Consider k > 2 a fixed number and use the induction method on n.
For n =k =2, and using the Fibonacci numbers by (18) and (19), the entries
of matrix in (21) are trivially verified by (22)-(24), since holds

- F A
? q’\21 922 f‘2 fi 11 10

Assume that (21) holds for all n > k, thus the formulas in (22)-(24) are
true for n, where 7 is an arbitrary positive integer less than 2. Consider

_@11 quz ‘}13 élk_ 11 o1
ézl ‘?22 423 ézk 1 0 0 - 0
Q/:Hl:Q/:le: qA31 qA32 qA33 ‘}31« o1 0 -0

_C}kl (’}kZ ék3 quk_ 0 - 0 I
_‘}1|+qu2 6}114"}13 qu1+@14 qAn_

‘}21 +‘}22 6?21 + 6iz3 ('iZl + ‘?24 6i21
= éu"‘ész qu1+‘}33 qAal+é34 ‘}31

_ékl 4, Gutdy Gatdn qu1_
=[‘}1+éz G+ 4+4q, 61] (25)
=[a @ @ - al=[4]

where §;,§,; denote the j-th column of O, O;",respectively, and g,
denote the entries of Q.

It is obvious that the k—-th column of Q,Z'H coincides with the first
column of @/, thus the entries of the k~th column of Q" are given by
(22), i.e.,
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1 "ZI: 1 ki
qik =7 fn—i+l+r =7 7 f&n+l)—i+n
k_lrzl k_ll‘:l

Hence, (23) holds also for n + 1, which completes the induction
method for (23). Since the first column of Q" is equal to the sum of the
first and second column of Q;, the entries of the first column of Q,f+l are
given by (22) and (24) as

s 1 o 3
Gy =Gqn+q, = meanm +mkﬁl—i+l + anﬂ'ﬂw}
r=1 r=2

1 [k 1 k-1 \
= k_L ﬁn+l)—i+r + Z ﬁn+l)—i+r + f(n+1)4J . (26)
r=1 r=2

In (26) setting T = — 1 and using (20) we can write

)

ql] k 1kz .f(n+2) —i+7 + Zﬁn-&) —i+T + ﬁn+1) LJ
)
k ILZ f(n+2) i+T + ZﬁnJrZ) i+7 + ﬂn+2) i + ﬁn+l) l)

)
k lkz‘f;nﬂ) i+l+7 + n—i+l + n—i+2 +Zf;l 1+r+2J

=

-2 k

1 [
- k—1 L . f;n+l)7i+l+1 +; f;zfiJr‘r

N—

k=2

1 [ k-
- k—1 k; ﬁnﬂ) er T fn z+k+1J zl f(n+1)—i+1+r'

Hence, (22) holds also for n + 1, which completes the induction
method for (22).

By (25) it is clear that, for 2 < j < k — 1 the j~th column of O} is equal
to the sum of the first and (j + 1)-th column of O}, hence the entries of the
j~th column of Q"' are given by (22) and (24) as



Downloaded by [University of Sterea Hellas] at 14:40 22 November 2017

1194 M. ADAM AND N. ASSIMAKIS

1 )
q qzl +q: (/+1) J— Ian z+l+r k— ILZJ(;; i+r Z -fn z+l+rJ

r=j+l1
J )
k 1 LZ .f(rH—]) —i+r + rzjélﬁ;ﬁ-l) i+r rz:ll f;z—[+rJ . (27)

Setting T =r — 1 in (27) and using (20) we can write

k=2 3

o
9; = b — ILTZ:(; f(n+2) e T Zﬁnﬂ) i+ +z f(n+1) HTJ
1 =) \
= ﬁkzof(nﬂ —i+T +f;n+2) —i +2ﬁn+2) —itT +Zf("+1) itr +f(n+1) ’J
7=l =]
— L(j_] y +Zf + + +Zf 3
e — 1L —~ (n+D)—i+7 (n+D)—i+l+z TS n—i+l n—i+2 n— 1+r+2J
1 (& k \
B k— 1k = f("“) i ¥ zf("“) i+1+7 ;fn—in
1 (& \
k- IL = f(””) e ¥ Zf(ﬂﬂ) i+l+7 fn—i+k+1J
1 (& \
T k- 1L; f(n+1) e T Zf(ml) ;+1+TJ

Hence, (24) holds also for n + 1, which completes the induction
method for (24). O

The general idea of the Fibonacci cryptography is based on the
matrix 9; in (21) for k = 2. Applying Theorem 3.4 and using Q; in (21)
for various values of k > 2, one can provide higher security for encryption
and decryption of the initial message, or the image information, [15,
18]. Moreover, Theorem 3.4 will be useful in obtaining two important
properties of Q,, which will lead to the very sharp information for its
spectral radius, and a localization of the remain spectrum of Q,. Indeed,
using Theorem 3.4, it is easy to prove that for k > 2 the entries of the
matrix ([, + Qk)k_1 are positive integers, thus Q, is an irreducible matrix,
[9, Lemma 8.4.1]; it follows that the spectral radius p(Q,) is a positive,
simple (without multiplicity) eigenvalue of Q,, [9, Theorem 8.4.4], which
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\2 \
lies in the interval {[%} ,2) from (9). In addition, applying Theorem

3.4 we conclude that, for n > k, the entries of Q are positive integers,
thus Q, is a primitive matrix [9, Theorem 8.5.2], i.e., p(Q,) is the unique
eigenvalue with maximum modulus. Thus, if all the distinct eigenvalues
of the nonsingular matrix Q, are denoted by /'Ll, 12, e, lkfl, p(Q,), then the
following inequality holds

0<

ﬂ'r

<p(Q,); r=L2,..,k-1. (28)

Moreover, applying Lemma 3.4 and Theorem 3.6 (i) in [8] for the
characteristic polynomial x, (1) in (8), we conclude that

0<|2,|<1; r=12,..k-1. (29)
Thus, the following proposition is proved.

Theorem 3.5: Let Q, be the k— Fibonacci matrix in (6) with k > 2. Then, Q, is an
irreducible and primitive matrix, p(Q,) is a positive, simple eigenvalue of Q,, with
p(Qk) € (1, 2) and the remaining eigenvalues A], /'LZ, c., QLH lie in the interior
of the unit disk.

Remark 3.1: Notice that:

(i) If k is odd, then the characteristic polynomial X (4) in (8) has one
real root p(Q,), and the others are complex conjugate. Thus, the

k-1
complex eigenvalues 4 in (28) appear in p = = complex conjugate

pairs, which are denoted by 4,4, = 4,,4,, 4, = 4,,..., 4

39eees

p*l’;tp = lpfl'
(ii) Ifkis even, then x,, (1) has two real roots and the others are complex
conjugate. The one real root is the unique real positive root p(Q)), it

-1 12 \
lies in the interval {[T) ,2) by (9) and has maximum modulus.

Since the degree of x, (1) is even and the constant term of x, (1)
is equal to -1, the product all the eigenvalues is equal to —1; thus the

other real root is negative, which lies in the interval (-1, 0) due to

(29). Hence, the complex eigenvalues A in (28) appear in p =%

complex conjugate pairs and A are denoted as in (i).
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(iii) Applying Theorem 3.4 for k = 2 and n > k, the matrix Q) = E (1)}

_ {’?11 ‘?12:| is given by (22)-(24) as

qu q22
n f n+l f;1
- . 30

© {fn fnj 0

Taking the determinant of the both sides of (30), we obtain
fn+1fn—1 - fn2 = (_1)” 4 (31)

the well-known Cassini’s identity [13, Theorem 5.3]. For k = 3, the
entries of Q7 in (21) are given by (22)-(24), thus, Q] relates to the
terms of Fibonacci sequence as

1 fn+1+ n+2 fn+fn+2 fn+fn+1
QSZE fn+fn+1 fn—1+fn+1 fn—1+fn N (32)

fn—l+f;1 fn—2+fn fn—2+ n-1

Since det Q; =1 due to (10), taking the determinant of the both sides
of (32), it was found that

fn3 + fnz+1fn—2 + fnz—l n2 fn—anfn+2 - 2fn—1fnfn+l =4.

In the general case, working as the above and using the formulas
in (22)-(24) of Q; and the higher-dimensional determinant, we can
derive generalized formula of (31).

4

(iv) Furthermore for k = 2 and n > k, starting with Q] =Qy Q)™

expressing suitably the matrices Q) ,Q4', Q)™ from (30), we have

|:fn+1 fn :| — f#*l f# fn—y+1 fn—,u
fn fn—l fy f/z—l fn—,u fn—,u—l l

which yields
fn = fyfn—;ﬁl + f//—] n—u’ (33)
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the known as convolution property [13, formula 6, p. 88]. In (33) replace
n with 2n + 1 and p with n + 1, then the well-known Sharpe’s identity
for k=01in [19, formula 2] is derived

2 2
f2n+1 :fn+1+fn'

Working as the above and using various values of k, we derive the
generalized formula of (33).

Example 3.6: Consider k = 2, m = 0, as in Remark 2.2, and the well-known
11
Fibonacci sequence 1, 1, 2, 3,5, 8, . . .. The matrix Q, = L 0} is defined

by (6), its characteristic polynomial Xy (1)=A*>-21-1 is given by (8),

1-5 1445 _
2 2
1.61803, the well-known number as the golden ratio.
It is evident that A(Q,) €[1.22474, 2) and A e(-1, 0) verifying the
inequalities in (9) and (29) as well as the comments in Remark 3.1 (ii).

which has two real roots 4, = ~ -0.61803 and p(Q,)=41, =

Example 3.7: Consider k = 3, m = 0, as in Remark 2.2, and the well-known

1 11
tribonacci sequence 1, 1, 1, 3, 5,9, 17, 31, . . .. The matrix Q, = 1 00
010

is defined by (6), its characteristic polynomial x, (4)=4>-2*-2-1 is
given by (8), which has roots A, = -0.41964 + 0.60629i, 1, =4, = —0.41964
~0.60629i, and p(Q,) = 1.83928. Since |4, |=|4,|= 0.73735, it is evident that
p(Q,) € [1.29099, 2) verifying the inequalities in (9) and (28)-(29). Notice
that k is odd, according to Remark 3.1 (i) two eigenvalues are complex
conjugate and the spectral radius is the only real one.

Consider v > 0 a fixed integer and the k-step sum, m-step gap
Fibonacci sequence ( f;k"”))

,fork>2,and m > 1. One can easily show

using the definition (2)-(3) or the equivalent expressions (16)-(17) that, the
(v + m)—th term of the k—step sum, m—step gap Fibonacci sequence is given

by
k
fv+m = Z fv—r : (34)
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Theorem 3.8: Let R, be the k, m—Fibonacci matrix in (7) and f_be the Fibonacci
numbers in (17) wzth initial values in (16). Let n > k + 2m + 1, with k > 2,
m > 1, the n power of R, is defined as

R = [ﬁ]—]r (35)

where r denotes the ij — th entry of e fOr 1<, j<k+m.
Then the positive integers 7, are given by

A 1 .
r;]' = E(fmkﬂ'—i - fn+j—i ) 4 for 1< J < m, (36)
and
k+m+1-j
;;'k = ﬁ z (fn+1+k—z‘—r - fn+1—i—r)’ for m+ 1Sj£ k+m. (37)

r=1

Proof: It is worth noting that the k-step sum, m-step gap Fibonacci

(k,m) . . . .
sequence ( fa )n in (17) is an increasing sequence, hence we can

=12,.
> > <p<
write f, w ke 1>fn+] Zandf+1+k - fn”_i_p,fork_Z,m_l,l_p_

k+m+1-j,and1<1,j<k+m. Thus, itis evident that the entries f’i]. in (36)
and (37) are positive integers.

Consider k > 2, and m > 1 two fixed numbers and use the induction
method on n. Forn =k + 2m + 1 =5, when k = 2, m = 1, the Fibonacci
numbers by (16) and (17) are 1,1, 1,2,2,3,4,5,7, . . ., and the entries of
matrix in (35) are trivially verified by (36)-(37), since holds

7A’11 7712 7A’13 f7_f5 fe_f4+f5_f3 fe_f4
R25,1: ?21 ;‘22 ’A’ =\fi=fs L-L+h-f fi-fs
A31 A32 ?33 fs fs f4_fz+f3_f1 f4_f2

2 2 1] [o 11

=1 2 1|=|1 0 O

_1 11 010

Assume that (35) holds for all n > k + 2m + 1, thus the formulas in
(36)-(37) are true for n, where  is an arbitrary positive integer less than 5.
Consider
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Rn+l _ Rn R
k,m™ k,m
1 12 13 1,(k+m) 0 0 1 1 1
Ty Ty 23 . 2,(k+m) 1 0 0 0
_ 31 673 L£%) r3,(k+m) 01 0 0
o 7 7 . 3 0 - -0 1 0
_rik+m),1 nk+m),2 r(k+m),3 72k+m),(k+m) 1= -
hy 3 im M me1) B F 1 ey B F 1 ko) Iy
Ty Ty Bom T (ms1) o1 15 i) o1 15 k) "
=TI 33 3 3,(m+1) O 13 m+2) O 73 (c+m) 31
Themz  Teems " Towomym Ty Tooma T lamyme2y 7 Tema T lmyeemy  Tkem
= l:rZ TS rm rm+l 1 + rm+2 7" + k+m rl:' (38)
= [7’1 r2 o rm—l rm rm+1 o rk+m—1 rk+m :I = |:r1/:|

where 7,7, denote the j—th column of R,f ,R,:’”,respectively, and 7,
177 m m ij

denote the entries of R}

By (38) it is obvious that, for 1 < j < m — 1, the j-th column of R,:‘*"f
coincides with the (j + 1)-th column of R/ , hence the entries of the j-th
column of R’ are given by (36) as follows

S A 1 1
rzj 7’; (]+1) k=1 (fn+k+(j+1)—i - fn+(j+1)—i) = m(f(ml)ﬂwj—i - f(n+1)+j—i ) . (39)

Moreover, since the m— th column of R”+1 coincides with the (m + 1)-th
column of R/, due to (38), using the hypothe51s of induction by (37) and
(34), we can wrlte

S s 1 < 1
rim i,(m+1) _EZ( nalek—i-r n+1 i— r) m(f(nﬂ)Jrker—i _f(n+1)+m—i)’ (40)

r=1
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Hence, for 1 < j < m, (39)-(40) are implied that (36) holds also for
n + 1, which completes the induction method for (36).

By (38) it is clear that, for m + 1 < j < k + m — 1, the j—th column of R}’:ti
is equal to the sum of the first and (j + 1)-th column of R}, ,hence the

entries of the j—th column of th‘jj are given by (36) and (37) as

k+m+1-(j+1
N 1 :

A oA 1
rij = rz‘l +ri,(j+1) k_l(fn+k+1—i - z) k— Z ( n+1+k ior n+1 i— r)

r=1
k+m—j
1 ]

( \
= Ek.frwhk—i - fn+1—i + (fn+l+k—i—r - fn+l—i—r )J

r=1

k+m—j
1 ]

= k — 1 (fn+1+k—i—r - fn+lfi,, ) . (41)

r=0

Setting T =7 + 1 the equation in (41) can be written

k+m—j+1
1 )

7’,7» =7 Z (f(n+1)+k—i—(r71) _f(n+1>—if(rfl))
k -1 7=1
~ 1 k+m+1-j
-7 4 (f(n+1)+1+k—i—r - f(n+1)+1—i—r ) (42)
k-1 =1

Furthermore, since the (k + m)-th column of R;:H,; coincides with the

first column of R/, due to (38), the entries of the (k + 1)-th column of R}':*”f
are given by (36) as

1
1 E(fm—kﬂ—[ - fn+1—i)

1 k+m+1—(k+m)

m Z (f(n+1)+1+k—i—r - f(n+1)+1—i—r ) (43)

r=1

I
~
|

r;',(k+m)

Hence, (42)-(43) are implied that (37) holds also for n+1, which
completes the induction method for (37). O
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By (15) the spectral radius p(R, ) of R, islocated in the interval (1,2)
and it is not known if p(R ) isan elgenvalue of R, o AS well as a location
for the eigenvalues of R, . In the following, Theorem 3.8 will be useful
in obtaining two 1mportant properties of R, , which will lead to the very
sharp information for its spectral radius, that is a real eigenvalue of R,
and an upper bound for the modulus of the remain spectrum of R, |

Theorem 3.9: Let the positive integers k, m, withk > 2, m > 1, and let R,_ be the
k, m—Fibonacci matrix in (7). Then, R, is an irreducible and przmztwe matrzx
p(R, ) is a positive, simple eigenvalue of R, , and the following inequality holds

0<[a|<pR,,); r=1,2,...(k + m-1), (44)
where A, A,, ..., A denote the remaining eigenvalues of the nonsingular

matrix Rk .
M

Proof: Using Theorem 3.8, it is easy to prove that for the integers k > 2, and
m > 1, the entries of the matrix (I, +R_ )*"" are positive integers, thus
Rk , isanirreducible matrix, [9, Lemma 8 4.1]. Moreover, as R, tm has entries
0 or 1, the irreducibility of R, ~follows that the spectral radius pRR, ) isa
positive, simple eigenvalue of R, ,[9, Theorem 8.4.4].

Furthermore, according to Theorem 3.8 for n > k +2m + 1, the entries
of R are positive integers, thus R, is a primitive matrix [9, Theorem
8.5. 2] it follows that p(R, ) is the unique eigenvalue with maximum
modulus. Also, equality (12) implies that R, has nonzero eigenvaluesi.e.,

2, PR ) #0; r=12,.,(k+m-1). (45)

The validity of (44) now follows from the primitivity of R, and (45).
O

We can now make the following remarks based on the results of
Theorem 3.8 and 3.9.

Remark 3.2: Notice that:

(i) If k+m is odd, then the characteristic polynomial x, (4) in (11) has
one real root p(R, ), and the others are complex Con]ugate Thus,

the complex eigenvalues A in (45) appear in p :%Complex
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conjugate pairs, which are denoted by 4,4, = 4,,4;,4, = 4,,..., A

17743774 37 Mp1r
A, ﬂp .-

(i) If k+m is even, then x, (/1) has two real roots and the others are
complex conjugate. The one real root is the unique real positive root
p(R, ), itlies in the interval (1, 2) by (15) and has maximum modulus.
Smce the degree of x, (A1) is even and the constant term of x, (1)
is equal to -1, the product of all the eigenvalues is equal to 1 “thus
the other real root is negative, which lies in the real interval (—p (Rk/m),
0) due to (44). Thus, the complex eigenvalues /”LY in (45) appear in

p= k+—7;1—2 complex conjugate pairs and A are denoted as in (i).

(iii) Applying Theorem 3.8, for k =2, m = 1, and n 2 5, the entries of the

01 1]
matrix Ry =/1 0 0] in (35) are given by (36)-(37) as
010
?11 ?12 ?13 fn+2_fn fn+fn+1_fn—1_fn—2 fn+1 fnl
R;,l_ Ty Ty Tn|= fn+l_fn—1 fn—l+fn_fn—2_fn—3 fn fnZ .
31 ‘32 ‘33 fn_fn—Z fn—2+fn—1_fn—3_fn—4 fnl fn3

Rewriting the terms f

n-1"
(2,1)
(f" )11:1,2/...
fn—l :fn—4 +fn—3’ fn :fn—Z +fn—3’fn+l :fn—] + n—Z’andfrH-Z = Jua n’

fs f,. f,., of the Fibonacci sequence

by (34) for suitable values of v as

the entries of the above R}, are simplified and R, is formulated as

n

O 1 1 fn—l fn fn—Z
R;,l =11 0 0| =f, fiu fus] (46)
O 1 0 fn—3 fn—z fn—4

Taking the determinant of the both sides of (46) and using (12), we
obtain

:—2 + nz—l s T V12—3fn - fn—4 n—an - 2fn—3 n-2tn-17 L (47)
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In the general case, working as the above and using the formulas
in (36)-(37) of R, and the higher-dimensional determinant, we can
derive generalized formula of (47).

(iv) Furthermore for k = 2, m = 1, and n > 5, starting with R}, =R} R},
expressing suitably the matrices Ry, = R} R}’ from (46), we have

f n-1 f n f n-2 f 41 f u f 42 f n—p-1 f n—p f n-p-2
fon fia fis|= f,u—Z f/z—l fﬂ-3 fn—y—Z fn—y—l fn—y—S ’
fn—3 fn—Z fn—4 fﬂ,3 fyfz f#74 fn,/,,g, fn—y—z fn—y—4
which yields
fn = fy71 e T fyfn—p—l LRy Y (48)
foa= fﬂ-l w2 T f#fn—/l—fi + fy_z n-p-4" (49)

In (48) replace n with 2n + 1 and p with n + 1, then the following
formula is derived by

f2n+l = fnz + fn—l wit T Jua e (50)

In (49) replace n with 2n + 2 and u with n, then the following formula
is derived by

f2n :fnz—Z +2fn—1fn' (51)

Example 3.10: For k=2, m =1, as in Remark 2.2, the corresponded sequence
(£27)  isformedbyf =f,=f,=1,andf,=f, ,+,, forall n >4, that

is well known as the Padovan sequence 1,1, 1,2,2,3,4,5, ...
In Remark 2.3, the 3 x 3 matrix Rj, is given by

n=1,2,...

=~
I
o~ O

11
0 0}
10

The characteristic polynomial is given by (11) as x, (1)=4°-1-1
and its spectrum 21
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o(R,,)={p(R,,)=132472, 4, =~0.66235+0.56227i, 4, = J, =~0.66235—0.56227i} .

Since |ﬂl| = |/12| = 0.86883 it is evident that p(R, ) € (1,2) and 0 < |/11| <

1.32472 verifying the inequalities in (15) and (44). Notice that k + m is odd,
according to Remark 3.2 (i) two eigenvalues are complex conjugate and the
spectral radius is the only real eigenvalue.

Example 3.11: Consider the 2—step sum and 2—step gap Fibonacci sequence.
Notice that k + m is even. The 4 x 4 matrix R, , is given by (7) as

0011
100 0
R, = )
2210100
0010

The characteristic polynomial is given by (11) as x; (1)= At-a-1
and the eigenvalues of Rz,z are p(Ru) = 1.22074, ),1 = —0.24812 + 1.0339i,
A, = A, =-0.24812 - 1.0339i, and A, =-0.72449. Since |4 | = |4,| = 1.06333,
|4,]=0.72449, itis evident that p(Rz, ,ye(l,2)and0< |/11,2,3| < p(RZ’ ,) verifying

the inequalities in (15) and (44). Notice that k + m is even, according to
Remark 3.2 (ii) two eigenvalues are complex conjugate, the spectral radius
and A, are the only real eigenvalues; A, is negative and lies in (-1.22074, 0)
verifying the comments in Remark 3.2 (ii).

4. Conclusion

In the present paper, the entries of a power of the k-Fibonacci matrix
Q, for the integer k > 2 corresponded to k-step sum Fibonacci sequence

( f, ,fk'o))n:l , rare formulated by the suitable terms of Fibonacci sequence.
Moreover, we define the k,m — Fibonacci matrix Rk " for the integers

k =2, m = 1 corresponded to k-step sum and m-step gap Fibonacci

sequence (f ,fk'm))n: 1».»and the entries of a power of R, ~are formulated

by the suitable terms of Fibonacci sequence. We use the formulas of the

powers of Q,, R, in order to develop of the important properties of the
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irreducibility and primitivity of the Fibonacci matrices. Moreover, the
spectral radius of the corresponded Fibonacci matrix is a real positive,
simple eigenvalue and lies in the interval (1, 2); the remaining eigenvalues
of Q, lie in the interior of the unit disk and the remaining eigenvalues of
R, , lie in the interior of the disk centered at the origin and radius equal
to its spectral radius. Finally, using the powers of Q, R, and special
values for k, m, we presented some new formulas for computing f,  or
f,, numbers related tof_,f ., f , f  numbers of the Fibonacci sequences,

generalizing the Cassini’s or Sharpe’s formulas.
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