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We consider the discrete time Kalman and Lainiotis filters for multidimensional stochastic
dynamic systems and investigate the relation between the golden section, the Fibonacci
sequence and the parameters of the filters. Necessary and sufficient conditions for the exis-
tence of this relation are obtained through the associated Riccati equations. A conditional
relation between the golden section and the steady state Kalman and Lainiotis filters is
derived. A Finite Impulse Response (FIR) implementation of the steady state filters is pro-
posed, where the coefficients of the steady state filter are related to the golden section.
Finally, the relation between the Fibonacci numbers and the discrete time Lainiotis filter
for multidimensional models is investigated.
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1. Introduction

Although the connection between the golden section with nature, arts and architecture is known for centuries, there is
presently a huge interest of modern sciences in these classical theories. Particularly, researchers in computer science (mea-
surement theory, graph theory and communication systems [20–22]) and cryptography [18] exhibit a substantial interest in
these classical theories and use them in order to model phenomena in their field. The above are only a few applications of the
golden section that imply a new mathematical direction which is the creation of a fascinating and beautiful subject of the
‘‘Mathematics of Harmony’’ [9,19] and the references therein. The relation between the discrete time Kalman filter/Lainiotis
filter and the golden section is described for scalar systems in [6,8,10,11] and for special multidimensional systems in
[10,12]; in [10] two cases are examined (i) the noise covariances, transition and measurement matrices are equal to the iden-
tity matrix, (ii) the output matrix is the identity matrix, and in [12] the elements of the steady state covariance and gain
matrices are functions of the golden ratio.

This paper examines the situation in which the parameters of the Kalman filter [2,15] and Lainiotis filter [16] for more
general multidimensional stochastic dynamic systems related to the golden section and the Fibonacci sequence, extending
the results in [6,10]. Concerning the novelty of the paper, we mention that: (i) we generalize the results obtained in [10]
formulating specific assumptions on the transition matrix and describing the conditional relation between the golden sec-
tion and Kalman and Lainiotis filters for more general multidimensional systems and (ii) we investigate the theoretical
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properties of the transition matrix and its relation with the covariance matrices in order to be able to been guaranteed a rela-
tion between the golden section and Kalman and Lainiotis filters.

The paper is organized as follows: In Section 2, a review of the discrete time Kalman and Lainiotis filters and a necessary
review of the matrix analysis are presented. In Section 3, the multidimensional stochastic dynamic system is considered.
Necessary and sufficient conditions for the existence of the relation between the discrete time Kalman filter/Lainiotis filter
and the golden section are obtained through the associated Riccati equations. Also a location of eigenvalues and the spectral
radius of the transition matrix of the system is presented. In Section 4, the relation between the steady state Kalman filter/
Lainiotis filter and the golden section is described and a Finite Impulse Response (FIR) implementation of the steady state
filters is proposed, where the coefficients of the filter are related to the golden section. In Section 5, the relation between
the Fibonacci numbers and the discrete time Lainiotis filter is presented. Finally, Section 6 is devoted to conclusions.

2. Notation and preliminaries

2.1. Golden section, Golden ratio and Fibonacci sequence

The terms ‘‘golden section’’ and ‘‘golden ratio’’ and as a concept has a long history in mathematics, see e.g. [6] and the
references therein. Golden section, a, is called the positive root of the equation k2 þ k� 1 ¼ 0, which is equal to
a ¼ �1þ
ffiffiffi
5
p

2
� 0:618 ð1Þ
and golden ratio, /, is the reciprocal of the golden section, which is given:
/ ¼ 1þ
ffiffiffi
5
p

2
� 1:618 ð2Þ
The relations between the golden section and the golden ratio are derived by (1), (2) and are given below:
/ ¼ 1
a
¼ 1þ a ð3Þ
For each m 2 Z ¼ f0;�1;�2; . . .g from (3) arises
1
1þ /m ¼

am

1þ am : ð4Þ
The Fibonacci sequence is defined by recurrence by taking each subsequent number as the sum of the two previous
ones
f mþ2 ¼ f mþ1 þ f m; m 2 Zþ ¼ f1;2; . . .g; with f 1 ¼ 0; f 2 ¼ 1: ð5Þ
Thus, the sequence of Fibonacci numbers is f0;1;1;2;3;5;8; . . . ; g, [1,17]. It is well-known that the Fibonacci sequence sat-
isfies the limit properties [1,8]
lim
m!1

f m

f mþ1
¼ a and lim

m!1

f mþ2

f mþ1
¼ /; ð6Þ
which provide the relation between the Fibonacci sequence on the one hand and the golden section and the golden ratio on
the other hand.

2.2. Stochastic dynamic system

Consider the time invariant stochastic dynamic system described by the following state space equations
xkþ1 ¼ Fxk þwk

zk ¼ Hxk þ vk
ð7Þ
for k ¼ 0;1; . . ., where xk is n� 1 state vector at time k; zk is m� 1 measurement vector, F is n� n transition matrix, H is
m� n output matrix, fwkg; fvkg are the plant noise and the measurement noise process, respectively. These processes
are assumed to be Gaussian, zero-mean, white and uncorrelated random processes with Q ; R be n� n plant noise and
m�m measurement noise covariance matrices, respectively. The vector x0 is a Gaussian random process with mean �x0

and covariance P0. In the sequel, consider that Q ; R; P0 are positive definite matrices. Also, x0; fwkg and fvkg are
independent.

The filtering problem is to produce an estimate at time L of the state vector using measurements till time L, i.e., the aim is
to use the measurements set fz1; z2; . . . ; zLg in order to calculate an estimate value xL=L of the state vector xL.
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2.3. Review of the Kalman filter and Lainiotis filter

The discrete time Kalman filter [2,15] and the discrete time Lainiotis filter [16] are well-known algorithms that solve the
filtering problem, by computing the estimate value xk=k of the state vector at time k, and the corresponding estimation error
covariance matrix Pk=k. The two filters are equivalent to each other [4] since they compute theoretically the same estima-
tions: Kalman filter computes the estimation through prediction, while Lainiotis filter computes the estimation through
smoothing.

The time invariant filters are given by the following equations:
Kalman Filter
xkþ1=k ¼ Fxk=k ð8Þ
Pkþ1=k ¼ FPk=kFT þ Q ð9Þ

Kkþ1 ¼ Pkþ1=kHT ½HPkþ1=kHT þ R��1 ð10Þ
xkþ1=kþ1 ¼ xkþ1=k þ Kkþ1zkþ1 � Kkþ1Hxkþ1=k ð11Þ
Pkþ1=kþ1 ¼ Pkþ1=k � Kkþ1HPkþ1=k ð12Þ
for k ¼ 0;1; . . ., with initial conditions P0=0 ¼ P0, and x0=0 ¼ x0.
Lainiotis Filter
Pkþ1=kþ1 ¼ Pn þ Fn I þ Pk=kOn
� ��1Pk=kFT

n ð13Þ

xkþ1=kþ1 ¼ Fn I þ Pk=kOn
� ��1xk=k þ Knzkþ1 þ Fn I þ Pk=kOn

� ��1Pk=kKmzkþ1 ð14Þ
for k ¼ 0;1; . . ., with initial conditions P0=0 ¼ P0; x0=0 ¼ x0, and the following constant matrices are calculated off-line:
A ¼ HQHT þ R
h i�1

ð15Þ

Kn ¼ QHT A ð16Þ
Km ¼ FT HT A ð17Þ
Pn ¼ Q � KnHQ ð18Þ
Fn ¼ F � KnHF ð19Þ
On ¼ KmHF ð20Þ
It is well known [2] that if the signal process system is asymptotically stable (i.e., all the eigenvalues of F lie inside the unit
circle), there exists a unique positive definite steady state value Pp of the prediction error covariance matrix, i.e., the predic-
tion error covariance Pkþ1=k converges to the steady state prediction error covariance
Pp ¼ lim
k!1

Pkþ1=k: ð21Þ
The Riccati equation emanating from Kalman filter is derived by the Eqs. (10), (12) in (9) and given by
Pkþ2=kþ1 ¼ Q þ FPkþ1=kFT � FPkþ1=kHT ½HPkþ1=kHT þ R��1
HPkþ1=kFT ð22Þ
and due to (21) the steady state prediction error covariance matrix is a positive definite solution of (22), i.e., Pp satisfies
Pp ¼ Q þ FPpFT � FPpHT ½HPpHT þ R��1
HPpFT : ð23Þ
Moreover, there exists a unique positive definite steady state value Pe of the estimation error covariance matrix, i.e. the
estimation error covariance Pk=k converges to the steady state estimation error covariance
Pe ¼ lim
k!1

Pk=k: ð24Þ
The Riccati equation emanating from Lainiotis filter is given by (13) and due to (24) the steady state estimation error
covariance matrix is the positive definite solution, which satisfies the following equation
Pe ¼ Pn þ Fn½I þ PeOn��1PeFT
n; ð25Þ
where Pn; Fn; On are given by (18)–(20). Also, the steady state estimation error covariance matrix, Pe, arises from (12) of Kal-
man filter, when Pp and the steady state Kalman filter gain
K ¼ lim
k!1

Kkþ1 ð26Þ
are given.
Furthermore, there exists a unique positive definite steady state value Ps of the smoothing error covariance matrix, i.e.,

the smoothing error covariance Pk=kþ1 converges to the steady state smoothing error covariance
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Ps ¼ lim
k!1

Pk=kþ1: ð27Þ
The relation between the smoothing error covariance matrix and the estimation error covariance matrix can be calculated
from fixed-point and fixed-lag smoothing algorithms [2] emanating from Kalman filter equation
Pk=kþ1 ¼ Pk=k þ Pk=kFT P�1
kþ1=kðPkþ1=kþ1 � Pkþ1=kÞP�1

kþ1=kFPk=k: ð28Þ
Using (21), (24) and (27) arises the limiting solution of (28), which is the steady state smoothing error covariance matrix
Ps; and satisfies the following equation
Ps ¼ Pe þ PeFT P�1
p ðPe � PpÞP�1

p FPe: ð29Þ
Since the two filters are equivalent, the relation between the smoothing error covariance matrix and the estimation error
covariance matrix is obtained by the Lainiotis filter equation
Pk=kþ1 ¼ ½I þ Pk=kOn��1Pk=k ¼ ½P�1
k=k þ On�

�1
; ð30Þ
which leads to
Ps ¼ ½I þ PeOn��1Pe ¼ ðP�1
e þ OnÞ

�1
; ð31Þ
where On is given by (20).
Since the equivalence of the two filters is confirmed in [4], in the following one of the two time invariant implementation

is used and it is referred as Kalman filter/Lainiotis filter.

2.4. Review of the matrix analysis

For an n� n real symmetric matrix A the symbol A > 0ðA P 0Þmeans that the matrix A is positive definite (semidefinite).
The notation A > B ðA P BÞ means that A and B are n� n real symmetric matrices and A� B > 0 ðA� B P 0Þ.

To describe our results, we need the following lemmas.

Lemma 2.1 [2, Matrix Inversion Lemma]. Let A; C be nonsingular matrices and let B be n�m matrix. Then, the following
equation holds
½Aþ BCBT ��1 ¼ A�1 � A�1B½C�1 þ BT A�1B�
�1

BT A�1
:

Lemma 2.2 [14, Observation 7.1.6]. Let A be n� n symmetric positive definite matrix and let B be a real n�m matrix. Then BT AB
is positive semidefinite matrix, with rankðBT ABÞ ¼ rankðBÞ. Moreover, BT AB is positive definite matrix if and only if rankðBÞ ¼ m.
Lemma 2.3 [14, Theorem 7.2.6]. Let A be n� n symmetric positive (semi) definite matrix and let l 2 Zþ be a given positive inte-
ger. Then there exists a unique symmetric positive (semi) definite matrix B such that Bl ¼ A. The unique positive (semi) definite root
of A is denoted by B ¼

ffiffiffi
Al
p

for each l 2 Zþ, and the following relations hold
AB ¼ BA and BT ¼ ð
ffiffiffi
Al
p
Þ

T
¼

ffiffiffiffiffiffi
ATl

p
¼

ffiffiffi
Al
p
¼ B:
The most useful case of this Lemma 2.3 is for l ¼ 2. The unique positive (semi) definite square root of the positive (semi)
definite matrix A is denoted by B ¼

ffiffiffi
A
p

.

Lemma 2.4. Let A; B be n� n real symmetric matrices.
(i) [14, Corollary 4.5.18 and Theorem 4.1.5] There exists a real orthogonal matrix U such that the matrices A; B are simulta-
neously diagonalizable, that is UAUT ¼ DA and UBUT ¼ DB, if and only if AB ¼ BA, if and only if AB is symmetric.

(ii) Let A; B > 0 with AB ¼ BA. Then,
ffiffiffi
A
p ffiffiffi

B
p
¼

ffiffiffiffiffiffi
AB
p

.

Let A be n� n matrix. The set of all k 2 C that are eigenvalues of A is called the spectrum of A and denoted by rðAÞ. The
spectral radius of A is the nonnegative real number qðAÞ ¼ maxfjkj : k 2 rðAÞg.

Lemma 2.5. Let A; B be n� n real symmetric matrices with A > 0.
(i) [14, Theorem 7.6.3] The product AB is a diagonalizable matrix, all of whose eigenvalues are real. The matrix AB has the same
number of positive, negative and zero eigenvalues as B.

(ii) [14, Theorem 7.7.3] Suppose B P 0. Then A P B if and only if qðBA�1Þ 6 1 and A > B if and only if qðBA�1Þ < 1, where
qðBA�1Þ is the spectral radius of BA�1.
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Lemma 2.6. Let A be n� n positive definite matrix and B be n� n positive semidefinite matrix. Then, the matrix equation
XAXT ¼ B ð32Þ
has
X ¼
ffiffiffi
B
p ffiffiffiffiffiffiffiffi

A�1
p

ð33Þ
as a solution.
Proof. Since A > 0; B P 0, there exist the unique square roots of the associated matrices A; B. Also, the matrix X in (33) sat-
isfies (32) since using the properties by Lemma 2.3 arises
XAXT ¼
ffiffiffi
B
p ffiffiffiffiffiffiffiffi

A�1
p ffiffiffi

A
p ffiffiffi

A
p
ð
ffiffiffi
B
p ffiffiffiffiffiffiffiffi

A�1
p

Þ
T
¼

ffiffiffi
B
p ffiffiffiffiffiffiffiffi

A�1
p ffiffiffi

A
p ffiffiffi

A
p
ð
ffiffiffiffiffiffiffiffi
A�1

p
Þ

T
ð
ffiffiffi
B
p
Þ

T
¼

ffiffiffi
B
p ffiffiffi

B
p
¼ B: �
3. The covariance matrices and the golden section

In this section assume the time invariant stochastic dynamic system described in (7), where the output matrix H be m� n,
with m P n. Also the n� n plant noise covariance matrix Q is assumed to be Q > 0, and the m�m measurement noise
covariance matrix R is assumed to be R > 0; it is evident that R�1 > 0, due to R > 0.

Consider the n� n matrix
S ¼ HT R�1H: ð34Þ
According to Lemma 2.2 the strictly positive definiteness of S in (34) is equivalent to rankðHÞ ¼ n, with m P n, hence the
singularity of the matrix S depends on the rank and the size of H; thus here and hereafter, we suppose that the size of the
output matrix H is m� n with m P n. In this case it is evident that S�1 is well defined with S�1 > 0.

The main result of the section is based on the following Theorem 3.1, in which the relations between the steady state
prediction/estimation/smoothing error covariance matrix, the steady state Kalman filter gain, the matrices Q ; R; H on the
one hand and the golden section a and the golden ratio / on the other hand are presented.

Theorem 3.1. Let Q ; S; amS�1 � Q be n� n positive definite matrices and R > 0 be m�m matrix, where S ¼ HT R�1H in (34) and
the output matrix H be m� n with m P n. For any given m 2 Z� ¼ f�1;�2; . . .g, the Riccati equation emanating from Kalman filter
in (23) has a positive definite solution,
Pp ¼ amS�1 ð35Þ
if and only if the n� n transition matrix F is formulated by
F ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ /m

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p

: ð36Þ
Moreover, the steady state Kalman filter gain is formulated by
K ¼ am

1þ am S�1HT R�1 ¼ 1
1þ /m S�1HT R�1; ð37Þ
the steady state estimation error covariance matrix is given by
Pe ¼
am

1þ am S�1 ¼ 1
1þ /m S�1; ð38Þ
and the steady state smoothing error covariance matrix is given by
Ps ¼
am

1þ am S�1 � am

ð1þ amÞ2
ffiffiffi
S
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

amS�1 � Q
q ffiffiffiffiffiffiffi

S�1
p� �T ffiffiffi

S
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

amS�1 � Q
q ffiffiffiffiffiffiffi

S�1
p

: ð39Þ
Proof. Using Lemma 2.1 and setting S ¼ HT R�1H the Riccati Eq. (23) is written as
Pp ¼ Q þ FPpFT � FPpHT R�1 � R�1H½P�1
p þ HT R�1H��1

HT R�1
n o

HPpFT

¼ Q þ FPpFT � FPpSPpFT þ FPpS½P�1
p þ S��1

SPpFT : ð40Þ
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Substituting in the right part of (40) the prediction matrix Pp by (35) we have
Pp ¼ Q þ amFS�1FT � a2mFS�1SS�1FT þ a2mFS�1S½a�mSþ S��1SS�1FT ¼ Q þ amFS�1FT � a2mFS�1FT þ a3m

1þ am FS�1FT

¼ Q þ am

1þ am FS�1FT : ð41Þ
Considering the hypothesis that Pp in (35) solves the Riccati Eq. (23), the matrix Eq. (41) is written as
amS�1 � Q ¼ am

1þ am FS�1FT ; ð42Þ
which is of type (32). Since amS�1 � Q > 0, and am

1þam S�1 > 0, Lemma 2.6 is applicable, and so the solution of (42) formulates as
F ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
am

1þ am

� ��1

S

s
;

which yields F in (36) due to (4).
Conversely, substituting in the matrix Eq. (41) the matrix F by (36) we have
Pp ¼ Q þ am

1þ am ð1þ /mÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p

S�1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p� �T

¼ Q þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p

S�1
ffiffiffi
S
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

amS�1 � Q
q

ð43Þ

¼ Q þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p ffiffiffiffiffiffiffi

S�1
p ffiffiffiffiffiffiffi

S�1
p ffiffiffi

S
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

amS�1 � Q
q

ð44Þ

¼ Q þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q
¼ amS�1:
Hence, Pp in (35) satisfies the Riccati equation in (23) under the choice of the transition matrix F by (36). Note that the

equality in (43) arises, since amS�1 � Q > 0, and according to Lemma 2.3 holds
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q� �T

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q
. Also, the

equality in (44) is derived, since S > 0 it follows that S�1 > 0; hence there exists a unique symmetric positive definite square

root of S�1 such that S�1 ¼
ffiffiffiffiffiffiffi
S�1

p ffiffiffiffiffiffiffi
S�1

p
, (see, Lemma 2.3).

Since the Kalman filter gain converges to the steady state Kalman filter gain by (26), combining the limiting Eq. (10) and
(21), using the matrix inversion lemma (see, Lemma 2.1) and (35), the steady state Kalman filter gain is derived as follows
K ¼ lim
k!1

Kkþ1 ¼ lim
k!1

Pkþ1=k HT ½Hlim
k!1

Pkþ1=kHT þ R��1 ¼ PpHT ½HPpHT þ R��1 ¼ PpHT R�1 � PpS½P�1
p þ S��1

HT R�1

¼ amS�1HT R�1 � amS�1S½a�mSþ S��1HT R�1 ¼ am

1þ am S�1HT R�1: ð45Þ
The proof for the steady state Kalman filter gain in (37) is completed using in (45) the relation of the golden section/ratio
by (4).

According to (24) the steady state estimation error covariance matrix can be derived by (12), where the matrices Pp; K are
formulated by (35) and (37), as follows
Pe ¼ lim
k!1

Pkþ1=kþ1 ¼ lim
k!1

Pkþ1=k � lim
k!1

Kkþ1 H lim
k!1

Pkþ1=k ¼ Pp � KHPp ¼ amS�1 � a2m

1þ am S�1HT R�1HS�1

¼ amS�1 � a2m

1þ am S�1 ¼ am

1þ am S�1:
The steady state smoothing error covariance matrix can be derived by (29), where the matrices Pe; Pp; F are formulated
by (38), (35) and (36), respectively, as follows
Ps ¼ Pe þ PeFT P�1
p ðPe � PpÞP�1

p FPe ¼
1

1þ /m S�1 þ 1

ð1þ /mÞ2
S�1FT amS�1

� ��1 1
1þ /m S�1 � amS�1
� �

amS�1
� ��1

FS�1

¼ 1
1þ /m S�1 � 1

ð1þ amÞð1þ /mÞ2
S�1FT SFS�1

¼ 1
1þ /m S�1 � 1

ð1þ amÞð1þ /mÞ

ffiffiffiffiffiffiffi
S�1

p� �2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p� �T

S
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p
ð
ffiffiffiffiffiffiffi
S�1

p
Þ

2

¼ 1
1þ /m S�1 � 1

ð1þ amÞð1þ /mÞ

ffiffiffiffiffiffiffi
S�1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p ffiffiffi

S
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

amS�1 � Q
q ffiffiffiffiffiffiffi

S�1
p

ð46Þ
which completes the proof of Theorem 3.1. h
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Remark 3.1

(i) The equivalence of the two filters allows us to use the Riccati equation in (25) in order to prove the formula of the
steady state estimation error covariance matrix Pe in (38).
Also, the formula of the steady state smoothing error covariance matrix Ps in (39) can be proved using (31) emanating
from Lainiotis filter.

(ii) For the time invariant stochastic dynamic system in (7) consider the scalar case m ¼ n ¼ 1. It has been proved in [6, Sec-
tion 7] that supposing an inequality for the coefficients F; H; Q ; R (see (41) in [6]) as the assumptions of Theorem 3.1, the
steady state estimation error covariance matrix Pe of Lainiotis filter is related to the golden section, if and only if the tran-
sition coefficient F is given by the golden section and the coefficients H; Q ; R (see (43) in [6]) as this formulated for the
associated matrices in Theorem 3.1 with m ¼ �1. Also, the formulas F; Pe coincide with the associated matrices in (36)
and (38), when m ¼ �1. Thus, Theorem 3.1 is a generalization of the scalar case in [6, Section 7].

Corollary 3.2. Let the output matrix H be n� n, and let Q ; S; R; amS�1 � Q be n� n positive definite matrices with S; F in (34),
(36), respectively. For any given m 2 Z� the steady state Kalman filter gain is formulated by
K ¼ am

1þ am H�1 ¼ 1
1þ /m H�1: ð47Þ
Proof. According to Lemma 2.2 the assumption S > 0 yields rankðHÞ ¼ n, which is equivalent to detðHÞ – 0. Thus the non-
singularity of H allows us to write
S�1 ¼ HT R�1H
h i�1

¼ H�1RH�T :
The validity of (47) follows from the above equality and (37) of Theorem 3.1. h
Remark 3.2. Suppose m ¼ n for the time invariant stochastic dynamic system in (7) with H ¼ I and Q ¼ R > 0. From (34)
arises S ¼ R�1, whereby it is evident that amS�1 � Q ¼ ðam � 1ÞR > 0 if and only if m < 0. In this case using (36) the transition
matrix is given by
F ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ /m

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðam � 1ÞR

p ffiffiffiffiffiffiffiffi
R�1

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2m � 1

am

r
I:
(i) Consider m ¼ �1. Then, the above equality implies F ¼ I, and using (3) the equalities (35), (47), (or (37)–(39)) yield
Pp ¼ /R; K ¼ a�1

1þ a�1 I ¼ aI; ð48Þ

Pe ¼
a�1

1þ a�1 R ¼ aR; Ps ¼
2a

ð1þ aÞ2
R ¼ 2a3R: ð49Þ

Notice that, the matrices Pp and K in (48) generalize the results in [10, Lemmas 2, 3], where a multidimensional sto-
chastic dynamic system as in (7) with standard form considered, i.e., Q ¼ R ¼ F ¼ H ¼ I.
(ii) Consider the scalar case m ¼ n ¼ 1, with m ¼ �1, which is known as random walk system. Then, the steady state pre-
diction/estimation/smoothing error covariance matrix in (48), (49) coincides with the associated coefficient in [6,
Table 2].

In the following propositions the eigenvalues of the transition matrix F are located and some conditions are established,
which are required such that F be a symmetric matrix.

Proposition 3.3. Let Q ; S; R, and amS�1 � Q be positive definite matrices as in Theorem 3.1 and the transition matrix F in (36).
For any given m 2 Z�, the matrix F has real positive eigenvalues with
qðFÞ < 1þ am; ð50Þ
i.e., the spectral radius of F is related to the golden section a.
Proof. Since the matrices amS�1 � Q > 0 and S > 0, it follows that the square roots of the matrices are positive definite (see,
Lemma 2.3), hence F is written as product two positive definite matrices as its square roots. According to Lemma 2.5 (i) F is a
diagonalizable matrix with its eigenvalues be real positive numbers as the eigenvalues of the square roots.
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Moreover, since Q ; S�1 > 0, the following relations are derived
a2mS�1 þ Q > 0) a2mS�1 þ Q þ amS�1 � amS�1 > 0) a2mS�1 þ amS�1 > amS�1 � Q ) amð1þ amÞS�1 > amS�1 � Q > 0
and according to Lemma 2.3 follows
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amð1þ amÞS�1

q
>

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q
> 0:
Thus, Lemma 2.5 (ii) is applicable, and so qð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q
½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amð1þ amÞS�1

q
�
�1

Þ < 1, which implies !

q

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amð1þ amÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p

< 1:
Also, since 1
1þam F ¼ 1

1þam

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ /m

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

amð1þamÞ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p

, the preceding inequality can be written� �

q

1
1þ am F < 1;
which leads to (50) due to am > 0. h
Proposition 3.4. Let Q ; S; R and amS�1 � Q be positive definite matrices, and QS ¼ SQ. Then, for any given m 2 Z�, the transition
matrix F in Theorem 3.1 is formulated
F ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ /m

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amI � QS

p
: ð51Þ
Moreover, F is a positive definite matrix.

Proof. The assumption of the commutativity of the matrices S; Q yields
ðamS�1 � QÞS ¼ SðamS�1 � QÞ;
that means amS�1 � Q ; S are commutative matrices; applying Lemma 2.4 (ii) we obtain
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðamS�1 � QÞS

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amI � QS

p
: ð52Þ
The validity of (51) follows from (52) and (36).
The commutativity of the matrices and (52) yield
FT ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ /m

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amS�1 � Q

q ffiffiffi
S
p� �T

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ /m

q ffiffiffi
S
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

amS�1 � Q
q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ /m

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðamS�1 � QÞ

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ /m

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amI � SQ

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ /m

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amI � QS

p
¼ F:
Hence, F is a symmetric matrix and according to Proposition 3.3 its eigenvalues are real positive numbers. Thus F > 0. h

Remark 3.3

(i) According to Lemma 2.4 (i) the commutativity of Q ; S in Proposition 3.4 is necessary in order to amI � QS is a symmet-
ric matrix. Also, the assumptions of definiteness of the matrices guarantees amI � QS > 0, since
amI � QS ¼ ðamS�1 � QÞS; consequently the square root of amI � QS is well defined and unique, (see, Lemma 2.3).

(ii) Since F in (51) depends on the commutativity of Q ; S, using the assumptions of Proposition 3.4 and working as in the
proof of Theorem 3.1, the same formulas of Pp; K; Pe in (35), (37) and (38) can be proved. The commutativity of Q ; S
effects the formula of Ps; in particular, the substitution of F by (51) in (46) yields
Ps ¼
am

ð1þ amÞ2
ðS�1 þ QÞ: ð53Þ
(iii) Consider m ¼ 1, and H ¼ I; it is obvious that rankðHÞ ¼ n, and S ¼ R�1 > 0 by (34). According to Proposition 3.4, if
aR� Q > 0 and RQ ¼ QR, then, using (3), the matrix F in (51) is written as
F ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ /

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aI � QR�1

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
aþ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I � 1

a
QR�1

r
¼

ffiffiffiffi
/

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I � 1

a
QR�1

r
:

Using the associated formulas from (35), (37) (or (47) due to detðHÞ– 0), (38) and (53) we obtain

Pp ¼ aR; K ¼ a
1þ a

I ¼ a2I;

Pe ¼
a

1þ a
R ¼ a2R; Ps ¼

a
ð1þ aÞ2

ðRþ QÞ ¼ a3ðRþ QÞ:
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The matrices Pp and K are given in [10, Proposition 6] using the preceding matrix F, without the necessary restriction of
the commutativity of the matrices Q ; R, which guarantees aI � QR�1 > 0, (see, Proposition 3.4 and Lemma 2.4).
(iv) Consider m ¼ �1, and H ¼ I, then S ¼ R�1. According to Proposition 3.4, if /R� Q > 0 and RQ ¼ QR, then F in (51) is
written as
F ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ /�1

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a�1I � QR�1

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ a

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
a
ðI � aQR�1Þ

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
/þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I � 1

/
QR�1

s
:

Using the associated formulas from (35), (37), (38) and (53) we obtain

Pp ¼ /R; K ¼ a�1

1þ a�1 I ¼ aI;

Pe ¼
a�1

1þ a�1 R ¼ aR; Ps ¼
a�1

ð1þ a�1Þ2
ðRþ QÞ ¼ a3ðRþ QÞ:

The matrices Pp and K are given in [10, Proposition 7] using the preceding matrix F, without the necessary restriction of
the commutativity of the matrices Q ; R, which guarantees /I � QR�1 > 0, (see, Proposition 3.4).
Corollary 3.5. Let Q ; S; R and amS�1 � Q be positive definite matrices as in Theorem 3.1 and let F be the transition matrix in (36).
For any given m 2 Z�, holds
Pp > Pe > Ps; ð54Þ
where Pp; Pe; Ps are formulated by (35), (38), (39), respectively.
Proof. By the formulas (35), (38) and S�1 > 0, it is evident that holds
Pp � Pe ¼ amS�1 � am

1þ am S�1 ¼ am � am

1þ am

� �
S�1 ¼ a2m

1þ am S�1 > 0;
it is implied Pp > Pe.
Also, using (38) and (46) we have
Pe � Ps ¼
am

ð1þ /mÞð1þ amÞ2
S�1FT SFS�1: ð55Þ
According to Proposition 3.3, F has real positive eigenvalues, it is implied detðFÞ– 0() rankðFÞ ¼ n and
detðFS�1Þ – 0() rankðFS�1Þ ¼ n. Hence, according to Lemma 2.2 for S > 0 and rankðFS�1Þ ¼ n, it follows
S�1FT SFS�1 ¼ ðFS�1ÞT SFS�1 > 0. Thus, (55) yields Pe > Ps, which completes the proof. h
4. The steady state filters and the golden section

In this section the relations between the steady state xkþ1=kþ1 on the one hand and the golden section a and the golden
ratio / on the other hand are presented, under the suitable choice of the transition matrix F.

Theorem 4.1. Let Q ; S; R; amS�1 � Q be positive definite matrices as in Theorem 3.1, let H be m� n with m P n and F in (36).
For any given m 2 Z�, the recursive form of the steady state Kalman filter/Lainiotis filter is formulated by
xkþ1=kþ1 ¼
1

1þ am Fxk=k þ
1

1þ /m S�1HT R�1zkþ1; ð56Þ
for k ¼ 0;1; . . ., with initial condition x0=0 ¼ x0.
Proof. Working as in [5, Appendix A] and using the Eqs. (8)–(12) of Kalman filter arises
xkþ1=kþ1 ¼ Pkþ1=kþ1½FPk=kFT þ Q ��1
Fxk=k þ Pkþ1=kþ1HT R�1zkþ1; ð57Þ
for k ¼ 0;1; . . ., with initial condition x0=0 ¼ x0. In the steady state case, since the estimation error covariance matrices con-
verge to Pe, in the matrix Eq. (57) substituting Pkþ1=kþ1; Pk=k with Pe by (38), using (41) and setting Pp as in (35), the recursive
form of the steady state Kalman filter/Lainiotis filter is derived
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xkþ1=kþ1 ¼ Pe½FPeFT þ Q ��1
Fxk=k þ PeHT R�1zkþ1 ¼

am

1þ am S�1 am

1þ am FS�1FT þ Q
	 
�1

Fxk=k þ
am

1þ am S�1HT R�1zkþ1

¼ am

1þ am S�1P�1
p Fxk=k þ

am

1þ am S�1HT R�1zkþ1 ¼
1

1þ am Fxk=k þ
am

1þ am S�1HT R�1zkþ1:
The validity of (56) follows from the above equality and (4). h
Remark 4.1. Notice that the equivalence of the two filters allows us to use (57) in order to prove the recursive form of the
steady state Kalman filter/Lainiotis filter in (56); the same formula may be proved using only either the Eq. (14) of the Laini-
otis filter or (11) and (8) of the Kalman filter.

Consider m ¼ n in Theorem 4.1 and using (56), we can prove as in Corollary 3.2 the following result for the recursive form
of the steady state Kalman filter/Lainiotis filter, since H is nonsingular matrix.

Corollary 4.2. Let the output matrix H be n� n, and let Q ; S; R; amS�1 � Q be n� n positive definite matrices with S; F in (34),
(36), respectively. For any given m 2 Z� the recursive form of the steady state Kalman filter/Lainiotis filter is formulated by
xkþ1=kþ1 ¼
1

1þ am Fxk=k þ
1

1þ /m H�1zkþ1; ð58Þ
for k ¼ 0;1; . . ., with initial condition x0=0 ¼ x0.
Taking advantage of the recursive form of the steady state Kalman filter/Lainiotis filter xkþ1=kþ1 by (56) of Theorem 4.1, the

closed form of the steady state Kalman filter/Lainiotis filter is presented in the following proposition.

Theorem 4.3. Let Q ; S; R and amS�1 � Q be positive definite matrices as in Theorem 3.1 and F in (36). For any given m 2 Z�, the
closed form of the steady state Kalman filter/Lainiotis filter is formulated
xkþ1=kþ1 ¼
1

ð1þ amÞkþ1 Fkþ1x0 þ
Xkþ1

i¼1

am

ð1þ amÞkþ2�i
Fkþ1�iS�1HT R�1zi; ð59Þ
for k ¼ 0;1; . . ., and x0=0 ¼ x0.
Proof. The proof is based on the induction method. In fact, for k ¼ 0 in (56) the recursive form of the steady state Kalman
filter/Lainiotis filter is written as
x1=1 ¼
1

1þ am Fx0 þ
1

1þ /m S�1HT R�1z1 ¼
1

1þ am Fx0 þ
am

1þ am S�1HT R�1z1;
which satisfies (59). Assume that (59) is true for k; then, using the assumption of induction and (56) it is derived
xkþ2=kþ2 ¼
1

1þ am Fxkþ1=kþ1 þ
am

1þ am S�1HT R�1zkþ2

¼ 1
1þ am F

1

ð1þ amÞkþ1 Fkþ1x0 þ
Xkþ1

i¼1

am

ð1þ amÞkþ2�i
Fkþ1�iS�1HT R�1zi

( )
þ am

1þ am S�1HT R�1zkþ2

¼ 1

ð1þ amÞkþ2 Fkþ2x0 þ
Xkþ2

i¼1

am

ð1þ amÞkþ3�i
Fkþ2�iS�1HT R�1zi:
i.e., (59) holds also for kþ 1, and hence for all k P 0. h
Remark 4.2. By (59) of Theorem 4.3 it is evident that the closed form of the steady state Kalman filter/Lainiotis filter com-
putes the state estimate at time kþ 1 as a linear combination of the initial state estimate and of all the previous measure-
ments with coefficients related to the golden section and golden ratio, in fact it is required all the kþ 1 previous
measurements.

In the following proposition, generalizing the results of Theorem 4.3, a generic closed form of the steady state Kalman
filter/Lainiotis filter after N steps is given.

Proposition 4.4. Let Q ; S; R and amS�1 � Q be positive definite matrices as in Theorem 3.1 and F in (36). For any given m 2 Z�,
and a given nonnegative integer k, the recursive form of the steady state Kalman filter/Lainiotis filter after N steps is formulated
xkþN=kþN ¼
1

1þ am F
� �N

xk=k þ
1

1þ /m

XN

i¼1

1
1þ am F
� �N�i

S�1HT R�1zkþi ð60Þ
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and the associated closed form of the steady state Kalman filter/Lainiotis filter is formulated
xkþN=kþN ¼
1

1þ am F
� �kþN

x0 þ
1

1þ /m

XkþN

i¼1

1
1þ am F
� �kþN�i

S�1HT R�1zi; ð61Þ
for N 2 Zþ and x0=0 ¼ x0.
Proof. The Eq. (60) can be proved by induction. For N ¼ 1 in (60) arises (56). Suppose that (60) is true for N; then, using the
assumption of induction and (56) we derive
xkþNþ1=kþNþ1 ¼ xðkþ1ÞþN=ðkþ1ÞþN ¼
1

1þ am F
� �N

xkþ1=kþ1 þ
1

1þ /m

XN

i¼1

1
1þ am F
� �N�i

S�1HT R�1zkþ1þi

¼ 1
1þ am F
� �Nþ1

xk=k þ
1

1þ /m
1

1þ am F
� �N

S�1HT R�1zkþ1 þ
1

1þ /m

XNþ1

j¼2

1
1þ am F
� �N�jþ1

S�1HT R�1zkþj

¼ 1
1þ am F
� �Nþ1

xk=k þ
1

1þ /m

XNþ1

i¼1

1
1þ am F
� �Nþ1�i

S�1HT R�1zkþi;
i.e., (60) holds also for N þ 1, and hence for all N P 1.
In (60), substituting xk=k by (59), using (4) and setting s ¼ kþ N, we obtain
xkþN=kþN ¼
1

1þ am F
� �N 1

1þ am F
� �k

x0 þ
Xk

i¼1

am

ð1þ amÞkþ1�i
Fk�iS�1HT R�1zi

( )

þ 1
1þ /m

XN

i¼1

1
1þ am F
� �N�i

S�1HT R�1zkþi

¼ 1
1þ am F
� �kþN

x0 þ
1

1þ /m

Xk

i¼1

1
1þ am F
� �kþN�i

S�1HT R�1zi þ
1

1þ /m

XN

i¼1

1
1þ am F
� �N�i

S�1HT R�1zkþi

¼ 1
1þ am F
� �s

x0 þ
1

1þ /m

Xs�N

i¼1

1
1þ am F
� �s�i

S�1HT R�1zi þ
1

1þ /m

Xs

j¼s�Nþ1

1
1þ am F
� �s�j

S�1HT R�1zj

¼ 1
1þ am F
� �s

x0 þ
1

1þ /m

Xs

i¼1

1
1þ am F
� �s�i

S�1HT R�1zi; ð62Þ
which for s ¼ kþ N completes the proof of Proposition 4.4. h
Remark 4.3. It is evident that the recursive form of the steady state Kalman filter/Lainiotis filter in (60) computes the state
estimate at time kþ N as a linear combination of all the previous estimates and the measurements with coefficients related
to the golden section and golden ratio, in fact it is required all the k previous estimates and the kþ N measurements.

Moreover, the closed form of the steady state Kalman filter/Lainiotis filter in (61) computes the state estimate at time
kþ N as a linear combination of the initial state estimate and of all previous kþ N measurements with coefficients related to
the golden section/ratio.

At this point, for a given integer m, combining the spectral property of matrix 1
1þam F by Proposition 3.3 with the conclusion

in [13, rule of thumb, p. 356], ‘‘if the spectral radius of 1
1þam F is less than 1, then the computed powers of 1

1þam F can be expected
to converge to zero’’, we are able to write
lim
N0!1

1
1þ am F
� �N0

¼ 0;
which means that there exists some N 2 Zþ such that
1
1þ am F
� �N

– 0 and
1

1þ am F
� �Nþj

< E; 8 j ¼ 1;2; . . . ð63Þ
for an arbitrary matrix E, whose elements are small positive numbers. Using the ideas in [3,7], basing on the formulated
property in (63) and Proposition 4.4, in the following theorem we are able to derive a Finite Impulse Response (FIR) form
of the steady state Kalman filter/Lainiotis filter.

Theorem 4.5. Let Q ; S; R and amS�1 � Q be positive definite matrices as in Theorem 3.1 and F in (36). For any given m 2 Z�, the
FIR form of the steady state Kalman filter/Lainiotis filter is formulated
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xs=s ¼
1

1þ /m

XN

i¼0

1

ð1þ amÞN�i
FN�iS�1HT R�1zs�Nþi; ð64Þ
where s; N 2 Zþ with s > N, and N is verified the relations in (63).
Proof. Using the closed form in (62) for s > N by Proposition 4.4, we derive
xs=s ¼
1

1þ am F
� �s

x0 þ
1

1þ /m

Xs

j¼1

1
1þ am F
� �s�j

S�1HT R�1zj

¼ 1
1þ am F
� �s

x0 þ
1

1þ /m

Xs�N�1

j¼1

1
1þ am F
� �s�j

S�1HT R�1zj þ
Xs

j¼s�N

1
1þ am F
� �s�j

S�1HT R�1zj

( )

¼ 1
1þ am F
� �s

x0 þ
1

1þ /m

Xs�N�1

j¼1

1
1þ am F
� �s�j

S�1HT R�1zj þ
1

1þ /m

XN

i¼0

1
1þ am F
� �N�i

S�1HT R�1zs�Nþi ð65Þ
The property of 1
1þam F in (63) and the assumption s > N yield that in (65) the coefficient of x0 converges to zeros due to

s P N þ 1 and all the coefficients of zj of the sum for 1 6 j 6 s� N � 1 converge to zero, since
N þ 1 6 s� j 6 s� 1) s� j P N þ 1. Thus, (64) follows from (65). h

Notice that, using (4), the Eq. (64) yields
xs=s ¼
XN

i¼0

am

ð1þ amÞN�iþ1 FN�iS�1HT R�1zs�Nþi;
whereby we conclude that the proposed FIR implementation of the steady state Kalman filter/Lainiotis filter computes the
state estimate as a linear combination of a known number of the last measurements with coefficients, which are related to
the golden section.

5. Lainiotis filter and Fibonacci sequence

In this section generalizing the results concerning a scalar time invariant stochastic dynamic system in [6], we present the
relation between the Fibonacci numbers and the discrete time Lainiotis filter for multidimensional filtering models, complet-
ing the study for the filters, since the associated results for the Kalman filter have been presented in [10].

Consider that the time invariant stochastic dynamic system in (7) with the transition and output matrix equal to the n� n
identity, F ¼ H ¼ I, i.e.,
xkþ1 ¼ xk þwk

zk ¼ xk þ vk
ð66Þ
and the plant noise and measurement noise process having equal the n� n noise covariances Q ¼ R ¼ R2 > 0. Note that only
this choice of the model parameters allow us to derive the relation between the Fibonacci numbers and the discrete time
Lainiotis filter as in [10], where the relation between the Fibonacci numbers and the discrete time Kalman filter is derived.

In this case, the Lainiotis filter parameters by (15)–(20) are given by
A ¼ Km ¼ On ¼ 2R2
h i�1

; Kn ¼ Fn ¼
1
2

I; Pn ¼
1
2

R2: ð67Þ
Proposition 5.1. The recursive form of the Lainiotis filter is formulated
Pkþ1=kþ1 ¼ R2 2R2 þ Pk=k

h i�1
R2 þ Pk=k

� �
ð68Þ

xkþ1=kþ1 ¼ R2 2R2 þ Pk=k

h i�1
xk=k þ R2 2R2 þ Pk=k

h i�1
R2 þ Pk=k

� �
R2
h i�1

zkþ1; ð69Þ
for k ¼ 0;1; . . ., with initial conditions P0=0 ¼ P0, and x0=0 ¼ x0.
Proof. Using the value of the parameter On by (67) we can write
I þ Pk=kOn
� ��1 ¼ 2R2 2R2

h i�1
þ Pk=k 2R2

h i�1
	 
�1

¼ 2R2 2R2 þ Pk=k

h i�1
: ð70Þ
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In (13) and (14) substituting the values of parameters by (67) and using (70), the estimation error covariance is written as
Pkþ1=kþ1 ¼
1
2

R2 þ 1
2

R2 2R2 þ Pk=k

h i�1
Pk=k ¼

1
2

R2 I þ 2R2 þ Pk=k

h i�1
Pk=k

� �
¼ 1

2
R2 2R2 þ Pk=k

h i�1
2R2 þ 2Pk=k

� �
;

which yields (68).
Moreover, the estimate vector xkþ1jkþ1 is written as
xkþ1=kþ1 ¼ R2 2R2 þ Pk=k

h i�1
xk=k þ

1
2

I þ 2R2 2R2 þ Pk=k

h i�1
Pk=k 2R2

h i�1
� �

zkþ1

¼ R2 2R2 þ Pk=k

h i�1
xk=k þ R2 2R2

h i�1
þ 2R2 þ Pk=k

h i�1
Pk=k 2R2

h i�1
� �

zkþ1

¼ R2 2R2 þ Pk=k

h i�1
xk=k þ R2 I þ 2R2 þ Pk=k

h i�1
Pk=k

� �
2R2
h i�1

zkþ1

¼ R2 2R2 þ Pk=k

h i�1
xk=k þ R2 2R2 þ Pk=k

h i�1
2R2 þ 2Pk=k

� �
2R2
h i�1

zkþ1;
which yields (69). h

In the following, for the time invariant stochastic dynamic system in (66) it is presented the relation between the coef-
ficients of the closed form of the estimation/smoothing/prediction error covariance matrices of the Lainiotis filter and the
Fibonacci sequence.

Theorem 5.2. The closed form of the Lainiotis filter is formulated
Pkþ1=kþ1 ¼ R2 f 2kþ4R
2 þ f 2kþ3P0

h i�1
ðf 2kþ3R

2 þ f 2kþ2P0Þ ð71Þ

xkþ1=kþ1 ¼ R2 f 2kþ4R
2 þ f 2kþ3P0

h i�1
x0 þ R2 f 2kþ4R

2 þ f 2kþ3P0

h i�1Xkþ1

i¼1

ðf 2iþ1R
2 þ f 2iP0Þ R2

h i�1
zi; ð72Þ
for k ¼ 0;1; . . ., with initial conditions P0=0 ¼ P0, and x0=0 ¼ x0.

Proof. The formula of the estimation covariance matrix in (71) can be proved by induction. Using the definition of the Fibo-
nacci sequence by (5) and the recursive form in (68) for k ¼ 0 arises
P1=1 ¼ R2 2R2 þ P0

h i�1
ðR2 þ P0Þ ¼ R2 f 4R

2 þ f 3P0

h i�1
ðf 3R

2 þ f 2P0Þ:
Suppose that (71) is true for k; then, using the hypothesis of induction and the equalities of the Fibonacci numbers
2f 2kþm þ f 2kþm�1 ¼ f 2kþm þ f 2kþmþ1 ¼ f 2kþmþ2; m 2 Zþ, we have
R2 þ Pkþ1=kþ1 ¼ R2 þ R2 f 2kþ4R
2 þ f 2kþ3P0

h i�1
ðf 2kþ3R

2 þ f 2kþ2P0Þ

¼ R2 f 2kþ4R
2 þ f 2kþ3P0

h i�1
f 2kþ4R

2 þ f 2kþ3P0 þ f 2kþ3R
2 þ f 2kþ2P0

� �
¼ R2 f 2kþ4R

2 þ f 2kþ3P0

h i�1
f 2kþ5R

2 þ f 2kþ4P0

� �
ð73Þ
and
2R2 þ Pkþ1=kþ1

h i�1
¼ f 2kþ6R

2 þ f 2kþ5P0

h i�1
ðf 2kþ4R

2 þ f 2kþ3P0Þ R2
h i�1

: ð74Þ
Moreover, Pkþ2=kþ2 is derived by (68) and using (73) and (74) arises
Pkþ2=kþ2 ¼ R2 2R2 þ Pkþ1=kþ1

h i�1
ðR2 þ Pkþ1=kþ1Þ

¼ R2 f 2kþ6R
2 þ f 2kþ5P0

h i�1
ðf 2kþ4R

2 þ f 2kþ3P0Þ R2
h i�1

R2 f 2kþ4R
2 þ f 2kþ3P0

h i�1
f 2kþ5R

2 þ f 2kþ4P0

� �
¼ R2 f 2kþ6R

2 þ f 2kþ5P0

h i�1
f 2kþ5R

2 þ f 2kþ4P0

� �
;

i.e., (71) holds also for kþ 1, and hence holds for all k ¼ 0;1; . . ..
In order to prove (72) we need the following recursive formula of the estimate vector
xkþ1=kþ1 ¼ R2 f 2kþ4R
2 þ f 2kþ3P0

h i�1
ðf 2kþ2R

2 þ f 2kþ1P0Þ R2
h i�1

xk=k þ R2 f 2kþ4R
2 þ f 2kþ3P0

h i�1
ðf 2kþ3R

2

þ f 2kþ2P0Þ R2
h i�1

zkþ1; ð75Þ
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which arises directly from (69) due to (73) and (74).
The formula of the closed form of the estimate vector in (72) can be proved by induction. The recursive form in (75) for

k ¼ 0 yields
x1=1 ¼ R2 f 4R
2 þ f 3P0

h i�1
ðf 2R

2 þ f 1P0Þ R2
h i�1

x0 þ R2 f 4R
2 þ f 3P0

h i�1
ðf 3R

2 þ f 2P0Þ R2
h i�1

z1

¼ R2 f 4R
2 þ f 3P0

h i�1
x0 þ R2 f 4R

2 þ f 3P0

h i�1
ðf 3R

2 þ f 2P0Þ R2
h i�1

z1;
which satisfies (72).
Suppose that (72) is true for k; xkþ2=kþ2 is derived by (75) and substituting the hypothesis of induction arises
xkþ2=kþ2 ¼ R2 f 2kþ6R
2 þ f 2kþ5P0

h i�1
ðf 2kþ4R

2 þ f 2kþ3P0Þ R2
h i�1

xkþ1=kþ1 þ R2 f 2kþ6R
2 þ f 2kþ5P0

h i�1
ðf 2kþ5R

2

þ f 2kþ4P0Þ R2
h i�1

zkþ2

¼ R2 f 2kþ6R
2 þ f 2kþ5P0

h i�1
x0 þ R2 f 2kþ6R

2 þ f 2kþ5P0

h i�1Xkþ1

i¼1

ðf 2iþ1R
2 þ f 2iP0Þ R2

h i�1
zi

þ R2 f 2kþ6R
2 þ f 2kþ5P0

h i�1
ðf 2kþ5R

2 þ f 2kþ4P0Þ R2
h i�1

zkþ2

¼ R2 f 2kþ6R
2 þ f 2kþ5P0

h i�1
x0 þ R2 f 2kþ6R

2 þ f 2kþ5P0

h i�1Xkþ2

i¼1

ðf 2iþ1R
2 þ f 2iP0Þ R2

h i�1
zi;
which completes the induction for the formula of the estimate vector in (72). h
Proposition 5.3. For k 2 Zþ, the smoothing error covariance matrix is formulated
Pk=kþ1 ¼ 2R2 f 2kþ4R
2 þ f 2kþ3P0

h i�1
ðf 2kþ1R

2 þ f 2kP0Þ ð76Þ
and the prediction error covariance matrix is formulated
Pkþ1=k ¼ R2 f 2kþ2R
2 þ f 2kþ1P0

h i�1
ðf 2kþ1R

2 þ f 2kP0Þ þ R2: ð77Þ
Proof. The formula of the smoothing covariance matrix in (76) arises from the Eqs. (30), (67) and (70) as follows
Pk=kþ1 ¼ ½I þ Pk=kOn��1Pk=k ¼ I þ Pk=k 2R2
h i�1

	 
�1

Pk=k ¼ 2R2 2R2 þ Pk=k

h i�1
Pk=k:
On the right hand of the above equation we use (74) and substitute Pk=k from the closed form in (71) of Theorem 5.2, and
thus, the proof of the formula (76) is completed.

The equivalence of two filters allows us to use the Eq. (9) of Kalman filter for F ¼ I; Q ¼ R2, and substituting the
estimation error covariance matrix by (71) the following equality is derived
Pkþ1=k ¼ FPk=kFT þ Q ¼ R2 f 2kþ2R
2 þ f 2kþ1P0

h i�1
ðf 2kþ1R

2 þ f 2kP0Þ þ R2;
which completes the proof. h
Remark 5.1

(i) The recursive formulas in (68), (69) and the closed form (71), (72) in Theorem 5.2 coincide with the scalar case, which
has been presented in [6].

(ii) Rewriting (71) as
Pkþ1=kþ1 ¼
f 2kþ3

f 2kþ4
R2 R2 þ f 2kþ3

f 2kþ4
P0

	 
�1

R2 þ f 2kþ2

f 2kþ3
P0

� �
;

using (24) and (6) in the above equation Pe is derived by

Pe ¼ lim
k!1

Pkþ1=kþ1 ¼ aR2 R2 þ aP0

h i�1
ðR2 þ aP0Þ ¼ aR2: ð78Þ
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Similarly, the steady state smoothing/prediction error covariance matrix can be computed by (76) and (77) of Prop-
osition 5.3; the associated formulas are given in (82).
(iii) Suppose m ¼ n for the time invariant stochastic dynamic system in (7) with H ¼ I and Q ¼ R ¼ R2 > 0. From (34)
arises S ¼ R�1 ¼ R2

h i�1
, whereby it is evident that amS�1 � Q ¼ ðam � 1ÞR2 > 0 if and only if m < 0. In this case the

assumptions of Theorem 3.1 are verified and since R2; R2
h i�1

are commutative matrices, the matrices F; Ps; Pp; Pe

are given by (51), (53), (35), (38), respectively,
F ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ /m

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
amI � QS

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2m � 1

am

r
I; ð79Þ

Ps ¼
am

ð1þ amÞ2
ðS�1 þ QÞ ¼ 2am

ð1þ amÞ2
R2; ð80Þ

Pp ¼ amS�1 ¼ amR2; Pe ¼
am

1þ am S�1 ¼ am

1þ am R2: ð81Þ

Notice that, F in (79) coincides with F in Remark 3.2.
Consider the special case m ¼ �1; then, the equality (79) follows F ¼ I, which justifies the choice for the value of
parameter F in (66), and using (80) and (81), Pe; Ps; Pp are equal to

Pe ¼ aR2; Ps ¼ 2a3R2; Pp ¼ a�1R2 ¼ /R2: ð82Þ

Notice that Pe in (78) coincides with (82).
Thus, we summarized that the estimation/smoothing/prediction error covariance matrix is related to the Fibonacci
sequence (see, (71), (76), (77), respectively) and the associated steady state matrix is related to the golden section/
ratio as in (82) due to (6).
6. Conclusions

In this paper, it was shown that the discrete time Kalman filter/Lainiotis filter related to the golden section/ratio only
under specific assumptions on the transition matrix F of a time invariant multidimensional system, which formulates as
in Theorem 3.1 or Proposition 3.4. In this case, the steady state prediction/estimation/smoothing error covariance matrices
and the steady state Kalman filter gain are related to the golden section/ratio. Concerning the recursive and the non-recur-
sive forms of the steady state Kalman filter/Lainiotis filter were proved associated results. Also, a FIR implementation of the
steady state Kalman filter/Lainiotis filter was proposed, where the state estimate is given as a linear combination of a well-
defined set of the last measurements with coefficients, which are powers of the golden section.

Finally, consider the special multidimensional stochastic dynamic system with the transition and the output matrix equal
to the identity matrix and the noise covariance matrices be equal to each other, it was shown that the prediction/estimation/
smoothing error covariance matrices of the Lainiotis filter are formulated by coefficients related to the Fibonacci numbers as
well as the state estimate is given as a linear combination of the initial state estimate and of all previous measurements with
coefficients related to the Fibonacci numbers.
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