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Abstract
In this paper, the powers of the Fibonacci matrices are investigated and closed for-

mulas for their entries are derived, related to the suitable terms of the k– step Fibonacci 
sequences in order to develop the properties of the irreducibility and primitivity of the Fi-
bonacci matrices. Some bounds for the spectral radius and the modulus of the remaining 
eigenvalues of the Fibonacci matrices are presented. New formulas for computing of the odd 
and even terms of a special Fibonacci sequence are discussed, generalizing the Cassin’s and 
Sharpe’s formulas.
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1. Introduction

Fibonacci numbers are one of the most well-known numbers, and 
have many important applications to a wide variety of research areas such 
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1184 M. ADAM AND N. ASSIMAKIS

as mathematics, computer science, physics, biology, and statistics. For 
historical reasons, the applications and the theory of Fibonacci and Lucas 
numbers, see, e.g. [3, 13, 17, 21, 23] and the references given therein.

It is well-known that the Fibonacci sequence, the Lucas sequence, 
the Padovan sequence, the Perrin sequence, the tribonacci sequence and 
the tetranacci sequence are very famous examples of recursive sequences, 
which are defined as follows.

The Fibonacci numbers 1, 1, 2, 3, 5, 8, 13, . . . are derived by the 
recurrence relation fn = fn-1 + fn–2, n ≥ 3, with f1 = f2 = 1, [13], [20, A000045].

The Lucas numbers 2, 1, 3, 4, 7, 11, 18, 29, . . . are derived by the 
recurrence relation n = n–1 + n–2, n ≥ 3, with 1 = 2, and 2 = 1, [13], [20, 
A000032].

The Padovan numbers 1, 0, 0, 1, 0, 1, 1, 1, 2, 2, 3, 4, 5, 7, 9, 12, . . . are 
derived by the recurrence relation an = an–2 + an–3, n ≥ 4, with a1 = 1, a2 = a3 
= 0, [20, A000931].

The Perrin numbers 3, 0, 2, 3, 2, 5, 5, 7, 10, 12, 17, . . . are derived by 
the recurrence relation pn = pn–2 + pn–3, n ≥ 4, with p1 = 3, p2 = 0, and p3 = 2, 
[20, A001608].

Both Fibonacci and Lucas numbers as well as both Padovan and 
Perrin numbers satisfy the same recurrence relation with different initial 
conditions.

Extending the above definitions, the k–step Fibonacci sequences, 
which have been considered and discussed by many authors [1, 4, 5, 6, 11, 
13, 21, 22] and the references therein, are derived. For k = 3, the tribonacci 
numbers 1, 1, 2, 4, 7, 13, 24, 44, . . . are derived by the recurrence relation 
fn = fn–1 + fn–2 + fn–3, n ≥ 4, with f1 = f2 = 1, and f3 = 2, [4], [22], [20, A000073]. 
For k = 4, the tetranacci numbers 1, 1, 2, 4, 8, 15, 29, 56, . . . are derived by 
the recurrence relation fn = fn–1 + fn–2 + fn–3 + fn–4, n ≥ 5, with f1 = f2 = 1, and 
f3 = 2, f4 = 4, [20, A000078].

Furthermore, important relations between the k–step Fibonacci 
numbers and the special matrices have been investigated; the determinants 
of the matrices constructed by k–step Fibonacci numbers are obtained in 
[11], the sums of the generalized Fibonacci numbers are derived directly 
using the matrix representation and method in [5, 6, 2]; some closed 
formulas for the associated generalized Fibonacci sequence are derived by 
matrix methods [12], and recently two limiting properties concerning the 
k-step Fibonacci numbers are obtained, related to the spectral radius of the 
{0, 1}-matrices in [1]. In the present paper, we shall focus on the important 
properties of the irreducibility and primitivity of the {0, 1}-matrices 
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FIBONACCI SEQUENCES AND FIBONACCI MATRICES 1185

through the powers of these matrices, which are related to the k–step 
Fibonacci numbers.

The paper is organized as follows: In Section 2, we introduce the 
Fibonacci matrices Qk, Rk, m, which correspond to a k–step sum Fibonacci 

sequence ( )( ,0)
1,2,...

,
=

k
n n

f  and  k–step sum and m–step gap Fibonacci 

sequence  ( )( , )
1,2,...

,
=

k m
n n

f for k ≥ 2, and m ≥ 1, respectively. In Section 3, the 
characteristic polynomials of the Fibonacci matrices are presented and 
the closed formulas of the entries of the powers of the Fibonacci matrices, 
which are related to the terms of the Fibonacci sequences, are given. The 
important properties of the irreducibility and primitivity of the Fibonacci 
matrices are discussed and bounds for the spectral radius as well as the 
modulus of the remaining eigenvalues of the Fibonacci matrices are 
studied. Finally, Section 4 summarizes the conclusions.

2. Definitions of k–step Fibonacci sequences and Fibonacci matrices

For the integers k = 1, 2, . . ., m = 0, 1, . . ., we define the k–step sum 
and m–step gap Fibonacci sequence ( )( , )

1,2,...=

k m
n n

f as in [1], whose n–th term is 
given by the recurrence relation

 
1 2 ( 1)

1

, for every 1,

n n m n m n m k n m k

k m

n i
i m

f f f f f

f n k m

− − − − − − − − −

+

−
= +

= + + + +

= ≥ + +∑  (1)

with
 f1 = . . . = fk + m = 1. (2)

Combining (1) and (2) notice that all the terms fn of the sequence 
( )( , )

1,2,...=

k m
n n

f are positive integers and fn is the sum of k terms starting 
the sum at the m–th previous term from fn, thus, the equation (1) can be 
written equivalently as

 
1 2 ( 1)

1

, for every 1.

n n m n m n m k n m k

k

n m i
j

f f f f f

f n k m

− − − − − − − − −

− −
=

= + + + +

= ≥ + +∑
 (3)

Remark 2.1:
(i)  From (2)-(3) it is evident that for k = 1, and m = 0, 1, . . ., all the terms 

of the Fibonacci sequence ( )( , )
1,2,....=

k m
n n

f are equal to one. Hereafter 
consider k ≥ 2, since the case k = 1 is trivial.
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1186 M. ADAM AND N. ASSIMAKIS

(ii)  For m = 0, the n–th term fn of the k–step sum Fibonacci sequence  
( )( ,0)

1,2,....=

k
n n

f  is given by

 1 2 ( 1)
1

... , for every 1,− − − − − −
=

= + + + + = ≥ +∑
k

n n n n k n k n i
i

f f f f f f n k  (4)

 with initial values

 f1 = . . . = fk = 1. (5)

Remark 2.2: The Fibonacci sequence ( )( , )
1,2,...=

k m
n n

f gives known sequences 
for various values of the steps k, m:

-  for k = 2, m = 0, the equations (2)-(3) give the well-known Fibonacci 
sequence, 1, 1, 2, 3, 5, 8, 13, . . .

-  for k = 3, the equations (4)-(5) give the tribonacci sequence, 1, 1, 1, 3, 
5, 9, 17, 31, . . ., [20, A000213].

-  for k = 4, the equations (4)-(5) give the tetranacci sequence, 1, 1, 1, 1, 
4, 7, 13, 25, . . ., [20, A000288].

-  for k = 2, m = 1, the equations (2)-(3) give the Padovan sequence, 1, 1, 
1, 2, 2, 3, 4, 5, 7, 9, . . ., [20, A000931].

In the following, we are going to demonstrate a close link between 
matrices and Fibonacci numbers in (4) with initial values in (5). To this 
end, consider k ≥ 2, and (4) constitute the first equation of the following 
linear system:

 

1 2 ( 1) 1

1 1 1 2

( 2) ( 2) ( 2) ( 1)

( 1) ( 1) ( 1)

... 1 1 1 1
1 0 0 0
0 1 0 0

0 0 1 0

− − − − −

− − − −

− − − − − − − −

− − − − − − −

= + + + +     
    =     
    ⇔ =
    =     
    =     





 


   



n n n n k n k n n

n n n n

n k n k n k n k

n k n k n k n k

f f f f f f f
f f f f

f f f f
f f f f

The k × k matrix Qk of the coefficients of the above system is defined 
as
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FIBONACCI SEQUENCES AND FIBONACCI MATRICES 1187

 1

1 2

1 1 1 1
1 0 0 0

1
0 1 0 0

0 0 1 0

−

 
 
  
 = = 
  
 
  











   



k
k

Q
Q

I Q
 (6)

where the k – 1 entries of the 1 × (k – 1) vector 1
Q  are equal to one, Ik–1 is 

the (k – 1) × (k – 1) identity matrix and the (k – 1) × 1 vector 2
Q  is equal 

to zero, i.e., Qk is just the (k  – 1) × (k – 1) identity matrix extended by the 
first row of k ones and the last column of k – 1 zeros. In the following, Qk 
is called k–Fibonacci matrix.

Working as in the above, for k ≥ 2, m ≥ 1 and using (3) with initial 
values in (2) we can write the following linear system:

 

1 2 1

1 1

1 1

( 1) ( 1)

− − − − − − + − −

− −

− −

− − − −

− − − − − −

= + + + +
=

=
=

=







n n m n m n m k n m k

n n

n m n m

n m n m

n m k n m k

f f f f f
f f

f f
f f

f f

Hence, using a (k + m) × 1 vector the above linear system can be 
formed as

 

1

1 2

1 1

( 2) ( 1)

( 1)

0 0 0 1 1 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0
0 0 0 1 0

0
0 0 0 1 0

−

− −

− −

− − − −

− − − − − −

− − − − −

    
    
    
    
    
    =   
   
   
   
   
       

 

 


 

 

 


   

  

 

n n

n n

n m n m

n m n m

n m k n m k

n m k n m k

f f
f f

f f
f f

f f
f f








whereby it is obvious that the sequence ( )( , )
1, 2,...=

k m
n n

f can be represented 
by a (k + m) × (k + m) matrix, Rk, m, which is a block matrix such that
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1188 M. ADAM AND N. ASSIMAKIS

 1 2
,

3 4

0 0 0 1 1 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0
0 0 0 1 0

0
0 0 0 1 0

k m

R R
R

R R

 

 

 

 

 

   

  

 

 
 
 
 
 

   = =      
 
 
 
  

 (7)

where the first row consists of the vector-matrices R1, R2; the m entries of 
the 1 × m vector R1 are equal to zero and the rest k entries of the 1 × k vector 
R2 are equal to one; R3 is the (k + m – 1) × (k + m – 1) identity matrix and 
the (k + m – 1) × 1 vector R4 is equal to zero. In the following, Rk, m is called 
k, m – Fibonacci matrix.

Remark 2.3:
(i)  The well-known sequences correspond to k–Fibonacci matrix Qk in 

(6) for suitable value of k and m = 0;

 - for k = 2, the Fibonacci sequence corresponds to Q2 = 
1 1

;
1 0
 
 
 

 - for k = 3, the tribonacci sequence corresponds to Q3 = 
1 1 1
1 0 0 ;
0 1 0

 
 
 
  

 - for k = 4, the tetranacci sequence corresponds to Q4 = 

1 1 1 1
1 0 0 0

.
0 1 0 0
0 0 1 0

 
 
 
 
 
 

(ii)  The Padovan sequence corresponds to 2, 1–Fibonacci matrix R2,1 = 
0 1 1
1 0 0
0 1 0

 
 
 
  

 by (7) with k = 2, m = 1.

(iii)  The k–Fibonacci matrix Qk in (6) has been presented and the 
determinant of Qk has been investigated in [11] and some results on 
matrices related with Fibonacci numbers and Lucas numbers have 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
St

er
ea

 H
el

la
s]

 a
t 1

4:
40

 2
2 

N
ov

em
be

r 
20

17
 



FIBONACCI SEQUENCES AND FIBONACCI MATRICES 1189

been investigated in [7] and the transpose matrix of the general Q–
matrix in [10].

(iv)  The trace of a matrix A is denoted by tr(A). From (6) and (7), it is 
evident that tr(Qk) = 1, and tr(Rk,m) = 0.

3. Fibonacci matrices and powers of Fibonacci matrices

Proposition 3.1: [1] The k–th degree characteristic polynomial ( )λ
kQx of 

the k–Fibonacci matrix Qk in (6) is given by

 ( )
1

.λ λ λ −

=

= −∑k

k
k k i

Q
i

x  (8)

The set of all eigenvalues of A is denoted by s (A) and called the 
spectrum of A; the nonnegative real number r(A) = max{|l| : l ∈ s (A)} is 
called spectral radius of A. Recall that a matrix A with nonnegative entries 
is said to be primitive, if A is irreducible and has only one eigenvalue of 
maximum modulus, [9, Definition 8.5.0].

Here, qij denotes the ij-th entry of Qk, for 1 ≤ i, j ≤ k, and r(Qk) the 
spectral radius of Qk; in [14, Theorem 3.5] the bounds of r(Qk) have been 
investigated and presented by

 ( )2 1 2.ρ−
≤ <k

k Q
k

 (9)

Notice that if ( )λ σ∈j kQ  is an eigenvalue of Qk, then ( ) ,λ σ∈j kQ  
because of ( )λ

kQx  has real coefficients. Further, since ( )λ
kQx  in (8) has the 

constant term equal to –1, it is evident that

  1det ( 1) ( 1) ( 1) .+= − − = −k k
kQ  (10)

Hence, Qk is a nonsingular matrix and all the eigenvalues are nonzero.
In the following proposition, the characteristic polynomial of the  

k, m–Fibonacci matrix Rk, m is formulated.

Proposition 3.2: [1] The (k + m)–th degree characteristic polynomial 
,

( )λ
k mRx  of the k, m–Fibonacci matrix Rk, m in (7) is given by

 
,

1

( ) .λ λ λ+ −

=

= −∑k m

k
k m k i

R
i

x  (11)
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1190 M. ADAM AND N. ASSIMAKIS

Since 
,

( )λ
k mRx  in (11) has real coefficients, it is evident that if 

,( )λ σ∈j k mR  is an eigenvalue of Rk, m, then ,( ).λ σ∈j k mR  Further, using the 
constant term of 

,
( )λ

k mRx , it is derived

 1
,det ( 1) ( 1) ( 1) .+ + += − − = −k m k m

k mR  (12)

Hence, Rk, m is a nonsingular matrix and all the eigenvalues are 
nonzero.

Let rij denote the ij–th entry of Rk, m, for 1 ≤ i, j ≤ k + m, and r (Rk, m) 
the spectral radius of Rk, m; since the values of rij are 0 or 1, according to [9, 
Theorem 8.1.22] and [16, Theorem 7] we derive

 
,1 1

1 1

1 min ( ) max 2,
k m k m

ij k m ijj k m j k m
i i

r R rρ
+ +

≤ ≤ + ≤ ≤ +
= =

= < < =∑ ∑  (13)

 ,1 1
1 1

1 min ( ) max ,
k m k m

ij k m iji k m i k m
j j

r R r kρ
+ +

≤ ≤ + ≤ ≤ +
= =

= < < =∑ ∑  (14)

and combining (13) and (14) we can write

 1 < r(Rk, m) < 2.  (15)

In the following, we may rewrite the terms of the Fibonacci sequence
( )( , )

1,2,...=

k m
n n

f such that some initial terms can be defined by negative 

indexed. To this end, we use the Dirac delta function (or d function), which 
is denoted by

 

0,
1, .

δ −

≠
=  =

n j

n j
n j

Consider that, the first k + m negative indexed terms are equal to zero

  ( 1) 1 0 0,− + − −= = = =k mf f f  (16)

then the n–th number of the Fibonacci sequence ( )( , )
1,2,...=

k m
n n

f , which is 

formulated in the following proposition, follows immediately from (2) 
and (3).
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FIBONACCI SEQUENCES AND FIBONACCI MATRICES 1191

Proposition 3.3: For the given integers k ≥ 2, and m ≥ 0, for all n ≥ 1 the 
n–th number, fn, of the Fibonacci sequence ( )( , )

1,2,...=

k m
n n

f is given by the 
following recurrence formula 

 
1

1 1 1 1

,δ δ
−+ −

− − − − − −
= = = =

= + −∑ ∑ ∑∑
k jk k m k

n n m i n j n m j i
i j j i

f f  (17)

with initial values in (16).
By the recurrence formula in (17) and the initial values in (16) for  

m = 0 the n–th number, fn, of the k–step Fibonacci sequence ( )( ,0)
1,2,....=

k
n n

f is 
given by

 
1

1 1 1 1

,δ δ
−−

− − − −
= = = =

= + −∑ ∑ ∑∑
k jk k k

n n i n j n j i
i j j i

f f  (18)

with initial values

 ( 1) 1 0 0.− − −= = = =kf f f  (19)

Consider n ≥ 0 a fixed integer and the k–step Fibonacci sequence 
( )( ,0)

1,2,....
.

=

k
n n

f  One can easily show, using (4)-(5) or the equivalent 
expressions (18)-(19), that (n – n + k + 1)–th term of the k–step Fibonacci 
sequence is given by

 1
1

.− + + − +
=

=∑
k

n v k n v r
r

f f  (20)

Theorem 3.4: Let the k–Fibonacci matrix Qk in (6) and the Fibonacci numbers fn 
in (18) with initial values in (19). Let n ≥ k, the n power of Qk is defined as

 ˆ , =  
n
k ijQ q  (21)

where ˆijq  denotes the ij–th entry of ,n
kQ for 1 ≤ i, j ≤ k. Then, the positive integers 

ˆijq  are given by

 
1

1 1
1

1ˆ
1

−

− + +
=

=
− ∑

k

i n i r
r

q f
k  (22)

 
1

1

1ˆ
1

−

− +
=

=
− ∑

k

ik n i r
r

q f
k  (23)

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
St

er
ea

 H
el

la
s]

 a
t 1

4:
40

 2
2 

N
ov

em
be

r 
20

17
 



1192 M. ADAM AND N. ASSIMAKIS

and

 
1 1

1
1 1

1ˆ , for 2 1.
1

− −

− + − + +
= =

 
= + ≤ ≤ − −  ∑ ∑

j k

ij n i r n i r
r r

q f f j k
k

 (24)

Proof: The entries ˆijq  are positive integers as sum of the terms the k–step 
Fibonacci sequence, which is a sequence of positive terms by (18).

Consider k ≥ 2 a fixed number and use the induction method on n. 
For n = k = 2, and using the Fibonacci numbers by (18) and (19), the entries 
of matrix in (21) are trivially verified by (22)-(24), since holds

 

2
11 12 3 22

2
21 22 2 1

ˆ ˆ 2 1 1 1
.

ˆ ˆ 1 1 1 0
       

= = = =       
      

q q f f
Q

q q f f

Assume that (21) holds for all n ≥ k, thus the formulas in (22)-(24) are 
true for n, where n is an arbitrary positive integer less than 2. Consider

 

11 12 13 1

21 22 23 2
1

31 32 33 3

1 2 3

ˆ ˆ ˆ ˆ 1 1 1 1
ˆ ˆ ˆ ˆ 1 0 0 0
ˆ ˆ ˆ ˆ 0 1 0 0

ˆ ˆ ˆ ˆ 0 0 1 0

+

   
   
   
   = =
   
   
     

 

 

 

       

 

k

k
n n

kk k k

k k k kk

q q q q
q q q q
q q q qQ Q Q

q q q q

           [ ]
[ ]

11 12 11 13 11 14 11

21 22 21 23 21 24 21

31 32 31 33 31 34 31

1 2 1 1 1 4 1

1 2 1 3 1 4 1

1 2 3

ˆ ˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ ˆ ˆ ˆ

+ + + 
 + + + 
 + + +=
 
 
 + + + 

= + + +

 = =  







   





    


k k k k k k k

k ij

q q q q q q q
q q q q q q q
q q q q q q q

q q q q q q q

q q q q q q q

q q q q q
 (25)

where ˆ , j jq q  denote the j–th column of 1, ,+n n
k kQ Q respectively, and ijq  

denote the entries of 1.+n
kQ

It is obvious that the k–th column of 1+n
kQ coincides with the first 

column of ,n
kQ thus the entries of the k–th column of 1+n

kQ  are given by 
(22), i.e.,
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FIBONACCI SEQUENCES AND FIBONACCI MATRICES 1193

 

1 1

1 ( 1) .
1 1

1 1
1 1

k k

ik n i r n i r
r r

q f f
k k



− −

− + + + − +
= =

= =
− −∑ ∑

Hence, (23) holds also for n + 1, which completes the induction 
method for (23). Since the first column of 1+n

kQ  is equal to the sum of the 
first and second column of ,n

kQ the entries of the first column of 1+n
kQ are 

given by (22) and (24) as

1 1

1 1 2 1 1 1
1 2

1 1ˆ ˆ
1 1

− −

− + + − + − + +
= =

 
= + = + + − −  ∑ ∑

k k

i i i n i r n i n i r
r r

q q q f f f
k k

            
1 1

( 1) ( 1) ( 1)
1 2

1 .
1

− −

+ − + + − + + −
= =

 
= + + −  

∑ ∑
k k

n i r n i r n i
r r

f f f
k  (26)

In (26) setting t = r – 1 and using (20) we can write

   

2 2

1 ( 2) ( 2) ( 1)
0 1

1
1 τ τ

τ τ

− −

+ − + + − + + −
= =

 
= + + −  ∑ ∑

k k

i n i n i n iq f f f
k

       

2 2

( 2) ( 2) ( 2) ( 1)
1 1

1
1 τ τ

τ τ

− −

+ − + + − + + − + −
= =

 
= + + + −  ∑ ∑

k k

n i n i n i n if f f f
k

       

2 2

( 1) 1 1 2 2
1 1

1
1 τ τ

τ τ

− −

+ − + + − + − + − + +
= =

 
= + + + −  ∑ ∑

k k

n i n i n i n if f f f
k

       

2

( 1) 1
1 1

1
1 τ τ

τ τ

−

+ − + + − +
= =

 
= + −  ∑ ∑

k k

n i n if f
k

       

2 1

( 1) 1 1 ( 1) 1
1 1

1 1 .
1 1τ τ

τ τ

− −

+ − + + − + + + − + +
= =

 
= + = − − ∑ ∑

k k

n i n i k n if f f
k k

Hence, (22) holds also for n + 1, which completes the induction 
method for (22).

By (25) it is clear that, for 2 ≤ j ≤ k – 1 the j–th column of 1+n
kQ is equal 

to the sum of the first and (j + 1)–th column of ,n
kQ hence the entries of the 

j–th column of 1+n
kQ  are given by (22) and (24) as
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1194 M. ADAM AND N. ASSIMAKIS

1 1

1 ,( 1) 1 1
1 1 1

1 1ˆ ˆ
1 1

− −

+ − + + − + − + +
= = = +

 
= + = + + − −  

∑ ∑ ∑

jk k

ij i i j n i r n i r n i r
r r r j

q q q f f f
k k

        
1 1

( 1) ( 1)
1 1 1

1 .
1

− −

+ − + + − + − +
= = + =

 
= + + −  

∑ ∑ ∑
jk k

n i r n i r n i r
r r j r

f f f
k  (27)

Setting t = r – 1 in (27) and using (20) we can write

12 2

( 2) ( 2) ( 1)
0 0

12 2

( 2) ( 2) ( 2) ( 1) ( 1)
0 1

1 2

( 1) ( 1) 1 1
1

1
1

1
1

1
1

jk k

ij n i n i n i
j

jk k

n i n i n i n i n i
j

j k

n i n i n i
j

q f f f
k

f f f f f
k

f f f
k

 τ τ τ
τ τ τ

τ τ τ
τ τ τ

τ τ
τ τ

−− −

+ − + + − + + − +
= = =

−− −

+ − + + − + − + + − + + −
= = =

− −

+ − + + − + + − +
= =

 
= + + −  

 
= + + + + −  

= + + +
−

∑ ∑ ∑

∑ ∑ ∑

∑ ∑
2

2 2
1

1 2

( 1) ( 1) 1
1 1

1 2

( 1) ( 1) 1 1
1

1 1

( 1) ( 1) 1
1

1
1

1
1

1 .
1

k

n i n i

j k k

n i n i n i
j

j k

n i n i n i k
j

j k

n i n i
j

f f

f f f
k

f f f
k

f f
k

τ
τ

τ τ τ
τ τ τ

τ τ
τ τ

τ τ
τ τ

−

− + − + +
=

− −

+ − + + − + + − +
= = =

− −

+ − + + − + + − + +
= =

− −

+ − + + − + +
= =

 
+ 

 

 
= + + −  

 
= + + −  

 
= + −  

∑

∑ ∑ ∑

∑ ∑

∑ ∑

Hence, (24) holds also for n + 1, which completes the induction 
method for (24).                  

The general idea of the Fibonacci cryptography is based on the 
matrix n

kQ  in (21) for k = 2. Applying Theorem 3.4 and using n
kQ  in (21) 

for various values of k > 2, one can provide higher security for encryption 
and decryption of the initial message, or the image information, [15, 
18]. Moreover, Theorem 3.4 will be useful in obtaining two important 
properties of Qk, which will lead to the very sharp information for its 
spectral radius, and a localization of the remain spectrum of Qk. Indeed, 
using Theorem 3.4, it is easy to prove that for k ≥ 2 the entries of the 
matrix (Ik + Qk)

k–1 are positive integers, thus Qk is an irreducible matrix, 
[9, Lemma 8.4.1]; it follows that the spectral radius r(Qk) is a positive, 
simple (without multiplicity) eigenvalue of Qk, [9, Theorem 8.4.4], which 
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FIBONACCI SEQUENCES AND FIBONACCI MATRICES 1195

lies in the interval 
1/22 1 ,2

 − 
    

k
k

from (9). In addition, applying Theorem 

3.4 we conclude that, for n ≥ k, the entries of n
kQ are positive integers, 

thus Qk is a primitive matrix [9, Theorem 8.5.2], i.e., r(Qk) is the unique 
eigenvalue with maximum modulus. Thus, if all the distinct eigenvalues 
of the nonsingular matrix Qk are denoted by l1, l2, . . . , lk–1, r(Qk), then the 
following inequality holds

 0 ( ); 1,2,..., 1.λ ρ< < = −r kQ r k  (28)

Moreover, applying Lemma 3.4 and Theorem 3.6 (i) in [8] for the 
characteristic polynomial ( )λ

kQx  in (8), we conclude that

 0 1; 1,2,..., 1.λ< < = −r r k  (29)

Thus, the following proposition is proved.

Theorem 3.5: Let Qk be the k– Fibonacci matrix in (6) with k ≥ 2. Then, Qk is an 
irreducible and primitive matrix, r(Qk) is a positive, simple eigenvalue of Qk, with 
r(Qk) ∈ (1, 2) and the remaining eigenvalues l1, l2, . . . , lk–1 lie in the interior 
of the unit disk.

Remark 3.1: Notice that:

(i)  If k is odd, then the characteristic polynomial ( )λ
kQx  in (8) has one 

real root r(Qk), and the others are complex conjugate. Thus, the 

complex eigenvalues lr in (28) appear in 
1

2
−

=
kp  complex conjugate 

pairs, which are denoted by 1 2 1 3 4 3 1 1, , , ,..., , .λ λ λ λ λ λ λ λ λ− −= = =p p p

(ii)  If k is even, then ( )λ
kQx  has two real roots and the others are complex 

conjugate. The one real root is the unique real positive root r(Qk), it 

lies in the interval 
1/22 1 ,2

 − 
    

k
k by (9) and has maximum modulus. 

Since the degree of ( )λ
kQx  is even and the constant term of ( )λ

kQx  
is equal to –1, the product all the eigenvalues is equal to –1; thus the 
other real root is negative, which lies in the interval (–1, 0) due to 

(29). Hence, the complex eigenvalues lr in (28) appear in 2
2
−

=
kp  

complex conjugate pairs and lr are denoted as in (i).
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1196 M. ADAM AND N. ASSIMAKIS

(iii)  Applying Theorem 3.4 for k = 2 and n ≥ k, the matrix 2

1 1
1 0

n
nQ

 
=  
 

 

11 12

21 22

ˆ ˆ
ˆ ˆ
q q
q q
 

=  
 

 is given by (22)-(24) as

 1
2

1

.n n n

n n

f f
Q

f f
+

−

 
=  
 

 (30)

 Taking the determinant of the both sides of (30), we obtain

 2
1 1 ( 1) ,n

n n nf f f+ − − = −  (31)

  the well-known Cassini’s identity [13, Theorem 5.3]. For k = 3, the 
entries of 3

nQ  in (21) are given by (22)-(24), thus, 3
nQ  relates to the 

terms of Fibonacci sequence as

 
+ + + +

+ − + −

− − − −

 + + +
 = + + + 
 + + + 

1 2 2 1

3 1 1 1 1

1 2 2 1

1 .
2

n n n n n n
n

n n n n n n

n n n n n n

f f f f f f
Q f f f f f f

f f f f f f
 (32)

  Since det 3
nQ = 1 due to (10), taking the determinant of the both sides 

of (32), it was found that

 
3 2 2

1 2 1 2 2 2 1 12 4.n n n n n n n n n n nf f f f f f f f f f f+ − − + − + − ++ + − − =

  In the general case, working as the above and using the formulas 
in (22)-(24) of n

kQ  and the higher-dimensional determinant, we can 
derive generalized formula of (31).

(iv)  Furthermore for k = 2 and n ≥ k, starting with 2 2 2 ,n nQ Q Qµ µ−=
expressing suitably the matrices 2 2 2, ,n nQ Q Qµ µ−  from (30), we have

 

1 11

1 1 1

,n nn n

n n n n

f f f ff f
f f f f f f

µ µ µ µ

µ µ µ µ

+ − + −+

− − − − −

    
=     
        

 which yields

 1 1 ,n n nf f f f fµ µ µ µ− + − −= +  (33)
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FIBONACCI SEQUENCES AND FIBONACCI MATRICES 1197

  the known as convolution property [13, formula 6, p. 88]. In (33) replace 
n with 2n + 1 and µ with n + 1, then the well-known Sharpe’s identity 
for k = 0 in [19, formula 2] is derived

 
2 2

2 1 1 .n n nf f f+ += +

  Working as the above and using various values of k, we derive the 
generalized formula of (33).

Example 3.6: Consider k = 2, m = 0, as in Remark 2.2, and the well-known 

Fibonacci sequence 1, 1, 2, 3, 5, 8, . . .. The matrix Q2 = 1 1
1 0
 
 
 

is defined 

by (6), its characteristic polynomial 
2

2( ) 1Qx λ λ λ= − −  is given by (8), 

which has two real roots 1
1 5

2
λ −

= ≈  – 0.61803 and 2 2
1 5( )

2
Qρ λ +

≡ = ≈

1.61803, the well-known number as the golden ratio.
It is evident that 2( )Qρ ∈[1.22474, 2) and l1∈(–1, 0) verifying the 

inequalities in (9) and (29) as well as the comments in Remark 3.1 (ii).

Example 3.7: Consider k = 3, m = 0, as in Remark 2.2, and the well-known 

tribonacci sequence 1, 1, 1, 3, 5, 9, 17, 31, . . .. The matrix Q3 = 
1 1 1
1 0 0
0 1 0

 
 
 
  

 

is defined by (6), its characteristic polynomial 
3

3 2( ) 1Qx λ λ λ λ= − − −  is 
given by (8), which has roots 1λ  = –0.41964 + 0.60629i, 2 1λ λ= =  –0.41964 
– 0.60629i, and r(Q3) = 1.83928. Since λ λ= =1 2  0.73735, it is evident that 
r(Q3) ∈ [1.29099, 2) verifying the inequalities in (9) and (28)-(29). Notice 
that k is odd, according to Remark 3.1 (i) two eigenvalues are complex 
conjugate and the spectral radius is the only real one.

Consider v ≥ 0 a fixed integer and the k–step sum, m–step gap 
Fibonacci sequence ( )( , )

1,2,...
,k m

n n
f

=
for k ≥ 2, and m ≥ 1. One can easily show 

using the definition (2)-(3) or the equivalent expressions (16)-(17) that, the 
(v + m)–th term of the k–step sum, m–step gap Fibonacci sequence is given 
by

 
1

.
k

v m v r
r

f f+ −
=

=∑  (34)
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1198 M. ADAM AND N. ASSIMAKIS

Theorem 3.8: Let Rk, m be the k, m–Fibonacci matrix in (7) and fn be the Fibonacci 
numbers in (17) with initial values in (16). Let n ≥ k + 2m + 1, with k ≥ 2,  
m ≥ 1, the n power of Rk, m is defined as

 ,
ˆ ,n

k m ijR r =    (35)

where îjr  denotes the ij – th entry of , ,n
k mR for 1 ≤ i, j ≤ k + m.

Then, the positive integers îjr  are given by

 ( )+ + − + −= − ≤ ≤
−
1ˆ , for 1 ,

1ij n k j i n j ir f f j m
k

 (36)

and

 ( )
+ + −

+ + − − + − −
=

= − + ≤ ≤ +
− ∑

1

1 1
1

1ˆ , for 1 .
1

k m j

ik n k i r n i r
r

r f f m j k m
k

 (37)

Proof: It is worth noting that the k–step sum, m–step gap Fibonacci 

sequence ( )( , )
1,2,....

k m
n n

f
=

in (17) is an increasing sequence, hence we can 

write fn + k + j – i > fn + j – i and fn + 1 + k – i – p > fn + 1 – i – p , for k ≥ 2, m ≥ 1, 1 ≤ p ≤  

k + m + 1 – j, and 1 ≤ i, j ≤ k + m. Thus, it is evident that the entries îjr in (36) 
and (37) are positive integers.

Consider k ≥ 2, and m ≥ 1 two fixed numbers and use the induction 
method on n. For n = k + 2m + 1 = 5, when k = 2, m = 1, the Fibonacci 
numbers by (16) and (17) are 1, 1, 1, 2, 2, 3, 4, 5, 7, . . ., and the entries of 
matrix in (35) are trivially verified by (36)-(37), since holds

 

   − − + − −
   = = − − + − −   
   − − + − −   

   
   = =   
      

11 12 13 7 5 6 4 5 3 6 4
5
2,1 21 22 23 6 4 5 3 4 2 5 3

31 32 33 5 3 4 2 3 1 4 2
5

ˆ ˆ ˆ
ˆ ˆ ˆ
ˆ ˆ ˆ

2 2 1 0 1 1
1 2 1 1 0 0 .
1 1 1 0 1 0

r r r f f f f f f f f
R r r r f f f f f f f f

r r r f f f f f f f f

Assume that (35) holds for all n ≥ k + 2m + 1, thus the formulas in 
(36)-(37) are true for n, where n is an arbitrary positive integer less than 5. 
Consider
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FIBONACCI SEQUENCES AND FIBONACCI MATRICES 1199

1
, , ,

n n
k m k m k mR R R+ =

       

11 12 13 1,( )

21 22 23 2,( )

31 32 33 3,( )

( ),1 ( ),2 ( ),3 ( ),( )

ˆ ˆ ˆ ˆ 0 0 1 1 1
ˆ ˆ ˆ ˆ 1 0 0 0
ˆ ˆ ˆ ˆ 0 1 0 0

0 0 1 0ˆ ˆ ˆ ˆ

k m

k m

k m

k m k m k m k m k m

r r r r
r r r r
r r r r

r r r r

+

+

+

+ + + + +

   
          =                



 





 

  

   

  

   

 



      

12 13 1 1,( 1) 11 1,( 2) 11 1,( ) 11

22 23 2 2,( 1) 21 2,( 2) 21 2,( ) 21

32 33 3 3,( 1) 31 3,( 2) 31 3,(k m) 31

( ),2 ( ),3 ( ),

ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

ˆ ˆ ˆ ˆ

m m m k m

m m m k m

m m m

k m k m k m m

r r r r r r r r r
r r r r r r r r r
r r r r r r r r r

r r r

+ + +

+ + +

+ + +

+ + +

+ +

+ +

= + +

 

 

 

    

 ( ),( 1) ( ),1 ( ),( 2) ( ),1 ( ),( ) ( ),1
ˆ ˆ ˆ ˆ ˆ

k m m k m k m m k m k m k m k mr r r r r r+ + + + + + + + +

 
 
 
 
 
 
 

+ +  

     2 3 1 1 2 1 1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ

m m m k mr r r r r r r r r+ + + = + +  

 (38)

     1 2 1 1 1m m m k m k m ijr r r r r r r r− + + − +
  = =          

 

where ˆ ,j jr r  denote the j–th column of 1
, ,, ,n n

k m k mR R + respectively, and ijr

denote the entries of 1
, .n

k mR +

By (38) it is obvious that, for 1 ≤ j ≤ m – 1, the j–th column of 1
,

n
k mR +

coincides with the (j + 1)–th column of , ,n
k mR  hence the entries of the j–th 

column of 1
,

n
k mR + are given by (36) as follows

 ( ) ( ),( 1) ( 1) ( 1) ( 1) ( 1)
1 1ˆ .

1 1ij i j n k j i n j i n k j i n j ir r f f f f
k k+ + + + − + + − + + + − + + −= = − = −
− −

  (39)

Moreover, since the m– th column of 1
,

n
k mR + coincides with the (m + 1)–th 

column of ,
n
k mR due to (38), using the hypothesis of induction by (37) and 

(34), we can write

( ) ( ),( 1) 1 1 ( 1) ( 1)
1

1 1ˆ .
1 1

k

im i m n k i r n i r n k m i n m i
r

r r f f f f
k k+ + + − − + − − + + + − + + −

=

= = − = −
− −∑    (40)
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1200 M. ADAM AND N. ASSIMAKIS

Hence, for 1 ≤ j ≤ m, (39)-(40) are implied that (36) holds also for  
n + 1, which completes the induction method for (36).

By (38) it is clear that, for m + 1 ≤ j ≤ k + m – 1, the j–th column of 1
,

n
k mR +  

is equal to the sum of the first and (j + 1)–th column of , ,n
k mR hence the 

entries of the j–th column of 1
,

n
k mR +  are given by (36) and (37) as

( ) ( )
1 ( 1)

1 ,( 1) 1 1 1 1
1

1 1ˆ ˆ
1 1

k m j

ij i i j n k i n i n k i r n i r
r

r r r f f f f
k k

+ + − +

+ + + − + − + + − − + − −
=

= + = − + −
− − ∑

            
( )1 1 1 1

1

1
1

k m j

n k i n i n k i r n i r
r

f f f f
k

+ −

+ + − + − + + − − + − −
=

 
= − + − −  

∑

           ( )1 1
0

1 .
1

k m j

n k i r n i r
r

f f
k

+ −

+ + − − + − −
=

= −
− ∑  (41)

Setting t = r + 1 the equation in (41) can be written

 
( )

1

( 1) ( 1) ( 1) ( 1)
1

1
1

k m j

ij n k i n ir f f
k τ τ

τ

+ − +

+ + − − − + − − −
=

= −
− ∑

 ( )
1

( 1) 1 ( 1) 1
1

1 .
1

k m j

n k i n if f
k τ τ

τ

+ + −

+ + + − − + + − −
=

= −
− ∑  (42)

Furthermore, since the (k + m)–th column of 1
,

n
k mR + coincides with the 

first column of ,
n
k mR due to (38), the entries of the (k + m)–th column of 1

,
n
k mR +  

are given by (36) as

 

( )

( )



+ + + − + −

+ + − +

+ + + − − + + − −
=

= = −
−

= −
− ∑

,( ) 1 1 1

1 ( )

( 1) 1 ( 1) 1
1

1ˆ
1

1 .
1

i k m i n k i n i

k m k m

n k i r n i r
r

r r f f
k

f f
k

 (43)

Hence, (42)-(43) are implied that (37) holds also for n+1, which 
completes the induction method for (37).               
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FIBONACCI SEQUENCES AND FIBONACCI MATRICES 1201

By (15) the spectral radius r(Rk,m) of Rk,m is located in the interval (1, 2) 
and it is not known if r(Rk, m) is an eigenvalue of Rk, m as well as a location 
for the eigenvalues of Rk, m. In the following, Theorem 3.8 will be useful 
in obtaining two important properties of Rk, m, which will lead to the very 
sharp information for its spectral radius, that is a real eigenvalue of Rk, m 
and an upper bound for the modulus of the remain spectrum of Rk, m.

Theorem 3.9: Let the positive integers k, m, with k ≥ 2, m ≥ 1, and let Rk, m be the 
k, m–Fibonacci matrix in (7). Then, Rk, m is an irreducible and primitive matrix, 
r(Rk, m) is a positive, simple eigenvalue of Rk, m and the following inequality holds 

 ,0 ( ); 1, 2,....,( 1),r k mR r k mλ ρ< < = + −  (44)

where l1, l2, . . . , lk + m – 1 denote the remaining eigenvalues of the nonsingular 
matrix Rk, m.

Proof: Using Theorem 3.8, it is easy to prove that for the integers k ≥ 2, and 
m ≥ 1, the entries of the matrix (Ik + m + Rk, m)k+m–1 are positive integers, thus 
Rk, m is an irreducible matrix, [9, Lemma 8.4.1]. Moreover, as Rk, m has entries 
0 or 1, the irreducibility of Rk, m follows that the spectral radius r(Rk, m) is a 
positive, simple eigenvalue of Rk, m, [9, Theorem 8.4.4].

Furthermore, according to Theorem 3.8 for n ≥ k + 2m + 1, the entries 
of ,

n
k mR are positive integers, thus Rk, m is a primitive matrix [9, Theorem 

8.5.2], it follows that r(Rk, m) is the unique eigenvalue with maximum 
modulus. Also, equality (12) implies that Rk, m has nonzero eigenvalues i.e.,

 ,, ( ) 0; 1, 2,...,( 1).r k mR r k mλ ρ ≠ = + −  (45)

The validity of (44) now follows from the primitivity of Rk,m and (45).


We can now make the following remarks based on the results of 
Theorem 3.8 and 3.9.

Remark 3.2: Notice that:
(i)  If k+m is odd, then the characteristic polynomial 

,
( )

k mRx λ  in (11) has 
one real root r(Rk, m), and the others are complex conjugate. Thus, 

the complex eigenvalues lr in (45) appear in 1
2

k mp + −
= complex 
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1202 M. ADAM AND N. ASSIMAKIS

conjugate pairs, which are denoted by 1 2 1 3 4 3 1, , , , ..., ,pλ λ λ λ λ λ λ −= =  

1.p pλ λ −=

(ii)  If k+m is even, then 
,

( )
k mRx λ  has two real roots and the others are 

complex conjugate. The one real root is the unique real positive root 
r(Rk, m), it lies in the interval (1, 2) by (15) and has maximum modulus. 
Since the degree of 

,
( )

k mRx λ  is even and the constant term of 
,

( )
k mRx λ  

is equal to –1, the product of all the eigenvalues is equal to –1; thus 
the other real root is negative, which lies in the real interval (–r(Rk, m), 
0) due to (44). Thus, the complex eigenvalues lr in (45) appear in 

2
2

k mp + −
= complex conjugate pairs and lr are denoted as in (i).

(iii)  Applying Theorem 3.8, for k = 2, m = 1, and n ≥ 5, the entries of the 

matrix 2,1

0 1 1
1 0 0
0 1 0

n

nR
 
 =  
  

in (35) are given by (36)-(37) as

11 12 13 2 1 1 2 1 1

2,1 21 22 23 1 1 1 2 3 2

31 32 33 2 2 1 3 4 1 3

ˆ ˆ ˆ
ˆ ˆ ˆ .
ˆ ˆ ˆ

n n n n n n n n
n

n n n n n n n n

n n n n n n n n

r r r f f f f f f f f
R r r r f f f f f f f f

r r r f f f f f f f f

+ + − − + −

+ − − − − −

− − − − − − −

   − + − − −
   = = − + − − −   
   − + − − −   

  Rewriting the terms fn–1, fn, fn+1, fn+2 of the Fibonacci sequence

( )(2,1)
1,2,...n n

f
=

by (34) for suitable values of v as

 1 4 3 2 3 1 1 2, , ,n n n n n n n n nf f f f f f f f f− − − − − + − −= + = + = + and 2 1 ,n n nf f f+ −= +

 the entries of the above 2,1
nR are simplified and 2,1

nR  is formulated as

 
1 2

2,1 2 1 3

3 2 4

0 1 1
1 0 0 .
0 1 0

n
n n n

n
n n n

n n n

f f f
R f f f

f f f

− −

− − −

− − −

   
   = =   
      

 (46)

  Taking the determinant of the both sides of (46) and using (12), we 
obtain

 3 2 2
2 1 4 3 4 2 3 2 12 1.n n n n n n n n n n nf f f f f f f f f f f− − − − − − − − −+ + − − =  (47)
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FIBONACCI SEQUENCES AND FIBONACCI MATRICES 1203

  In the general case, working as the above and using the formulas 
in (36)-(37) of ,

n
k mR  and the higher-dimensional determinant, we can 

derive generalized formula of (47).
(iv)  Furthermore for k = 2, m = 1, and n ≥ 5, starting with 2,1 2,1 2,1 ,n nR R Rµ µ−=  

expressing suitably the matrices 2,1 2,1 2,1
n nR R Rµ µ−= from (46), we have

  

1 2 1 21 2

2 1 3 2 1 3 2 1 3

3 2 4 3 2 4 3 2 4

,
n n nn n n

n n n n n n

n n n n n n

f f f f f ff f f
f f f f f f f f f
f f f f f f f f f

µ µ µ µ µ µ

µ µ µ µ µ µ

µ µ µ µ µ µ

− − − − − − −− −

− − − − − − − − − − − −

− − − − − − − − − − − −

    
     =     
            

 which yields

 1 1 2 2 ,n n n nf f f f f f fµ µ µ µ µ µ− − − − − − −= + +
 (48)

 2 1 2 3 2 4 .n n n nf f f f f f fµ µ µ µ µ µ− − − − − − − − −= + +  (49)

In (48) replace n with 2n + 1 and µ with n + 1, then the following 
formula is derived by

 2
2 1 1 1 2 1.n n n n n nf f f f f f+ − + − −= + +  (50)

In (49) replace n with 2n + 2 and µ with n, then the following formula 
is derived by

 2
2 2 12 .n n n nf f f f− −= +  (51)

Example 3.10: For k = 2, m = 1, as in Remark 2.2, the corresponded sequence 

( )(2,1)
1,2,...n n

f
=

is formed by f1 = f2 = f3 = 1, and fn = fn–3 + fn–2, for all n ≥ 4, that 

is well known as the Padovan sequence 1, 1, 1, 2, 2, 3, 4, 5, . . .
In Remark 2.3, the 3 × 3 matrix 2,1

nR is given by

 

2,1

0 1 1
1 0 0 .
0 1 0

R
 
 =  
  

The characteristic polynomial is given by (11) as 
2 ,1

3( ) 1Rx λ λ λ= − −
and its spectrum
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1204 M. ADAM AND N. ASSIMAKIS

{ }2,1 2,1 1 2 1( ) ( ) 1.32472, 0.66235 0.56227 , 0.66235 0.56227 .R R i iσ ρ λ λ λ= = = − + = = − −

Since 1 2λ λ= =  0.86883 it is evident that r(R2,1) ∈ (1, 2) and 0 < 1λ  < 

1.32472 verifying the inequalities in (15) and (44). Notice that k + m is odd, 
according to Remark 3.2 (i) two eigenvalues are complex conjugate and the 
spectral radius is the only real eigenvalue.

Example 3.11: Consider the 2–step sum and 2–step gap Fibonacci sequence. 
Notice that k + m is even. The 4 × 4 matrix R2,2 is given by (7) as

 

2,2

0 0 1 1
1 0 0 0

.
0 1 0 0
0 0 1 0

R

 
 
 =
 
 
  

The characteristic polynomial is given by (11) as 
2 ,2

4( ) 1Rx λ λ λ= − −

and the eigenvalues of R2, 2 are r(R2, 2) = 1.22074, l1 = –0.24812 + 1.0339i,  

l2 = 1λ  = –0.24812 – 1.0339i, and l3 = –0.72449. Since |l1| = |l2| = 1.06333,  

|l3| = 0.72449, it is evident that r(R2, 2) ∈ (1, 2) and 0 < |l1,2,3| < r(R2, 2) verifying 

the inequalities in (15) and (44). Notice that k + m is even, according to 
Remark 3.2 (ii) two eigenvalues are complex conjugate, the spectral radius 
and l3 are the only real eigenvalues; l3 is negative and lies in (–1.22074, 0) 
verifying the comments in Remark 3.2 (ii).

4. Conclusion

In the present paper, the entries of a power of the k–Fibonacci matrix 
Qk for the integer k ≥ 2 corresponded to k–step sum Fibonacci sequence 

( )( ,0)
1,2,...

,k
n n

f
=

are formulated by the suitable terms of Fibonacci sequence. 
Moreover, we define the k, m – Fibonacci matrix Rk, m for the integers  
k ≥ 2, m ≥ 1 corresponded to k–step sum and m–step gap Fibonacci 

sequence ( )( ,m)
1,2,...

,k
n n

f
=

and the entries of a power of Rk, m are formulated 

by the suitable terms of Fibonacci sequence. We use the formulas of the 

powers of Qk, Rk, m, in order to develop of the important properties of the 
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FIBONACCI SEQUENCES AND FIBONACCI MATRICES 1205

irreducibility and primitivity of the Fibonacci matrices. Moreover, the 
spectral radius of the corresponded Fibonacci matrix is a real positive, 
simple eigenvalue and lies in the interval (1, 2); the remaining eigenvalues 
of Qk lie in the interior of the unit disk and the remaining eigenvalues of 
Rk, m lie in the interior of the disk centered at the origin and radius equal 
to its spectral radius. Finally, using the powers of Qk, Rk, m, and special 
values for k, m, we presented some new formulas for computing f2n+1 or 
f2n numbers related to fn–2, fn–1, fn, fn+1 numbers of the Fibonacci sequences, 
generalizing the Cassini’s or Sharpe’s formulas.
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