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1. Introduction

Researchers from the field of theoretical physics implemented several methodologies
to resolve problems arising in quantum error correction. The main effort was to eliminate
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the error factors created during transmission of quantum information and to describe
possible corruption induced in the quantum system. Motivated by a physical problem,
Choi et al. in their pioneering articles [7-9], reduced this problem to a purely mathemat-
ical introducing the notion of higher rank numerical ranges, and triggering the interest
of many authors leading to an extensive literature [1,2,16,17,21].

Let My, »(C) (resp., My, »(R)) denote the set of all m x n complex (resp., real)
matrices, with the notation M,, ,(C) abbreviated further to M,,(C).

For a positive integer 1 < k < n, the rank-k numerical range of A € M,,(C) is defined
and denoted by

Ai(A) = {\ € C: PAP = AP for some rank k orthogonal projection P}.

Note that the rank-1 numerical range coincides with the classical numerical range [15]
MA)=F(A) ={z"Az: 2 € C", 2"z = 1}.

The latter set encompasses all the eigenvalues of matrix A, that is the spectrum o(A) =
{A € C:det(\ — A) =0}.

The higher rank numerical ranges {Aj(A)},~, form a decreasing sequence of compact
sets, due to the inclusion relations -

A1(A) D Ax(A) D -+ D Ag(A)

and they further enjoy a number of basic algebraic and geometric properties [7,8,16]:

(P1)  Ax(aA+0bI)=aA(A)+D, for any a,b € C.

(P2)  AR(U*AU) = Ag(A), for any unitary U € M, (C).

(Ps) Ax(A) C Ax(H(A)) + iAk(S(A)), where H(A) = (A + A*)/2 and S(A) =
(A — A*)/2i are the Hermitian and skew-Hermitian parts of matrix A, respec-
tively.

(Py)  Ar(A1® As) D Ap(A1) UAL(As), where the symbol @ stands for the direct sum
of matrices 41, Ay € M,,(C).

(P5) Ak1+k2 (Al D Ag) D) Ak1 (Al) N Ak2 (AQ), for any k1, ko € {1, R ,n}.

(Pg) If n >3k —2, then Ap(A) # 0. On the other hand, A,,(A4) # () precisely when
A=),

For any 1 < k < n, Ax(A) are convex sets (see [21]). Specifically, they coincide with the
intersection of half-planes

Ar(A) = [ e {z€C:Rez < \(Hp(A))}, (1.1)
0€[0,2m)

where A () denotes the k-th largest eigenvalue of a matrix and Hy(A) = H(e? A) (see
[17]). In case of a normal matrix A with spectrum o(A) = {\1,..., A\, }, the expression
(1.1) yields the intersection of the convex hulls (polygons)
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Ak(A) = m COHV{)\jl,...,Ajn’_k_*_l}. (12)

1<j1<-<Jn—k+1<n

If A is hermitian with non-increasingly ordered (real) eigenvalues, then (1.2) further
reduces to the line segment [A,_r11, Ag)-

The goal of this article is to explicitly determine the rank-k numerical range of tridi-
agonal Toeplitz matrices with special structure appearing in applications. In Section 2,
we investigate the rank-k numerical range of the direct sum of 2 x 2 matrices with
fixed diagonal elements. The result obtained is used to extend an elliptical numerical
range statement from [4] to an elliptical rank-k numerical range theorem for tridiagonal
Toeplitz matrices with periodic entries along their diagonals. Finally, Section 3 addresses
the rank-k numerical range of tridiagonal and s-tridiagonal Toeplitz matrices.

2. Direct sum of special 2 X 2 matrices

We start this section studying the rank-k£ numerical range of the direct sum of 2 x 2
matrices with fixed diagonal elements. This result will help us generalize the elliptical
numerical range theorem for some special matrices elaborated in [4] to the elliptical
rank-k numerical range.

Theorem 1. Let A € M,,(C) be unitarily equivalent to the direct sum

cly o, ®AL D DA, (2.1)
where ¢ € {a1,a2} C C and A; = (tll 2; € My(C), 5 = 1,...,r, are not scalar
J

matrices. If r < 5, then we obtain the following cases:

ml§j1<"‘<j7'7k+1§7' conv (F(Ajl) u---u F(Ajrfwrl)) , k<
Ar(A) = {c}, r<k<n-—r
0, otherwise.

If r =3, then

A (A) = ml§j1<-“<jr—k+1ST conv (F(Ajl) - F(Aj7-7k+1)) , k<r
g 0, r<k<n.

Proof. Due to the unitary invariance property (P2) of the rank-k numerical range, we
may assume that A already is in the form (2.1).

Let r < n/2, then we will determine the rank-k numerical range by using the equality
(1.1) and by computing the k-th largest eigenvalue \;(Hp(A)) of the matrix Hy(A) =
Re(e'%¢) I, o @;:1 Hy(A;) for all values of integer k. It is readily verified that
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o(Hp(A)) = {Re(e’c)} U {M(He(A))), A2 (Ho(A;))}

with

M (Hg(A))) = %Re(eie(al +as)) + %\/(Re(ei(’(al —az)))? + |e¥s; + 10,2

and

1 ; 1 - - e
A2 (Hg(Aj)) = §Re(e‘9(a1 +az)) — 5\/(Re(619(a1 —a3)))? + |etfs; + e 19¢,2.
Comparing the above eigenvalues, we have

{A(Ho(A1)), ..  M(Hp(Ar)}, k<7
Ak(Ho(A)) € ¢ {Re(ec)}, r<k<n-—r
DalHo(A),- - ol Ho(A))}, n—r <k <n.

At this point, we notice that for all § € [0,27) and by a suitable permutation 7y of the
integers 1,...,r the above eigenvalues are ordered non-increasingly as follows

M(Ho(Arp1) = - 2 M(Ho(Arp () = A2(Ho(Arg(r))) = -+ > Aa(Ho(Ary(1)))-

Distinguishing among the values of k, we obtain the following cases:

i. Assume 1 < k < r. If we consider the r x r diagonal hermitian matrix H,.(f) =
diag [A\1(Hp(A1)), ..., A\1(Hp(A,))] and any of its (r — k 4+ 1) x (r — k + 1) principal
submatrices H,_x+1(0), K. Fan and G. Pall’s generalized interlacing inequalities for
hermitian matrices [12] imply

Me(Hp(0)) < M (Hp—r41(0)) < M (H(0)),

for any 6 € [0,27). Now, considering all (kil) principal submatrices H,_j1(0) of
H.(0), we have

/\k(HT(Q)) < max {Al(Ha(Ajl))7"'7>\1(H9(Ajr—k+l))}7

T 1<hi < <grok 1 <1

for any 0 € [0, 27). Clearly, for any 6 € [0, 27)

A(Hg(A)) = min max {M(Ho(Ajy)), - A(Ho(Aj, ) }-

1<ji<-<gr—k+1<r

Hence, according to (1.1)

Ay(A4) = N A(Aj @ DA _,.)

1<ji < <Gr—k+1<r
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= m conv (Ay(A;,) U~ UA(A)_,,.)).

1<j1<-<Jr—k+1<r

The Elliptical Range Theorem in [15] establishes that A1(4;), j =1,...,r are ellip-
tical disks all centered at % Apparently, the convex hulls of their union have a
nonempty intersection over all r — k + 1 selections from the collection of r numerical
ranges Aj(A;), thus ensuring A (A) to be nonempty.

ii. Assume 7+ 1<k <n—r. Then \,(Hg(A)) = Re(el?c) and by (1.1), Ar(A) = {c}.

ifi. Assume n —r+1 <k <n. Then \;(Hg(A)) < A2(Hp(4;)), for any 6 € [0,27) and
any index j € {1,...,7}. By (1.1), we have Ax(A) C Ax(A;) = 0, since A; is not a
scalar matrix.

In case r =n/2, we have A=A, & --- & A, and

{M(Ho(Ar)), .-  M(Ho(Ar))}, k<r

)\k(HO(A)) € { {AQ(H9<A1)>7. ) .7)\2(H9(AT))}’ r<k<n.

Analogously to the discussion above, we derive the second assertion. O

Example 2. Let A € Mj(C) be the direct sum of the matrices

A= {—82—21 —33} A2 = [—21 —4\33} A = [2—281 —f/g} :
n=] 2 2] e[ )

The set A1(A) coincides with the convex hull of the union F'(A4;)U---UF(As), hence
we shall demonstrate the validity of Theorem 1 for Ag(A), k = 2,3,4,5, respectively.
Figs. 1(a), 1(c), 1(e), 1(g) depict the boundaries of numerical ranges of direct sums
@, A, over all index sets v C {1,...,5} of cardinality 6 — k for k = 2, 3,4, 5, respectively.
On the other hand, Figs. 1(b), 1(d), 1(f) and 1(h) illustrate the boundary and interior
(white area) of Ag(A) for k = 2,3,4,5, respectively, by using the formula (1.1) for 200
tangent lines. Comparing our pictures, the corresponding sets are equal, thus confirming
Theorem 1.

The following statement constitutes part of the proof of Theorem 2.1 in [4]. We state
it here as a separate lemma for convenience of reference.

Lemma 3. Let X € M, ,(C) and Y € M, n(C) be such that XY and Y X are normal
matrices. Then for some unitary matriz U we have

alfm_n @?:1 Aj, Zf m > n,
U* {allm X } U= or
asln rm @ie, A, if m <,
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Fig. 1. The left figures illustrate the boundaries of F/(@~A,) over all index sets v C {1,...,5} of cardinality

6 — k, for k = 2,3,4,5, respectively. The corresponding intersections give Ay (A) at the right side for

k = 2,3,4,5, respectively.
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Fig. 1. (continued)

where A; = % Z; € My(C), 55 € o(XX*) and t;|* € o(YY*), for j =
J
1,...,min{m,n}.

From Lemma 3 and Theorem 1 we immediately obtain
Proposition 4. Let A € M,,(C) be unitarily equivalent to the matriz

I, X
Vol | €MA©), (2.2)

with XY and Y X normal matrices. If p # q, then

nl§j1<-~<jr7k+1§r conv (F<AJ1) Uu---u F(Ajr—k+1)) ) ka <r:= min{p, Q}7

Ap(A) = ¢ {ar} or {as2}, ifr<k<n-—r,
0, otherwise,
_ ai sj . 2 * 2 * .
where Aj; = T , with s7 € o(XX¥), [t;|" € o(YY™), j=1,...,r.
j

If p=gq:=r, then

Ar(A) = ﬂ1§11<"'<jr—k+1§7” conv (F(Ajl) U U F(AjT—kH)) »ifk<,
@7 Zf?" <k S n.

Proof. Due to the unitary equivalence property (P») of the rank-k numerical range,
we may assume that A has already the form (2.2). Then the result is an immediate
consequence of Theorem 1 and Lemma 3. O
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3. 2-Toeplitz matrices

A matrix is tridiagonal if its non-zero entries are all located on its main diagonal, the
first diagonal below, and the first diagonal above the main one. A matrix is Toeplitz if
its elements are constant along each descending diagonal. Therefore, matrices elements
of which exhibit m-periodic behavior along diagonals are sometimes called m- Toeplitz.

In this section, we consider tridiagonal 2-Toeplitz matrices

ay C1 0 e 0
b1 a9 C2
0 bQ aq C1

T (b1, ba;ar,a2;¢1,c0) = b ) 0 . (3.1)
1 Qa2 ‘-

0 --- 0

In case of tridiagonal truly Toeplitz n X n matrix this notation will be abbreviated to
T,.(b, a, c). We also refer to the rectangular m x n tridiagonal Toeplitz matrix T, (b, a, c)
as it will be used in the discussion below.

Our study focuses on the rank-k numerical range of 2-Toeplitz matrices (3.1) under
an additional condition on their off-diagonal elements. This condition is sufficient for
the rank-k numerical range to be of an elliptical shape. Before stating the corresponding
result, we formulate (and prove) an auxiliary lemma.

Lemma 5. Let the n x n 2-Toeplitz matriz Ty, (b1, be; a1, az;¢1,c2) as in (3.1) be such that
E/Cl = E/bg = . (32)

Then there exists a unitary matriz U satisfying

A1 @ @A), if n=2p, peN,
U*T, (b1, bas ar, az;¢1,c2)U = or
alL @A @--- DA, if n=2p+1,peN,

_al Kl , 3 =1,...,p and s; is the j-th largest singular value of either
HS5 a2

Ty(ba,c1,0), if n=2p or Tpi1,p(b2,¢1,0), if n=2p+ 1.

where A; =

Py

Proof. Let n = 2p, p € N. We consider the n x n permutation matrix P = P
2

, with

T T
thepxnmatricesPlz[el es ... €2p_1:| andsz[EQ eq4 ... 62p:| , where
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e; € C" is the j-th (column) vector of the standard basis of C". Applying P to the rows
and columns of the matrix T}, (b1, ba; a1, az;c1,ca) given by (3.1), we have

PT, (b1, bo; a1, az;c1,c2) PT =

allp X
Y CLQIp ’

where X = T),(bs,c1,0) and Y = T,(0, b1, ¢2). From (3.2) it follows that Y = zX*. The
matrices XY = gXX* and YX = pX*X differ from positive semi-definite by a scalar
multiple only, and thus are normal. By Proposition 4 there is a unitary matrix U such
that

* alfp X o

a1 Sj

where 4; = | _
HS5 G2

],j =1,...,p with 5y > 50 > --- > 5, > 0 the singular values
of X.
The case when n is odd, i.e. n = 2p + 1, is treated in a similar setting by taking the

T
(p+1) X n matrix P, = [61 es - egp1 egp] and the p x n matrix P,. Hence,

a1[p+1 Z

PT,(b1,b2;a1,a2;c1,c0) PT =
(b1, b2 a1,a2;¢1,¢2) W e,

)

where Z = Tpi1,,(b2,¢1,0) and W = fZ*. In this case, for some unitary matrix U,
Proposition 4 yields

« larl 7

ay Sj

where 4; = | _
HS;  ag

],jl,...,pwith 51 > 89 > --- > 5, > 0 the singular values

of Z. O

Now, Lemma 5 and Proposition 4 imply the next theorem, which characterizes exactly
the rank-k numerical range of a special tridiagonal 2-Toeplitz matrix.

Theorem 6. Let the n x n 2-Toeplitz matriz T,, (b1, be; a1, as; c1,c2) given by (3.1) be such
that biby = c1G3. If k < n/2, then A (T (b1, bo; ar,az;c1,co)) is an elliptical disk centered
at (a1 + az2)/2, with major axis of length



M. Adam et al. / Linear Algebra and its Applications 549 (2018) 256-275 265

2 2
la; — 9 2k
L= (|b; bic;
(et LS 3 el (27) 4

ij=1,i#j
1/2
bicy cos 2kn /
C
1€1 1

(al—aQ) b
+ #ﬁLQJZlb 1 Cj +4

and minor axis of length

- |a1 2 2 2 2km
l-( +;|b| + lei ) Z |bic;| cos ]

1,j=1,i#]
1/2
b 2km
€1 COS .
1 n+1

The magjor axis of the elliptical disk is parallel to the direction of the vector €'®, where

(a1 — ag)? by
- f+22b ¢+ 4=

2
(a1 —a2)2 Q‘bglblcl 2km
¢:(argd)/2f0rd:T+ g bjc; + ol cos| =7 )

Jj=1

Ifn=2p+1, peN, then Ay 1(T,(b1,b2;a1,a2;¢1,¢2)) = {a1}. For all other values
of k, the rank-k numerical range is the empty set.

Proof. Let n = 2p, p € N. The first cases of Lemma 5 and Proposition 4 imply that

) . F(A; DA if k£ <
Ap(Ty (b1, b2 a1, a2;c1,¢2)) = {ﬂ1<11<..»<yp—k+1<p (Ajy @ @4y, ), iFk<p,

0, otherwise,

(3.3)

where A; = ﬁasl Z; (jzl,...,p),,uz%z % and s; > 59 > -+ > 5, > 0 are the
J

singular values of X = T),(b2,¢1,0). As argued in the proof of [4, Corollary 2.3],
F(A1) 2 F(43) 2 -+ 2 F(4,) (3.4

are elliptical disks centered at “3% with major and minor axes of length

1/2
|lay — as|? 2 2 (a1 —a2)® |
and
9 1/2
a; — as a; — ag _
lJ:<| 5 | (1 +pl%) %‘Hﬁ?) )
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respectively, for j =1,...,p. If k < p, the formula (3.3) together with (3.4) imply
Ak<Tn(b1, bo;ay,as;cy, Cg)) = F(Al) n F(Ag) n---N F(Ak) = F(Ak)

Now, let us compute the k-th largest singular value s; of X. This is possible due to the
structure of the p x p tridiagonal matrix

[b2]? + |c1 > bacy 0 0

X*X = bact 0
0 P el bea
0 0 bocy |61|2

Indeed, the matrix X*X is nothing but the tridiagonal Toeplitz matrix
T,(batt, |b2|? + |c1]%, bac1) with |be|? subtracted from its (p, p) entry.

The eigenvalues of such matrices have been analytically calculated in [13,18], where-
upon

2km
2 2 2
=|b 2|b .
st = |b2|” + [e1]” + 2|bacy | cos <n+1)
Hence, our assertion is readily verified by the Elliptical Range Theorem [15].
The case n = 2p + 1, p € N is treated in a similar setting by taking the second case
of Lemma 5. Then Proposition 4 yields

Mi<jicciprn<p F(AL O @A ), k<p,

Ap(T (b1, b2 a1,a2;¢1,¢2)) = S {ar}, k=p+1,

0, otherwise,

where A; = _al K ,j =1,...,pand s; > 0 are the singular values of Z =
Hns; a2

Tpi1,p(b2, c1,0) arranged in decreasing order. In the context of the previous arguments
for even order n, we also obtain Ak (T}, (b1,be; a1, a9;c1,c2)) = F(Ag), when k < p. Then
the k-th largest eigenvalue sy of the p x p tridiagonal Toeplitz matrix

Z*Z = Ty(baer, [ba|* + |c1]?, bacy)

is determined by s2 = |by|? + [e1|? + 2|bact| cos (gL;;) [13,18. O

The significance of the conditions imposed in Theorem 6 is illustrated by the following
example showing that the rank-k£ numerical range of an arbitrary tridiagonal 2-Toeplitz
matrix is not always an elliptical disk.
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Fig. 2. Fig. 2(a) depicts Ag(T7(—i, —4i;2 +1,0;4,1)) for k = 1,...,3 from outside inside, respectively and
Fig. 2(b) depicts Ap(T7(i, —4i;2 +1,0;4,1)) for k = 1,...,3. Furthermore, Ay (T7(—i, —4i;2 4+1,0;4,1)) =

Aa(Tr(i, —4i;2 +1,0;4,1)) = {2+ i}.

Example 7. We take the 7 x 7 2-Toeplitz matrix as in (3.1) with biby = ¢, = 4, that is

24+4i 4 0 0 0O 0 0
4 0 1 0 0 0 0
0 —4 2+i 4 0 0 0
Ty(—i,—4i:2+i,0;4,)=| 0 0 - 0 1 0 0
0 0 0 —4i 241 4 0
o o o0 0 - o0 1
L0 0 0 0 0 —4i 2+i]

The elliptic curves in Fig. 2(a) depict the boundaries of Ay (T7(—i, —4i;2+1,0;4,1)) D
Ao (T7(—1,—41;2 41,0;4,1)) D As(T7(—i,—41;2+1,0;4,1)) from outside inside, respec-
tively. Notice that Aq(T7(—1i,—4i;2 +1,0;4,1)) = {2 + i} is marked with a “star” and
Ap(Tr(—i, —4i;2 +1,0;4,1)) = 0, for k = 5,6.

If by = i, then the condition b1by = ¢, does not hold and A (T%(i, —4i;2 +1,0; 4, 1))
fail to be elliptical disks for all k, as illustrated in Fig. 2(b).

We further restrict our previous result to an n x n continuant matrix T, (b1, bo; aq, as;
—by, —by) [5,10]. This terminology comes from the well known relation between ratios
of the determinant of nested continuant matrices and a continued fraction involving its
nonzero entries:

det T}, (b1, bo; ay, az; —b1, —bs) . 11|
det Ty, 1 (ba, by; ag, ar; —by, —by) ' ag + —22L
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Proposition 8. Let T;, (b1, ba; a1, as; —by, —E) be an n X n complex continuant matriz. If
k <n/2, then Ay(T, (b1, by;a1,as; —by, —by)) is an elliptical disk centered at (ay +as2)/2,
major azis parallel to the vector € of length

2 +1

_ 2 k 1/2
(=92 oy | — [b])? — 8 bybs] cos? (n - )D

_ 2 k
p= (52 ] = ol 4 8l cos? ()

+ 2 +1

and minor axis of length

|CL1 7a2|2 2 9 km
= L —— . 2 _
l ( D) + 2(]b1| — [b2])” + 8|b1bz| cos Y

)1/2

(a1 — az)? 2 o km
= —2(|by| — |b — & |b1b —_
5 ([b1] — [b2]) |b1b2| cos e

where

a1 —as)" km
% o 2(|b1| - |b2|)2 -8 |b1b2| cos? (n—Jrl>

_ Q20

(al a2)2 2 2 kﬂ
- < 2 - —_— - .
2 (|b1| |b2‘) 8|b1b2|COS " 1

Ifn=2p+1, peN, then A,11(T5 (b1, ba; a1, as; b1, —b3)) = {a1}. For all other values
of k, the set is empty.

Proof. It is an immediate consequence of Theorem 6, replacing ¢; = —by, ¢o = —by and
taking into consideration the trigonometric identity

Proposition 9. Let T,,(b1,bo;a1,a2; —b1,—bs) be an n X n real continuant matriz.
If k < n/2, then Ap(T,(b1,b2;a1,a2;—b1,—b2)) is an elliptical disk centered at
(a1 + a2)/2, with horizontal axis of length |a1 — a2| and vertical axis of length

1/2
2 (b1 — b2)? + 4lbabal cos? (75 ) |
Ifn=2p+1, p € Z, then A, 1 (T3, (b1, ba; a1, az; —b1, —b2)) degenerates to the singleton

{a1}. All other values of k give an empty set.

Proof. Proposition 8 infers Ag (7T, (b1, b2;a1,a2; —b1, —b2)) to be an elliptical disk cen-
tered at (a; + az)/2. For its horizontal axis (¢ = 0) we have
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(al - a2)2 2 2 km
B 2(b1 bz) 8|b1b2‘COS nt 1

(a1 — ap)® 2 o km
=% _9 — — 3 — ).
B) (bl b2) 8 |b1b2| COS " 1

Hence, L = |a; —as| is its horizontal axis length, while | = 2[(by — b2)? +

41b1 by cosQ(n’“—J’:l)] /2 i its vertical axis length. O

The implications of Theorem 6 are also the same if we perform an interchange between
the non diagonal elements by, ¢; or by, ¢y of T, (b1,be;a1,as;¢1,c2). In order to prove
this statement, we need the following auxiliary lemma.

Lemma 10. The spectrum of any n x n tridiagonal matrixz is invariant under interchange
of its (4,5 +1) and (j + 1,j) entries for any j=1,...,n—1.

Proof. Consider n x n tridiagonal matrices

fa1 ¢ 0 s 0 T
by
0 a; Cj :
Ap = bj ajy1 and
0
’ Cpn—1
L 0 0 bnfl apn |
_Cll C1 0 0 7
by
- 0 aj b
An = Cj Q541 s
' 0
e e Cn—1
L 0 e 0 bnfl Gpn |

the latter being obtained from the former by the interchange of its (4,7 +1) and (j+1, j)
entries. Denote their characteristic polynomials by p,(z) = det(A, — xI,) and p,(x) =

det(A,, — «I,), respectively. There is a well known three term recurrence formula

ﬁn(x) = anﬂpvnfl(x) - bnflcnflﬁnf2(1')7 (35)

where n > 2 and pp(z) = 1 [6, Lemma 1]. For n = j + 1, we have
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pj+1(x) = aj410;(x) — bjcipj—1(x)
= aj11p;(7) — ¢;bjpj-1(z) = pj1().

Clearly, applying the above equality in the recursion (3.5), we derive that p,(z) =
pn(z). O

Theorem 11. Let the nx n 2-Toeplitz matriz T,, (b1, ba; a1, az; ¢y, co) given by (3.1) be such
that byca = c1by. Then its rank-k numerical range is the same elliptical disk as described
by Theorem 6.

Proof. Taking into consideration (1.1), we have

A (T (b1, bo; a1, a2;c1,c2))

= ﬂ e 942 € C:Rez < X\p(Hg(Ty, (b1, ba; ay,a0;¢1,¢2)))},
0e€0,2m)

where T,,(by, ba; a1, as; ¢, c2) is a 2-Toeplitz matrix such that bycy = c1bs.

We notice that Hy (T, (b1, ba; a1, ag; c1, c2)) are tridiagonal matrices for any 6 € [0, 27]).
Lemma 10 yields that their spectrum remains unchanged after performing an interchange
of corresponding off-diagonal elements. This fact assures the equality of the k-th largest
eigenvalues as follows:

M (Ho(Tn (b1, ba; a1, a2; ¢1,¢2))) = M (Ho (T (b1, c25 a1, az; ¢1,b2))),

which leads to the equation bibs = ¢1C3. Hence, Theorem 6 implies the result. O
4. Tridiagonal and s-tridiagonal Toeplitz matrices

It is well known [11, Corollary 4] that the classical numerical range of a tridiagonal
Toeplitz matrix T, (b, a, ¢) coincides with an elliptical disk. Namely,

F(Ty(b,a,c)) = {bz tezizeD (o,cos (L»} +{a},

n+1

where D (07 cos (L)) denotes the circular disk centered at the origin and having radius

n+1
™
cos <n—+1)

The spectrum of a tridiagonal Toeplitz matrix has been also calculated explicitly (see
[3, Theorem 2.4] and also [14,20])

Jm :
A (T(b,a,¢)) = a4+ 2(bc)'/? cos (n——|—1> , J=12,...n. (4.1)
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Clearly, \;(T,(b,a,c)) are simple eigenvalues of T),(b,a,c) lying on the (complex) line
segment

.arg(b)targ(c) e m
! 2 =24/ [b — ) < v < 24/|b —
{a—&—’ye |c|cos<n+1> <~y < \/|c|cos<n+l>},

and they are located symmetrically with respect to point a.
As it happens, the ellipticity property persists for the rank-k numerical range with
k> 1.

Theorem 12. If k < n/2, then the rank-k numerical range of an n xn tridiagonal Toeplitz
matriz Ty, (b, a, c) is an elliptical disk centered at a, with major azis of length

2k 2km \[1'/°
L= [2(]b]* + |c[*) [ 1+ cos S + 4|bc| |1 4 cos i
n+1 n+1

and minor axis of length

2k 2km \[1"°
1= 12(]6)* + |c*) [ 1 + cos =) - 4|be] |1 + cos il .
n+1 n+1

The major axis of the elliptical disk forms the angle arg(bc)/2 with the positive direction

of the x-axis.
Ifn=2p+1, peN, then Apy1(Th(b,a,c)) = {a}. For all other values of k, the set
s empty.

Proof. Apparently, T,,(b, a,c)=T,(b, b; a,a; c, c). By Theorems 6 and 11, Ax (T, (b, a,c))=
Ak (T (b, by a,a5¢,¢)) = A (T (b, ¢; a, a; ¢, b)), and the result is immediate. O

Proposition 13. Let A (T, (b,a,c)), ..., A\ (Th(b,a,c)) be the eigenvalues of T,,(b,a,c) as
in (4.1). Then A\g(Ty(b,a,¢)) and Ap—p+1(Tn(b,a,c)) are the foci of the elliptical disk
Ak(Tn(ba a, C)) (k < n/2)

Proof. Without loss of generality, we can consider the matrix T;, = T,,(b, 0, ¢). The foci

of the elliptical disk Ax(T},) (k < n/2) with respect to its major and minor axis length
calculated in Theorem 12 are given by

L? -2 2km km
2 _ — _ 2
lf]* = 1 = 2|bc| <1+cos<n+1>)—4|bc|cos (n—!—l)'

Then (4.1) along with the fact that the major axis of the elliptical disk forms the angle

arg(bc)/2 with the positive direction of the z-axis, yield
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n+1

f1 = 2(be)"/? cos( i ) = M\ (T},) and

km
= —2(bc)/? ——— ) = X1 (Th). O
fa = =2(be)"/? cos (77 e (%)

If we move the constant elements lying on the super and sub diagonals of an n x n
tridiagonal Toeplitz matrix to the s-th diagonal above and below the main diagonal,
respectively, the result is a so called s-tridiagonal Toeplitz matriz denoted by T (b,a,c)
(1 <s<n-—1). A straightforward example for s = 2 is

rfa 0 ¢ 0 - 0
0 a 0 c

T@®a0= " 0 0 (4.2)
0 b 0 c
: . 0 a O
0 -~~~ 0 b 0 al

Notice that 1-tridiagonal Toeplitz matrix T,(Ll)(b, a,c) = Typ(b,a,c) is in fact a standard
tridiagonal Toeplitz matrix.

The next result shows that the rank-k numerical range of an s-tridiagonal Toeplitz
matrix is yet another elliptical disk.

Theorem 14. Let T,(LS)(b7 a,c) be an s-tridiagonal Toeplitz matriz. Then

A[%](Tp(baavc))7 ifn=ps, p€EN,
A[%] (Tp+1(b,a,0)>7 ifn=ps+r and
A(TS) (b, a,c)) = G—Ds<k<(j—1Ds+r,j=1,...,p+1,
A[E](Tp(b,a,C))a ifn=ps+r and
(j—1)8+7’<k§j87j:1,...,p,

where [%] is the least integer greater than or equal to %

Proof. We will use the algorithm presented in [19] to represent the s-tridiagonal Toeplitz
matrix Ty(bs)(b,a,c) as permutationally similar to a direct sum of tridiagonal Toeplitz
matrices.

Namely, for S, = {1,2,...,n} denote by
[r]={z€S,:2z=r(mod s)},

its congruence classes modulo s.
Clearly, » € {0,1,...,s—1} and if n € [r], there exists an integer p such that
n = ps+r. It is readily verified that the cardinality of the classes |[1]| = |[2]] = - =
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7]l =p+1and |[0]] =|[r+1]] =--- = |[s — 1]| = p. Following [19], we take the n x n
permutation matrix

P=[€s €2s - €1 €Es41 €2541 - €51 €251 ],

where e; is the j-th column vector of the standard basis. Hence, we have

PTTO(b,a, )P =T, ®Tpr1 & & Tp1 €T, @ - & T,

r-times (s—r—1)-times

where T, = T,,(b, a, ¢). By the unitary invariance property (P) of the rank-k numerical
range and the relation (1.1), we derive that

Ak(Tr(LS)(bv a, C)) = Ay (@ Tp+1 @ Tp)
= ﬂ €7i9 {zECIReZS)\k (@H@(Tp.}rl)éHg(Tp))}.

0€[0,2) i=1 i=1
(4.3)

Apparently, o (@, Ho(Tyr1) D] Ho(T,)) = Uiy o(Ho(Tpe1) U] o(Ho(T,)).
Notice also that the p x p hermitian matrix Hy(T),) is imbeddable in the (p+1) x (p+1)
hermitian matrix Hg(T,11). By [12, Theorem 1] and also taking into account the corre-
sponding multiplicities, we obtain

M(Ho(Tp1)) =+ = M(Ho(Tpt1)) >

A (Ho(Tp)) = -+ = M(Ho(T,)) =

(s—r)-times

Ao(Ho(Tpi1)) = -+ = Xa(Ho(Tpt1)) >

A2(Ho(Tp)) = -+ = Ma(Ho(T,)) =

(s—r)-times

D>
Mo(Ho(Tpi1)) = - = Np(Ho(Tp41)) >
MNo(Ho(Tp)) = - = N(Ho(T})) = Np1(Ho(Tpy1)) = -+ = A1 (Hp(Tp41)) -

(s—r)-times r-times
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The above (in)equalities imply that

M(Hy(Tpya)),  1<k<r

M (Ho(T))), r<k<s

)\Q(HQ(TPJ,_])), s<k<s+r

Ao (Hy(T,)), s+r<k<2s
M(Hp(TO (a0 =3 .

M(Ho(Tyi1),  (p=Ds<k<(p—1)s+r
M(Ho(T,),  (p—1)s+7<k<ps
Mo+1(Ho(Tp11)), ps <k < ps+r.

Thus (4.3) results in

Afg](Tp(b,a,c)), ifn=nps, peN,
Arg](TpH(b,a,C)), if n = ps+r and
Ap(T ) (bya, ) = G-Ds<k<(G—-Ds+r,j=1,...,p+1,
A[g](Tp(b,a,C)), if n =ps+rand
(G—Ds+r<k<js,j=1,...,p.

Due to Theorem 12, Ay (TT(LS)(b, a,c)) is an elliptical disk. O

To illustrate, for the matrix given by (4.2), we have in particular:

A]’%] (Tp(ba a,c)), ifn= 210’ pE Na
Ae(T2 (b, a,c)) = A(%] (Tp41(b,a,c)), ifn=2p+1andk is odd,
A (Ty(b, a,0)), if n=2p+ 1 and k is even.
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